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Closure  for  Buoyancy-Affected  Flows 

by 

T  J  Craft,  N  Z  Ince  and  B  E  Launder 
UMIST,  Manchester,  England 


Abstract 

The  paper  summarizes  a  new  type  of  second-moment  closure,  more  elaborate  in  form  than 
earlier  versions  but  designed  to  satisfy  the  two-component  limit  to  which  turbulence 
reduces  at  a  wall  or  at  a  sharp  density  interface.  Because  they  are  intrinsically  realizabla, 
closures  of  this  type  are  believed  to  offer  the  prospects  of  a  wider  range  of  applicability 
than  earlier  schemes.  They  may  also  be  expected  to  display  better  numerical  stability. 
Several  Illustrative  applications  are  provided  including  the  downward  directed  warm  jet,  the 
stratified  mixing  layer  and  buoyancy  affected  grid-turbulence  decay.  Extension  of  the 
scheme  to  near  wail  flows  appears  possible  without  introducing  empirical  ‘wall-reflection’ 
terms,  at  least  in  flows  parallel  to  walls. 

i  Introduction 

Second-moment  closure  is  widely  regarded  as  being  the  most  productive  level  at  which  to 
treat  problems  of  turisulont  flow  if  one  seeks  a  model  of  wide  applicability  (with  acceptable 
computational  costs).  The  principal  reason  is  titat  the  generation  terms  in  the  second- 
moment  equations  appear  in  a  form  that  requires  no  modelling.  Nowhere  is  the  truth  of  this 
assertion  more  evident  than  in  buoyancy-modified  turbulence  where,  with  a  few  simple 
approximations  applied  to  the  unknown  processes,  predictions  of  complex  phenomena  can 
be  achieved  with  surprising  accuracy.  Launder  (1989). 

However  this  "basic"  modelling  of  second-moment  closure  (hereinafter  referred  to  as  the 
basic  model)  is  known  to  have  limitations,  perhaps  espedaily  in  free  shear  flows  where  flow 
conditions  depart  far  from  local  equilibrium.  In  recent  years  there  has,  however,  been  a 
great  deal  of  effort  directed  at  improving  second-moment  dosui  s  focusing  in  particular  on 
devising  realizable  models,  Schumann  (1 977) ,  Lumiey  (1978),  lat  is  to  say,  models  which, 
by  their  construction,  are  unable  to  generate  physically  impossible  -  as  opposed  to  merely 
incorrect  -  results.  Prime  among  the  various  Impossible  results  that  are  eliminated  in  a 
realizable  model  are  negative  values  of  any  normal  stress. 

While  the  principles  of  realizability  and  the  associated  two-component  limit,  Lumiey  (1 978), 
were  known  in  the  late  1970’s,  it  was  a  decade  before  generd  modelling  proposals  were 
put  forward  and,  only  now,  is  a  reasonably  full  picture  beginning  to  emerge  of  the 
capabilities  of  these  new  approaches. 

The  focus  of  the  present  contribution  is  to  review  one  of  these  new-generation  approaches 
to  closure  and  to  give  examples  of  some  of  the  buoyant  flow  predictions  that  have  been 
computed  with  iL  In  addition,  we  illustrate  how  important  the  treatment  of  triple  moments 
are  in  certain  stably  stratified  turbulent  flows. 


2  Modelling  Proposals 

2.1  The  Exact  Equations 


The  exact  second-moment  equations  for  the  turbulent  stresses  and  scalar  fluxes  may  be 
written 


Ouiuj 
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Pi]  +  Gij  +  d,j  +  -  Ej 


(1) 
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The  symbols  P/j,  G^j,  and  denote  the  generation  terms  due  to  shear,  scalar  gradient 
and  buoyancy  whicn  are  given  in  detail  in  Tables  1  and  2.  Since  each  comprises  second- 
moment  and  mean-field  quantities,  they  may  all  be  regarded  as  known  or  determinable 
quantities.  The  buoyant  contribution  to  the  turbulent  scalar  flux  contains  the  mean 
square  scalar  variance,  and  this,  in  turn,  is  determined  from  a  dosed  form  of  its  own 
transport  equation 
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(3) 


Again  P^j  ■  -200^  dQ/dx,  can  be  regarded  as  known. 


The  Reynolds  stress  and  scalar  fiux  equations  each  contain  three  processes  for  which 
models  must  be  devised;  the  non-dispersive  pressure  interactions,  (|>//and  ij>^;  the  diffusion 
terms,  cf^  and  and  the  dissipative  terms  e,y  and  E^g.  For  the  last  group  it  is  convenient, 
following  Lumley  (1 978),  to  assume  local  isotropy  (e^q  *  0;  *  2J2  where  e  is  the 

viscous  dissipation  rate  of  turbulent  kinetic  energy,  kj  absorbing  shortcomings  of  this 
assumption  into  the  modelling  of  <ti/yand  (|)g.  The  diffusion  terms  can,  as  discussed  later, 
be  of  vital  importance  when  stable  stratification  leads  to  a  general  decay  of  turbulence.  In 
many  engineering  and  environmental  flows,  however,  their  influence  is  fairly  weak  and  a 
gradient  diffusion  approximation  is  then  both  mathematically  convenient  and  physically 
adequate.  The  authors’  group  commonly  adopts  the  Daly-Harlow  (1 970)  proposal: 
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while  still  simpler  schemes,  employing  an  isotropic  diffusion  coefficient  are  used  by  many 
groups.  Others  adopt  the  so-called  algebraic  second-moment,  ASM  closures  amcng  whom 
Rod!  (1 982)  has  made  extensive  explorations  of  buoyancy  driven  flows.  These  economical 
approaches  all  work  adequately  when  diffusion  is  of  little  importance  in  the  overall  second- 
moment  budget. 


Generation  Terms  (exact): 

Gy  s  -  + /?jM} 


Press\iie-Strain  Model: 
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Table  1  :  Exact  generation  terms  and  pressure-strain  model  In  U/Uj  equations 


2.2  Modelling  Non-Dispersive  Pressure  interactions. 

The  pressure  terms  are  traditionally  decomposed  into  turbulence-turbulence  interactions 
mean  strain  contributions  (|)^2)  buoyant  effects  (4),^,  4)^.  The  basic 
model,  alluded  to  in  the  Introduction,  adopts  Rotta’s  (1951)  linear  retum-to-isotropy  model 
for  4>^: 

4)^  -  -c,ea;y 

where  a,y  is  the  stress  anisotropy  tensor  (uju,  - 1/3  Recent  closures,  however, 

mainly  adopt  non-linear  re,  -esentations  in  wnich  the  coeftidents  are  functions  of  one  or 
both  of  the  independent  stress  invariants,  Lumley  (1 978).  The  form  adopted  in  ths  present 
computations,  Cressweil  et  al  (1989),  Craft  and  Launder  (1989)  is  given  in  Table  1.  Its 
form  was  arrived  at  by  reference  to  norr-buoyant  fjows  and  in  particular  s2itisfies  the  two- 
component  limit  wherein  and  4)^.,  vanish  if  “  0.  This  is  achieved  by  way  of  the 
*flatness  parameter"  A^\  -  9/s  (/tj  -  where  /Aj  ■  ■  fl/y  are  the  second 

and  third  invariants  of  the  anisotropy  stress  tensor.  The  quantity  A  has  the  important 
propert^r  that  it  always  vanishes  in  two-component  turbulence  (Lumley,  1 978).  The  specific 
forms  adopted  for  c,  end  c(  are: 

e,  -  4  i)>t  ;  c|  =  0.7 

The  formulation  for  4), 3,,  given  in  Table  2,  is  analogous  in  form.  Note  the  inclusion  of  the 
scalandynamic  time-scale  ratio,  R  »  and  the  final  term  in  4>,q^  that  involves  the 

mean  scalar  gradient,  dBldXj,  a  practice  first  introduced  by  Jor^m  &  Musonge  (1983)  to 
handle  flows  where  the  normalized  generation  rates  of  k  and  P  were  greatly  different. 
Although  largely  empirical,  4>m  and  4) ,3.,  have  both  been  fixed  by  reference  to  no/i-buoyant 
flows. 


Mean  strain  influences  on  4);,  and  4),n  are  arrived  at  by  first  making  the  usual  assumption 
(Rotta,  1951)  that  '  * 
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The  tensor  a^j  is  then  expressed  in  ascending  powers  of  the  stress-anisotropy  tensor.  The 
first  approach  of  this  type  v/as  made  by  Launder  et  al  (1972)  who  retained  only  terms  linear 
in  More  recent  attempts  have  retained  non-linear  formulations  and  the  additional  free 
coefficients  that  result  are  determined,  mainly,  by  requiring  that  the  pressure-strain  process 
should  fall  to  zero  if  (say)  should  vanish,  i.e.: 

a, '"2^  -  0  if  322,  =  -  2]Z 


For  the  corresponding  term  in  the  heat-flux  equation,  the  rocommended  route  (Craft  & 
Launder,  1 889)  is  to  require: 
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in  the  two-component  limit.  This  leads,  with  other  constraints  associated  with 
homogeneous  turbulence,  to  the  representation  shown  in  Table  2. 


GeaeratioQ  Terms  (exact): 
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Pressure- Scalar  Gradient  Model: 
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Table  2  :  Exact  generation  terms  and  pressure-scalar  flux  model  in  up  equations 


In  fact,  the  model  for  4),^  Is  Intimidatingiy  bulky  and,  in  all  the  free-flow  examples  quoted. 
It  has  been  simplified  by  setting  to  zero  (with  ^  «  0.6).  However,  very  recently  (Launder 
&  Li,  1994)  it  has  been  discovered  that  retention  of  (set  equal  to  0.6  with  reduced  to 
0.55)  enables  both  free  flows  and  flows  near  walls  to  be  predicted  satisfactorily  without  the 
need  for  the  "wall  reflection"  tenns  that  are  hetbituaily  employed  in  computing  near-wall 
flows.  It  is  unlikely  that  this  change  would  have  had  any  significant  effect  in  the  prediction 
of  the  free  flow  examples  quoted  hereunder  which  employed  the  original  values  for  the  two 
empirical  coefficients. 


The  buoyant  terms  in  the  pressure  containing  correlations  are  obtained  in  precisely  the 
same  way  as  the  mean-strain  effects.  The  resultant  formulations,  obtained  by  Craft  (1991) 
as  a  fragment  of  his  PhD  study  and  first  employed  by  Cresswell  et  al  (1989),  appear  in 
Tables  1  and  2.  Note  that  the  buoyant  contribution  to  ^/jis  very  long  but,  as  with  the  much 
shorter  term  in  it  contains  no  empirically  tunable  coefficients.  These  models  of  the 
‘rapid’  parts  of  the  non-dispersive  pressure  fluctuations  are  far  more  complex  than  the 
usually  adopted  basic-model  formulations; 
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The  comparisons  will  attempt  to  show  that  the  greater  complexity  brings  a  considerably 
greater  width  of  applicability. 


2.3  Determining  the  Dissipation  Rates 


The  kinetic  energy  dissipation  rate,  e,  remains  as  an  unknown  and  is  found  from  an 
equation  identical  in  overall  form  to  that  of  the  Basic  Model: 
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The  difference  from  earlier  forms,  however,  is  that  the  coeffident  is  taken  as  a  function 
of  the  stress  invariants  and  takes  a  lower  value  than  formerly; 
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where  =  max  (A,  0.25) 


The  above  change  to  goes  a  significant  way  to  redudng  the  plane/round  jet  anomaly 
and,  moreover,  to  making  predictions  of  weak  turbulent  shear  flows  far  more  sensitive  to 
initial  conditions  than  hitherto  -  in  line  with  experiment.  The  enforced  reduction  of  c^.,  to 
unity  to  accommodate  that  made  to  c^  brings  the  substantial  side  benefit  of  enabling  the 
effect  of  buoyant  damping  on  the  dissipation  rate  to  be  approximately  accommodated. 
Examples  will  be  provided  later. 

The  scalar  dissipation  rate  may  also  be  obtained  via  a  transport  equation  (see,  for 
example.  Craft  &  Launder,  1 989)  and,  in  the  long  term,  that  is  what  we  would  expect  to  see 


employed.  However,  given  the  exploratory  form  of  such  model  equations,  in  computing 
buoyant  flows,  cur  present  experience  is  that  one  can  do  better  by  obtaining  Eg  via  e  by 
means  of  the  algebraic  connection 

^  ~  2  k 

where  the  time-scale  ratio  /?  is  related  to  the  heat-flux  correlation  coefficient  by 
=  |(1  +  :  >'26  - 


3  Some  Applications  of  the  Model  to  Buoyant  Flows 

The  model  presented  In  §2  was  first  applied  by  Craft  (1991)  to  consider  liomogeneous, 
horizontal,  stably  stratified  flow  that  had  been  created  by  passing  a  uniform  flow  past  a 
screen  of  differentially  heated  horizontal  rods,  Webster  (1964),  Young  (1975).  The 
computations  shown  in  Fig  1  have  assumed  local  equilibrium  (i.e.  1/2  which 

is  what  has  traditionally  been  adopted  for  this  test  caso  (though  it  may  have  been  some 
way  from  the  truth).  Evidently,  as  the  gradient  Richardson  number,  R,,  increases,  the 
shear-stress  correlation  coefficient  decays,  the  turbulent  Prandtl  number  increajes  and  the 
horizontal  heat-flux  cciirei&tion  decreases  moderately.  The  non-linear  model  reproduces 
these  measured  responses  at  least  as  accurately  as  the  Basic  Model^  even  though  the 
two  empirical  coefficients  in  the  buoyant  terms  of  the  latter  model  were  optimized  by 
reference  to  these  data.  The  non-linear  scheme,  in  contrast,  has  no  adjustable  coefficients 
in  the  buoyant  pressure-strain  model. 

We  turn  now  to  inhomogeneous  cases  of  self-preserving  free  shear  flows;  the  plane  and 
axisymmetric  vertical,  buoyantly-driven  plumes.  Their  spreading  behaviour,  obtained  by 
Cresswell  et  al  (1 989),  is  summarized  in  Table  3;  for  comparison  the  oehaviour  of  the  plane 
and  axisymmetric  jets  in  stagnant  surroundings  Is  also  given.  Comparisons  are  drawn  both 
witfi  experiments  and  with  predictions  obtained  with  the  Basic  Model.  What  is  evident  is 
that  a  far  better  overall  agreement  is  ac,hieved  witii  the  new  invariant-dependent  closure 
than  with  the  Basic  Mode'.  Even  where  discrepancies  remain  with  experimental  data,  as 
in  the  case  of  axisymmetric  flows,  these  are  both  smaller  in  magnitude  than  with  the  Basic 
Model  and  show  a  consistent  behaviour  across  both  the  plumes  and  the  jets. 


Table  3 

Rate  of  growth  of  heilf-wldth  for  some  self-presen/lng  free 
shear  flows 

Flow 

Basic  Model 

Recommended 

experimental 

values 

New  Model 

Plane  plume 

0.078 

0.120 

0.118 

Round  plume 

0.088 

0.112 

0.122 

Plane  jei 

0.100 

0.110 

0.110 

Round  jet 

0.105 

0.093 

0.101 

^  An  extensive  rc-view  of  the  capabilities  of  the  Basic  Model  in  buoyant  fiOW  has  been  r-h/en  by  Launder 
(1ti69). 
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Fig  1 

Seoond-momsnt  sensitivity  to  buoyant  stratification  in 
nomlnaliy  horizontal,  equilibrium,  homogeneous  t^haar  flow; 
Symbols:  oxpe;iments,  o  Webster  (1964);  □  Young  (1975); 
Utm:  predictions,  Craft  (1991): 

-  Non-tincar  model 

•  •  •  •  Basic  Model 

a)  Shear  stress  correlation  coefficient 

b)  Normalizeo  turbulent  Prandv*  number 

c)  Correlatian  cceffidant  cf  hotfzontai  heat  flux 
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Fig  2  Axisymn  ietric  downward  directed  buoyant  Jet,  Cresswoll  et  al  (1989) 

a)  Oomputad  velod^'  vector  plot 

b)  Turbulent  shear  stress  at  x/D  "1.0 

c)  Mean  velocify  prol’le  at  x/D  ■  1 
Symbols,  experiment  lines  predictions: 

- —  non-linea'-  model:  -  Basic  Model 


The  same  workers  extended  their  study  to  the  case  of  a  hot  jet  discharged  vertical!y 
downwards  Into  a  coid  water  environment  moving  upwards  at  iess  than  2%  of  the  jet 
velocity.  The  penetration  length,  of  course,  is  crucially  dependent  on  mixing.  Figure  2a 
is  a  vector  vsiodty  plot  in  the  vicinity  of  dis^arge  showing  the  reversal  in  the  jet  direction 
while  Fig  2b  and  2c  present  respectively  the  shear  stress  and  resultant  rneat^  velocity 
profiles.  Evidently,  the  new  model  does  significantly  better  in  capturing  the  effects  of 
buoyancy  arid  shear  in  this  quite  complex  recirculating  flow.  Crei;swei!  et  al  (1989)  were, 
moreover,  agreeably  surprised  to  report  that,  because  the  new  model  respected 
realizability,  it  led  to  a  faster  rate  of  numerlcai  oonvergenoe  and  to  a  •’eduction  of  some 
30%  in  computing  time  per  run  relative  to  the  Basic  Mod^!,  despite  the  algebraic  complexity 
of  the  model  itself. 

A  more  recent  application  of  the  model,  which  focuses  especially  on  the  buoyant  terms  has 
been  reported  by  Van  Haren  (1992).  The  model  is  believed  to  be  the  same  as  that 
presented  in  §2  save  that  and  took  the  constant  values  1.44  and  1.76  and  u 
transport  equation  was  solved  for  e^.  Van  Haren  considered  tite  decay,  in  the  absence  of 
mean  strain,  of  stably  stratified  turbulence  and,  in  particular,  the  oscillatory  pattern  that  is 
known  to  be  establishod  during  the  decay  due  to  reversals  in  sign  of  the  verticai  heat  flux. 
Van  Haren  generated  2-point  EDQNM  results  of  such  a  flow  and  then  tested  how  well 
various  singie-point  closures  did  in  reprodu^g  Ihe^haviour.  Figure  3  compares  the  time 
history  of  the  normalized  vertical  heat  flux  m€/(w^)'^  versus  normalized  time  where  N  is 
the  Brunt'Vals^a  frequency.  Quite  clearly,  the  "extended”  k-e  model  and  a  simple  sacond- 
momen.t  closure^  shown  in  the  left-hand  figure  exhibit  a  significantly  too  long  period  and 
a  too  rapid  decay  of  the  heat  flux  compared  with  the  EDQNM  data.  In  contrast  the  new 
formulation  shown  in  Fig  3b  is  rather  successful  at  mimicking  the  EDQNM  results. 

It  is  perhaps  worth  remarking  that  the  present  authors,  in  a  short  unpublished  internal  study 
(Cr^  &  Launder,  1990)  had  earlier  looked  at  the  same  probiem  (in  this  case,  the  focus 
was  measurements  by  Itswsire  et  ai,  1906)  and  reproduced  the  oscillatory  behaviour  of  the 
scalar  flux  but  not  the  correct  osciilatory  period  nor  the  amplitude  decay  rate.  Van  Haren’s 
results  may  indicate  that  we  should  simply  have  persevered  longer  or  perhaps  that  tite 
different  treatment  of  the  dissipation  rates  in  the  two  studies  may  have  been  responsible 
for  the  difference.  What  should  not  be  overlooked  in  considering  the  reason  for 
differences,  however,  is  that,  unequivocally,  second-moment  closure  can  reproduce  an 
csdllatory  behaviour  in  the  scalar  flux  vjhich,  probably,  most  workers  would  have  said  was 
a  signal  of  the  collapse  of  turbulence  into  wave-like  oscillations  -  and  thus  outside  the 
scope  of  conventiond  turbulence  modelling. 

A  further  application  of  the  model  to  a  free  shear  flow  is  the  stabiy-stratified  saline  mixing 
layer  of  Uitenbogeutrd  (1968).  Tnis  is  a  test  case  that  dearly  brings  out  the  superiority  of 
seoond-moment  over  eddy  viscosity  modelling.  Fig  4  compares  the  authors’  predictions 
with  the  pfesant  dosUie  ^'vith  those  of  the  eiandard  x-e  model.  Evidently,  because  eddy 
xlscosify  schemes  a'e  insuffidentiy  sensitive  to  buoyant  damping,  mixing  proceeds  at  far 
too  great  a  rate  so  that,  by  the  final  station,  a  nearly  uniform  salinity  level  is  predicted.  The 
second-moment  p.'edict]ci>vs  are  far  better  both  those  witit  the  proposed  dosure  and  those 
generated  by  tite  Bede  Mode!  that  are  omitted  for  darity.  However,  it  appears  that,  even 
at  second-moment  level,  rather  too  rapid  mixing  Is  taking  place,  as  evidenced  by  the 


^  No  details  were  provided  of  this  schaiUM  but  it  was  presumably  the  ‘basic’  or  the  (in  this  case)  very  similar 
'quasl-isotiopic'  model  ftecitMntty  used  by  the  group  at  the  ECL 
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Fig  3  Dfivelopmant  of  oscillatory  waves  In  siably-stratifled  grid  turbulence,  from  Van  Haren  (1 932). 

(Note:  in  right  hand  graph  'realisable  -  e°  rafeis  to  non-linear  model;  in  left  hand  graph 
-  e*  refers  either  to  basic  model  or  r  similar  linear  model) 
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Fig  4  Development  of  horizontal  stably-straiified  saiine-mbdng  layer:  Experiments  (Symbols), 
Uiienbogaard  (1988):  Computations  (present  study): 

-  non-linear  second-moment  closure 

-  -  -  -  k'C  EVN1 

a)  Mean  velocity  profiles; 

b)  Mars  fraction  of  s  Jt  water 


predicted  mean  salinity  profile  being  rather  too  broad  at  the  downstream  station®.  It  was 
suspected  that  the  problem  arose  from  modelling  diffusive  transport  in  these  strongly 
stratified  flows  one  may  expect  buoyant  Influences  on  the  transport  processes  to  be 
significant  (see,  for  example,  the  work  of  Zeman  &  Lumley,  1979,  on  the  stably  stratified 
atmospheric  boundary  layer).  No  such  effects  are  incorporated  in  the  GGDH.  in  fact,  the 
diffusion  of  6^  turns  out  to  be  the  most  crucial  process  for  6^  appears  in  the  ^get  of  the 
vertical  salinity  flux,  m€,  which,  in  turn,  enters  the  buoyant  term  in  the  ^  equation. 
Accordingly,  for  illustration,  we  have  just  aimed  at  improving  the  (Q^el  of  u^.  For  this 
purpose  we  have  essentially  applied  the  same  apprordmations  to  as  are  made  in  the 
Basic  Model  of  the  second  moments.  In  addition,  convective  transport  is  discarded  while 
the  fourth-rank  products  are  expressed  in  temts  of  the  second  by  the  Millionshtchikov 
(1941)  hypothesis.  The  resultant  model  equation  is 


3^P/ 
4  Eg 


SUT. 


dx^  dx^ 


(8) 


where  the  coefficient  Cg  takes  the  value  0.1 1 . 

Key  aspects  of  the  computations  with  this  more  coni^ete  model  for  ujB^  appear  In  Fig  5. 
A  somewhat  smaller  and  less  dispersed  level  of  ?  is  predicted  and  this  leads  to  a 
substantially  modified  profile  of  tv€  and  to  the  somewhat  steeper  mean  profile  of  salinity 
concentration  which  accords  better  with  tho  measured  data.  This  result  suggests  that  a 
more  general  and  comprehensive  treatment  of  second-moment  transport  processes  in 
highly  stratified  flow  may  be  warranted,  since  the  additional  computational  cost  is  not 
significant. 


Attention  is  now  turned  to  near-wall  flows.  Applications  to  date  have  been  especially 
concerned  with  mimicking  the  varying  effects  of  shear  and  viscosity  as  the  wall  is 
approached,  it  has  been  found.  Launder  &  U  (1994),  that  when  both  and  in  the 
model  of  are  retained  and  appropriate  low-Reynolds-number  forms  are  introduced  to 
the  dissipa^n  rate  equations,  it  is  possible  to  predict  complex  shear  flows  up  to  the  wall 
itself  without  introducing  wall-damping  effects.  Figure  6  shows,  for  example,  predictions 
of  flow  in  a  square  sectioned  duct.  The  well-known  bulging  of  the  contours  towards  the 
comers  Is  due  to  tiie  secondary  flow  which  in  turn,  arises  from  the  source  of  streamwise 
vortidty  associated  with  gradients  of  the  Reynolds  stresses  lying  In  the  aoss-sectional 
plane  of  the  duct  The  level  of  agreement  achieved  with  the  closure  Is  far  better  than  that 
with  the  Basic  Model,  despite  the  fact  that  that  scheme  employs  wail-proximity  corrections 
tO(|>^ 


To  date  no  applications  of  precisely  the  above  model  have  been  reported  for  force-field 
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have  applied  an  earlier  version  of  the  model  to  flow  in  a  two-dimensional  channel  rotating 
in  orthogonal  mode.  The  modelling  details  are  not  reproduced  here  but,  briefly,  because 
was  taken  as  zero  (with  -  0.6),  it  was  necessary  to  incorporate  a  wall-reflection 
correction,  albeit  one  much  weaker  than  for  the  Basic  Model.  The  Coriolis  force  that  acts 
on  the  Reynolds  stress  field  in  this  case  creates  a  flow  similar  to,  if  not  identical  with,  that 
of  a  horizontal,  gravitationally  modified  heated  channel  flow:  on  the  suction  side  of  the  duct 


^  Tha  tact  that  the  predicted  profilec  iia  above  the  measurements  is  believed  to  be  due  to  weak  three 
dimensionality  In  the  experiment.  Comparisons  between  measurement  and  predictions  should  thus  ignore  this 
displaoement 


P  '  Pmln 
Pmtx  ■  Pmln 


Fig  S  Effect  of  refining  diffusion  model  in  prediction  of  stably  stratified  mixing  iayer  (present  study): 
Symbols  -  Uitenbogaard  (1988),  measurements: 

—  •  GGDH  diffusion  of  6^;  et|  (8)  for  diffusion 

a)  6^  at  10  m  downstream  b)  vertical  heat  flux  mO  at  10  m  downstream 
c)  mean  salinity  profile  at  40  m  downstream 
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Prediction  of  turbulenoe-diiven  sooondary 
flow  In  a  square  duct  without  ‘wall 
reflection'  agendas,  from  Launder  4  Li  (1994): 
Symbols:  experiments,  Gessner  &  Emory  (1981);  ^ 
Lines:  second-moment  predictions: 

_  ngn-iinear  model  (without  Vail  reflection') 

_  basic  model,  Induding  wall  correction 

a)  Axial  velocity  contours; 

b)  Perimetral  wall  stress 

Fig  7 

Prediction  of  flow  In  plane  channel  rotating 
in  orthogonal  mode.  Symbols;  DNS  results, 
Kristoffersen  and  Andersson  (1990); 

Lines:  second-moment  dosure  predictions 
using  low-Raynoids-number  formulations: 

....  Kristoffersen  et  al  (1990) 

(using  Launder-Shima,  1989  model) 

—  non-linear  model,  Launder  &  Tselepidakis 


turbulent  transport  is  damped  by  the  rotation  while  on  the  pressure  side  it  is  augmented, 
at  least  for  the  moderate  rotation  rates  considered  hare.  Comparisons  are  drawn  in  Fig  7 
between  the  second-moment  computations  and  the  direct  numerical  simulations  of 
Kristoffersen  and  Andersson  (1990).  Aiso  included  are  predictions  obtained  by 
Kristoffersen  et  al  (1990)  using  the  earlier  model  of  Launder  and  Shima  (1 989),  essentially 
a  low-Reynolds-number  version  of  the  (Basis  Model.  We  see  that  both  models  capture 
quite  well  the  strong  asymmetry  of  the  Reynolds  stresses  that  arises  from  the  rotation  and 
the  associated  strongly  asymmetric  mean  velocity  field.  O/erail,  however,  the  new  scheme 
achieves  decidedly  the  more  complete  agreement  with  tfie  direct  numerical  simulation.  In 
contrast,  any  eddy  viscs^ity  model  would  sSiow  no  effect  of  rotation  for  this  flow  since  the 
extra  generation  in  the  component,  normal  to  the  w^l.  Is  exactly  balanced  by  an  equal 
and  opposite  source  in  the  streamwise  normal  stress  (uf)  and  consequently  there  Is  no  net 
augmentation  of  the  generation  rate  of  turbulence  energy. 

Finally,  it  is  of  interest  to  note  tiiat  a  group  from  the  LMH  of  the  EOF  Research  Laboratories 
in  Paris  has  begun  to  apply  the  new  approach  to  tackle  some  of  ti'ie  physically  very 
complex  problems  of  sediment  transport,  whicfi  are,  of  course.  Intrinsically  affected  by 
buoyant  modifications  to  turbulent  mixing  (Laurence  et  lal,  1993).  While  the  results  are  only 
preliminary  in  character  they  predict  alterations  in  the  viscous  layer  thickness  due  to  the 
sediment  loading  which  seem  to  be  broadly  in  line  with  experiments. 

4  Condudlno  Remarks 

The  paper  has  reported  results  obtained  with  a  new  form  of  second-moment  closure 
designed  to  satisfy  the  two-component  limit.  Turbulence  approaches  this  limit  at  a  wall  and 
in  other  circumstances  where  turbulent  fluctuations  In  one  direction  are  strongly  damped. 
This  strategy  is  naturally  appealing  for  the  prediction  of  buoyancy-affected  flows  bec^e 
there  a  stabilizing  gravitational  field  can,  indeed,  produce  a  quasi  two-component 
fluctuating  velocity  field. 

At  present  the  model  requires  more  extensive  testing  and,  doubtless,  refinement.  There 
seems  little  doubt,  however,  that  the  main  elements  of  the  modelling  set  out  in  this  paper, 
including  proposals  for  modelling  second-moment  tiansport,  give  closure  schemes  that 
achieve  a  significantly  wider  range  of  applicability  than  those  founded  on  the  Basic  Model. 

Nomenclature 

a,j  dimensionless  anisotropic  stress,  (u^  •  l/s  5^ 

fourth  rank  tensor  in  mean-strain  part  of  pressure-strain  model 
A  Lumley's  flatness  parameter 

A^,  A3  invariants  of  Reynolds  stress 
A2e  heat  flux  invariant 

b7/  third  rank  tensor  in  mean-strain  part  of  pressure-scalar  gradient  model 
d9  coefficients  in  turbulence  models 

d  diffusive  transport  (subscript  denotes  diffused  quantity) 

D  diameter  or  distance  between  parallel  planes 

gi  gravitational  acceleration 

buoyant  generation  rate  of 


Gfj  buoyant  generation  rate  of  U/Uj 

buoyant  generation  rate  of  up 
k  turbulent  kinetic  energy, 

Pfl  shear-generation  rate  of  uJJJ 

generation  rate  of  up  by  mean  gradients  of  L/yand  6 
Pgg  generation  rate  of  6^ 

Rj  gradient  Richardson  number 

Uj  Ui  fluctuating  and  meein  velocity  in  direction 

upj  kinematic  Reynolds  stress 

"up  kinematic  scalar  flux 

u,  ^  fluctuating  and  mean  velocity  In  direction  x, 

w  vertical  velocity  fluctuations 

Xj  position  coordinate 

z  vertical  coordinate 

pressure-strain  term  of  u^j 
(t>yg  pressure-scalar  gradient  term  of  up 
dissipation  rate  of  upj 
zg  dissipation  rate  of  Up 

e,  dissipation  rate  1/2  6^ 

?  r.m.s.  scalar  fluctuations 

6  mean  scalar 

Py  buoyancy  parameter  in  direction  Xy 
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Some  similarity  states  of  homogeneous 
stably-stratified  turbulence 

By  J.  R.  Chasnov 

Tlie  Hong  Kong  University  of  Science  and  Technology,  Clear  Water  Bay,  Kowloon,  Hong  Kong 

The  decay  of  statistically  homogeneous  velocity  and  density  fluctuations  in  a  stably- 
stratified  fluid  is  considered.  Over  decay  times  long  compared  to  the  turbulence  timescale 
but  short  compared  to  the  period  of  internal  gravity  tvaves,  three  distinct  high  Reynolds 
number  similarity  states  may  develop.  These  similarity  states  are  a  consequence  of  the 
invariance  of  the  low  wavenumber  coefficients  of  the  three-dimensional  kinetic  or  potential 
energy  spectrum;  and  their  preferential  development  depends  on  the  relative  magnitudes 
of  the  initial  kinetic  and  potential  energy  per  unit  mass  of  the  fluid.  When  the  turbulence 
has  decayed  over  a  time  comparable  to  the  period  of  the  gravity  waves,  the  three  similarity 
states  mentioned  above  are  disrupted.  Evidence  will  be  presented  of  a  new  similarity  state 
which  then  develops  asymptotically. 


1.  Introduction 

The  statistics  of  homogeneous  turbulence  in  fluids  of  infinite  extent  typically  depend 
on  time  throughout  their  entire  evolution.  In  homogeneous  turbulence  at  high  Reynolds 
numbers,  similarity  states  of  the  flow  field  may  replace  the  statistically  stationary  states 
that  typically  occur  in  bounded  flows.  In  these  similarity  states  the  turbulence  spectrum 
decays  without  change  of  shape  so  that  in  an  appropriately  scaled  coordinate  system 
the  spectrum  is  independent  of  time.  Some  of  the  homogeneous  flow  fields  for  which 
similarity  states  have  been  observed  by  large-eddy  simulation  include  decaying  isotropic 
turbulence,  passive  scalars  transported  by  isotropic  turbulence  with  or  without  a  uniform 
mean  gradient,  and  buoyancy-generated  turbulence.  The  existence  of  a  similarity  state  for 
decaying  homogeneous  isotropic  turbulence  was  postulated  early  on  (Kolmogorov,  1941)  as 
was  that  for  a  transported  homogeneous  isotropic  passive  scalar-  field  (Corrsin,  1951).  More 
recent  work  (Batchelor,  Canute  k  Chasnov,  1992;  Chasnov,  1994)  indicates  that  hitherto 
unsuspected  similarity  states  of  homogeneous  turbulence  may  exist  for  non-isotropic  flows 
which  contain  more  complicating  physics,  such  as  flows  with  buoyancy  forces  and  uniform 
passive  scalar-  gradients. 

It  is  a  natural  extension  of  our  earlier  work  in  buoyancy-generated  turbulence  and  tur¬ 
bulence  with  uniform  passive  scalar  gradients  to  consider  whether  high  Reynolds  number 
similarity  states  exist  for  homogeneous  turbulence  in  a  stably-stratifled  fluid  with  both 
buoyancy  effects  and  active  scalar  (density)  gradients.  In  this  paper,  we  first  show  how 
some  of  the  flows  previously  considered  can  occur  in  a  stably-stratified  fluid  at  large  Proude 
numbers.  We  will  also  present  some  analytical  arguments  and  numerical  results  which  pro¬ 
vide  evidence  for  a  new  similarity  state  which  develops  at  small  Froude  numbers. 
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2.  The  governing  equations 

Choosing  our  co-ordinate  system  such  that  the  z-axis  is  pointed  vertically  upwards,  we 
assume  a  stable  density  distribution  p  =  pq  —  p',  where  po  is  a  constant,  uniform 

reference  density,  /?  >  0  is  a  constant,  uniform  density  gradient  along  z,  and  p'  is  the 
density  deviation  from  the  horizontal  average.  The  kinemacic  viscosity  u  and  molecular 
diffusivity  D  of  the  fluid  are  assumed  constant  and  uniform.  After  application  of  the  well- 
known  Boussinesq  approximation,  the  governing  equations  for  the  fluid  velccit’  u  with 
zero  meem  and  the  density  fluctuation  p'  are 


V-u=0, 

^  +  u.Vu  =  2^-3ai^  +  „V>u, 

ot  Po  po 

^  -h  u  •  Vp'  =  /?U3  + 


(2.1) 

(2.2) 

(2.3) 


where  g  =  —jg  with  >  0,  j  is  the  vertical  (upwards)  unit  vector,  and  p  is  the  fluid 
pressure. 

Our  earlier  work  considered  waxious  limiting  forms  of  (2.1)-(2.3)  for  which  one  oi  g  or  (3 
was  taken  equal  to  zero.  By  a  suitable  non-dimen.sionalizatioii  of  Eqs.  (2.1)  -  (2.3),  we  will 
show  that  under  certain  conditions  the  terms  containing  g  and  (3  may  also  be  negligible  in 
a  stably-stratified  fluid.  It  is  convenient  to  define  a  normalized  density  fluctuation  6  such 
that  it  has  units  of  velocity,  B  =  'J^po[3p'.  Use  of  d  instead  of  p'  in  (2.2)  -  (2.3)  modifies 
the  terms  proportional  to  g  and  into  terms  proportional  to  where  N  =  \/g0/po  is  the 
Brunt- Vaisala  frequency  associated  with  the  internal  waves  of  the  stably  stratified  flow. 
The  mean-square  statistics  |(u*)  and  5  (<9*)  are  the  kinetic  and  potential  energy  of  the 
fluid  per  unit  mass,  respectively.  The  equations  of  motion  conserve  the  total  energy  per 
unit  mass  in  the  absence  of  viscous  and  difl'usive  dissipation. 

Now,  defining  dimensionless  variables  as 


T  =  t 


^0 


A" 


U  =  P  s=  0  _ 


e 


(2.4) 


X 

.  ^  JK  Y  ^ 

(Q  to  Uo  PoWo 

where  io,  uq  and  Oq  are  as  yet  unspecified  length,  velocity,  and  normalized  density  scales, 
the  equations  of  motion  (2.1)-(2.3)  become 


V-U  =  0, 


(2.5) 


where 


-Po 


Up 

Nlo' 


(2.6) 

(2.7) 

(2.8) 


The  dimensionless  groups  Fp  and  JTq  can  be  regarded  as  initial  Froude  and  Reynolds 
numbers  of  the  flow,  respectively,  although  their  precise  definition  is  yet  dependent  on  our 
specification  of  Ip,  up,  and  Bp;  a  is  the  Schmidt  (or  Prandtl)  number  of  the  fluid. 
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3.  Three  large  Proude  number  flows 

We  show  here  that  particular  initial  fluctuating  velocity  and  density  fields  in  a  stably- 
stratified  fluid  can  result  in  the  establishment  of  distinctly  different  flows  when  the  initial 
Froude  number  of  the  turbulence  is  large.  The  important  point  here  is  that  with  well- 
chosen  initial  flow  fields  either  or  both  of  the  source/sink  terms,  (those  terms  proportional 
to  the  inverse  Froude  number  in  (2.6)  and  (2.7)),  may  be  negligible  over  long  times. 

Flow  1:  Isotropic  turbulence  transporting  an  isotropic  passive  scalar 

We  consider  an  initial  genc-ation  of  isotropic  velocity  and  density  fields  of  comparable 
integral  scales  and  kinetic  and  potential  energies.  We  identify  the  unspecified  length  scale 
Iq  with  the  initial  integral  scale  of  the  flow,  and  uq  and  &o  with  the  initial  root-mean-square 
values  of  the  velocity  and  normalized  density  fluctuations,  respectively.  If  Fq  1,  both 
of  the  terms  multiplied  by  I/Fq  in  (2.6)  and  (2.7)  are  small  initially.  Over  times  in  which 
these  terms  remain  small,  the  velocity  fluctuations  decouple  from  the  density  field  and  the 
turbulence  decays  isotropically  while  transporting  an  isotropic  passive  scalar  field. 

Flow  2:  Isotropic  turbulence  in  a  passive  scalar  gradient 

Here,  we  envision  the  generation  of  an  initial  isotropic  velocity  field  with  given  kinetic 
energy  and  integral  length  scale,  and  no  initial  density  fluctuations.  We  identify  and  uo 
as  in  flow  1.  However,  the  initial  conditions  introduce  no  intrinsic  densi  y  scale.  So  that  0 
attains  a  value  close  to  unity,  we  set  the  dimensionless  group  multiplying  Us  in  (2.7)  equal 
to  one,  yielding  6o  =  Nlo-  The  dimensionless  group  multiplying  ©  in  (2.6)  then  becomes 
so  that  if  Fq  >  1,  this  term  is  small  initially.  As  long  as  it  remains  small,  the 
generated  density  fluctuations  are  passive  and  the  resulting  equations  govern  the  evolution 
of  decaying  isotropic  turbulence  in  the  presen'  e  of  a  mean  passive  scalar  gradient. 

Flow  S:  Buoyancy- generated  turbulence 

The  fluid  is  assumed  to  be  initially  at  rest  with  some  given  random  density  distribution. 
We  identify  Iq  and  with  the  initial  integral  scale  and  rcot-mean-square  value  of  the  6- 
field,  respectively.  So  that  U  attains  a  value  of  order  unity,  we  set  the  dimensionless  group 
multiplying  0  in  equation  (2.6)  equal  to  one,  yielding  uq  =  \/NIo6q.  The  dimensicnless 
group  multiplying  Uq  in  (2.7)  is  now  equal  to  1/Fq,  so  that  if  Fo  1  this  term  is  small  at 
the  initial  instant.  Over  times  for  which  this  term  remains  small,  the  resulting  equations 
govern  the  evolution  of  buoyancy-generated  turbulence. 

How  long  do  the  above  flows  evolve  before  the  effects  of  the  neglected  terms  become 
important?  Consider  the  evolution  equations  (2.6)  and  (2,7)  after  the  flow  fields  have 
evolved  over  a  time  t.  The  relevant  length,  velocity,  and  normalized  density  scale  of  the 
flow  are  now  those  which  characterize  the  fields  at  time  i.  The  source/shik  terms  are  of  the 
same  order  when  the  velocity  and  normalized  density  scales  are  of  comparable  magnitude. 
This  condition  is  satisfied  by  flow  1  from  the  initial  instant.  However,  the  density  scale  6' 
and  velocity  scale  u'  at  time  t  in  flows  2  and  3,  respectively,  increase  from  initial  values 
of  zero  and  can  be  estimated  as  oc  Nu't  in  fiow  2,  and  u'  oc  NO't  in  flow  3.  Hence,  the 
density  and  velocity  scales  become  compcirable  when  t  >  l/^^  Also,  the  Froude  number 
of  the  flow  at  time  t  cein  be  shown  to  be  proportional  to  l/Nt,  so  that  it  also  becomes 
small  when  f  >  1  /N. 
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We  have  thus  arrivc-d  at  the  intuitive  result  that  physical  effects  associated  with  inter¬ 
nal  gravity  waves  affect  the  flow  dynamics  only  after  an  evolution  time  comparable  to 
the  period  of  the  gravity  waves.  For  flows  of  initially  large  Froude  number,  the  velocity 
ai-d  density  fields  evolve  over  many  turbulence  time  scales  before  internal  waves  become 
dynamicEilly  important.  Hence,  similarity  states  associated  with  each  of  the  above  flow 
regimes  may  be  established  before  a  significant  decrease  in  the  flow  Froude  number.  In 
the  next  Section,  we  briefly  review  the  salient  features  of  these  similarity  states. 

4.  Asymptotic  similarity  states  at  largv'i  Froude  numbers 
The  similarity  states  which  develop  in  the  above  flows  depend  on  the  form  of  the  kinetic 
and  potential  energy  spectra  at  low  v/avenumbers.  Defining  the  kinetic  eriergy  spectrum 
Ek{k,t)  and  the  potential  energy  spectrum  Ep{k,t)  to  be  the  spherically-integrated  three 
dimensional  Fourier  transform  of  |(ui(x,r)iii(x -i- r,t))  and  i(6(x,i)6(x  -kr,  t)),  respec¬ 
tively,  we  write  an  asymptotic  expansion  of  the  spectra  neai  A;  0  as 

Ek{k,t)  =  2nk^iBo  -I  B^k^  -t- . .  ■),  Epik,t)  =  27r/c2(Co  -k  +  . . .),  (4.1) 

v/here  Bo,B2,...,  and  Co,C2,...  are  the  lowest-order  coefficients  of  the  expansion.  For 
brevity,  we  consider  here  only  flo'w  fields  for  which  Bq  and  Cn  are  non-zero  unless  the  entire 
spectrum  is  zero.  The  invarieince  of  one  or  both  of  these  low  wavenumbei'  coefficients  lead 
directly  to  tire  establishment  of  different  similarity  states. 

Flow  1:  Isotropic  turbulence  transporting  an  isotropic  passive  scalar 
The  low  wavenumber  coefficients  Bo  and  Co  axe  separately  invariant  (Saffman,  1967a; 
Corrsin,  1951),  and  when  they  are  non-zero  the  high-Reynolds  number  asymptotic  results 
for  the  kinetic  energy,  scalar- variance  and  integral  scale  may  be  determined  by  dimensional 
analysis  to  be  (Saffman,  i967b;  Larcheveque,  et  al.,  1980) 

{u')<xB^t~i,  (0‘)  oc  Co^o  I'xB^t^.  (4.2) 

The  nature  of  this  similarity  state  is  such  that  the  kinetic  end  potential  energy  spectra 
decay  without  chaiige  of  shape  so  that  stationary  spectra  may  be  defixied  by  the  appropriate 
scaling  of  the  wavenumber  and  spectral  amplitudes. 

Flou  Z:  Isotropic  turbulence  in  a  passive  scalar  gradient 
The  passive  density  (scalar)  fluctuations  for  this  flow  eire  genereted  by  velocity  fluctua¬ 
tions  along  the  direction  of  the  mean  gradient;  consequently,  the  low  wavenumber  coeffi¬ 
cient  of  the  potential  energy  spectrum  is  no  longer  invariant  in  time.  Rather,  Co  depends 
directly  on  the  invariant  Bg,  N  and  t  by 


Co{t)  =  iN^Bot^.  (4.3) 

Use  of  (4.3)  in  (4.2)  yields  the  asymptotic  growth  of  the  scalar  ^'ariance  (Chasnov,  1994) 

(^^)  cx 


(4.4) 
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Flow  S:  Buoyancy-generated  turbulence 

Here,  the  velocity  fluctuations  are  generated  by  density  fluctuations  and  Bo  is  no  longer 
invariant;  however  Co  is  invariant.  The  coefficient  Bo  is  related  to  Co,  N  and  t  by 

Bo{i)  -  (4.5) 

and  substituting  (4.5)  into  (4.2)  •  '  (Batchel<)r,  ei  ah,  1992) 

(u^)  oc  (iV2Co)»t““,  ocCo(A^^Co)"»f*'^,  l<x{N'^Co'\^ti.  (4.6) 

An  interesting  and  unusual  feature  of  the  similarity  state  for  buoyancy- generated  turbu¬ 
lence  is  an  increase  in  the  flow  Reynolds  number  asymptotically. 

5.  The  flow  at  small  Proude  numbers 

After  the  stratified  flov-  evolves  over  a  time  t  ~  1/jV,  the  Froude  number  is  of  order 
unity  so  that  the  above  large  Froude  number  similarity  states  are  no  longer  valid.  As 
the  flow  evolves  further  so  that  Ni  I,  the  Froude  number  may  be  expec*  to  become 
smedl,  and  it  is  of  some  interest  to  consider  whether  a  different  similarity  ate  of  the 
flow  field  is  established  asymptotically  provided  the  Reynolds  number  of  the  flow  remains 
large.  To  construct  a  similarity  state,  an  invarirmt  of  the  kinetic  and  potential  energy 
spectra  near  k  —  Q  must  be  determined.  Such  an  invariant  does  indeed  exist  and  is 
associated  with  the  low  wa\'enumber  coefficient  of  the  total  energy  spectrum  E{k),  defined 
by  E{k)  =  Eic{k)  +  Ep(k).  An  expansion  of  the  total  energy  spectrum  near  k  =  0  yields 

E{k,t)  =  27ck^iAQ  H-  Atk^  -t- . . .),  (5.1) 

where  Aq  =  Bo  4-  Co  and  Aj  =  Ba  -t-  €-2  are  the  sum  of  the  low-wavenumber  kinetic  and 
potential  energy  spectral  coefficients.  The  coefficient  Ao  can  be  shown  to  be  an  exact 
invariant  of  the  flow.  Here,  we  consider  its  value  to  be  non-zero  at  the  initial  instant. 

We  thus  have  a  new  invariant  Ao  upon  which  to  base  aii  asymptotic  similarity  state. 
However,  a  straightforward  dimensional  analysis  is  now  complicated  by  the  addition  of 
another  relevant  dimensionless  group,  namely  Nt,  which  is  directly  proportional  to  the 
number  of  wave  periods  over  which  the  flow'  has  evolved.  For  asymptotically  large  Froude 
number  flows,  Ni  is  vanishingly  small  and  does  not  enter  into  the  scalings;  however,  this 
may  not  be  the  case  at  small  Froude  numbers  when  Nt  is  large. 

Despite  the  above  difficulty,  we  nevertheless  attempt  a  dimensional  analysis  of  this  prob¬ 
lem  by  considering  the  evolution  of  the  total  energy  of  the  flow,  e  =  ((u^)  4-  (6^))/2,  for 
which  there  exists  an  associated  invariant  Aq.  Dimensional  2inalysis  then  yields 

e  =  CtA^t~^{Nty,  (5.2) 

where  we  write  the  proportionality  constant  explicitely,  and  a:  is  an  unknown  exponent, 

In  addition  to  the  total  energy  decay,  it  is  of  interest  to  consider  the  evolution  of  the 
integral  scales  of  the  flow  field  associated  with  the  total  energy.  The  integral  scales  may 
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evolve  differently  depending  on  whether  they  axe  measured  prirallel  or  perpendicular  to 
the  vertical  axis.  Defining  the  horizontal  integral  scale  of  the  total  energy  to  be  1/,,  and 
that  of  the  vertical  integral  scale  to  be  dimensioiral  analysis  yields 

=  h  =  (5.3) 


where  c/^  and  C(„  are  proportionality  constants,  and  y  and  z  are  two  additional  exponents. 

A  heuristic  argument  can  be  given  to  determine  the  unknown  exponent  x.  At  small 
Froude  numbers,  two  disparate  timescales  of  the  flow  exist:  a  fast  time-scale  of  the  wave 
field  and  a  slow  time  scale  of  the  turbulence.  If  we  assume  that  the  correlation  time  of  the 
nonlinear  transfer  is  directly  proportional  to  the  fast  time  scale  l/A,  then  dimensionally 


dt 


(5.4) 


which  may  be  integrated  directly  to  yield  the  value  x  =  3/5  in  (5.2). 

We  do  not  yet  have  have  any  a  priori  argument  to  determine  the  remaining  unknown 
exponents  y  and  z.  Rather,  in  the  next  Section  we  present  the  results  of  large-eddy 
simulations  in  which  all  three  exponents  may  be  computed. 


6.  Large-eddy  simulations  at  small  Froude  numbers 

To  obtain  a  high  Reynolds  number  flow  at  small  Froude  numbers,  we  perform  large-eddy 
simulations  of  Eqs.  (2.1)  -  (2.3)  using  a  pseudo-spectral  code  for  homogeneous  turbulence 
(Rogallo,  1981).  For  the  subgrid  scale  model,  we  employ  a  spectral  eddy-viscosity  and  eddy- 
diffusivity  similar  to  that  of  Chollet  and  Lesieur  (1981).  We  take  the  initial  kinetic  energy 
spectrum  of  the  form  given  by  Chasnov  (1994)  with  the  low  wavenumber  portion  of  the 
spectrum  proportional  to  The  initial  potential  energy  spectrum  is  taken  to  be  zero.  In 
the  large  Froude  number  regime,  this  corresponds  to  flow  2  above:  isotropic  turbulence  in  a 
passive  scalar  gradient  Preliminary  calculations  showea  that  the  horizontal  integreil  scales 
grew  more  rapidly  them  the  vertical  scales,  in  agreement  with  previous  direct  numerical 
simulation  re.sults  lliley,  et  aL,  1981),  and  that  it  was  optimal  to  use  a  computational  box 
vhich  was  eight  times  longer  in  the  horizontal  directions  than  in  the  vertical.  Accordingly, 
we  took  a  corapatationed  box  length  of  47j  in  the  two  horizontal  directions  and  7r/2  in 
the  vertical  direction,  with  a  corresponding  grid  resolution  of  512  x  512  x  64  so  that  the 
grid  remained  cubic  at  the  smallest  resolved  scales.  With  a  periodic  box,  the  horizontal 
wavenu'.nl,ers  then  took  the  values  kx,ky  —  1/2, 1,. . . ,  128  and  the  vertical  wavenumbers 
kx  =  4, 8, . . . ,  128.  The  peak  of  the  initial  isotropic  kinetic  energy  spectrum  kp  v/as  placed 
at  a  wa.veni'mber  of  64.  Two  computations  were  performed  with  initial  Froude  number 
Fq  =  uq/NIq  given  by  Fq  =  16.5  and  93.2.  In  the  definition  of  Fq,  uq  is  taken  as  the  initial 
root-mem  square  velocity  fluctuation,  and  Iq  =  The  computations  were  performed 

holding  Uq  and  Iq  fixeu  and  varying  AT  by  a  factor  cf  approximately  5.65.  The  results  of 
the  computation  are  used  here  to  tesc  the  postulated  scalings  given  in  §6  and  to  compute 
values  of  the  unknown  exponents  x,  y,  eind  z. 

In  Figure  la,  we  plot  the  pcwer-law  exponent  of  t  (i.e.,  the  logarithmic  derivative  with 
respect  to  t)  of  the  total  energy  as  a  function  of  t/r©  for  both  initial  Fioude  number  flows, 


Homogeneous  stably-stratified  turbulence 
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i/m  Ntjr: 


Figure  l.  The  energy  statistics;  - ,  Fq  —  16.5; - Fb  =  93.2;  (a)  time-evolution 

of  the  power-law  exponent  of  e;  (b)  verification  of  the  scaling  relation  given  by  (5.3)  with 
^  ==  3/5, 


t/ro  Ntl'ir 


Figure  2.  The  integral  length  scales:  - Fo  =  16.5;  -  -  -  Fq  =  93.2;  (a)  time- 

evolution  of  the  horizontal  smd  vertical  egral  length  scales  of  the  total  energy;  (b) 
verification  of  the  scaling  relations  given  by  (5.4)  with  y  =  0  and  z  —  -2/5. 

where  tq  =  Iq/uq.  The  asymptotic  value  of  the  time  exponent  is  approximately  —3/5, 
indicating  a  value  of  x  in  (5.2)  equal  to  3/5,  in  agreement  with  our  heuristic  argument. 
In  figure  ib,  we  plot  the  propoi  tionality  constant  c«  in  (5.2),  i.e.,  we  plot  the  evolution  of 
e/(-4Q^®f"“'^"iV®/’),  for  both  initial  Froude  number  flows.  The  approximate  convergence 
of  the  two  curves  at  lai'ge  values  of  Nt  confirms  the  overall  scaling  given  by  (5.2),  with 
Ce  w  1.6. 

The  horizontal  eind  vertical  integral  scales  of  the  total  energy  are  plotted  versus  t/ro 
in  Figure  2a  for  both  initial  Froude  number  flows.  Evidently,  a  large-times  the  horizontal 
integral  scale  is  independent  of  the  initial  Froude  number  and  the  vertical  integral  scale 
is  independent  of  time.  This  implies  that  y  =  0  smd  z  =  -2/5  in  (5.3).  In  Figure  2b,  we 
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plot  the  evolution  of  and  ci„  for  both  flows.  Again  the  overall  scaling  given  by  (5.3)  is 
confirmed,  with  k  1.2  eind  C(„  «  1.4. 

We  have  thus  presented  findings  of  a  new  similarity  state  which  develops  at  large 
Reynolds  numbers  and  small  Froude  numbers  when  the  initial  flow  field  consists  of  an 
Isotropic  velocity  distribution  and  no  density  fluctuations.  It  is  also  possible  that  the  sim¬ 
ilarity  state  which  develops  at  small  Proude  numbers  depends  on  the  way  in  which  the 
initial  flow  fields  are  initialized.  Metais  and  Herring  (1989)  demonstrated  by  direct  nu¬ 
merical  simulations  that  the  nature  of  the  flow  at  small  Firoude  numbers  does  depend  on 
the  relative  state  of  the  turbulence  and  wave  field  before  entering  the  low  Froude  number 
regime.  Some  preliminary  computations  which  we  have  performed  verify  that  this  is  indeed 
the  case;  we  intend  to  report  on  these  findings  at  a  later  date. 
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Abstract 

The  evolution  of  the  aniaotiopic  structure  of  homogeneous  turbulence  in  a  stably-utratified  fluid  is  investi¬ 
gated.  Our  study  is  based  upon  a  comparison  between  Direct  Numerical  Simulations  (DNS),  a  statistical 
closure  model  (anisotropic  EDQNM)  and  its  linear  or  "Rapid  Distortion  Theory"  (RDT)  approxitaation. 
A  very  good  agreement  is  found  between  DNS  and  EDQNM.  Particular  emphasis  is  given  to  the  reversible 
conversion  of  turbulent  kinetic  energy  into  potential  energy  and  to  the  angular  dependency  of  energy  in 
spectral  space.  The  rise  of  an  inevetnble  trend  controlled  by  nonUnear  interactions  aa  opposed  to  a 
reversible  trend  controlled  by  linear  motions  is  shown. 

1  Introduction 

The  theoretical  and  numerical  works  presented  here  are  motivated  to  a  great  extent  by  recent  experimental 
studies  on  decaying  stratified  grid  turbulence  performed  either  in  a  windtunnel,  by  Lienhard  !c  von  Atta 
(1S90)  and  Yoon  ii  Warhaft  (1990),  or  in  a  water  tank,  by  Sarrott  k  van  Atta  (1991).  The  measurements 
made  in  these  experiments  have  a  high  level  of  spectral  resolutiou  and  accuracy  compared  to  the  salt 
water  experiments  reported  up  to  now  (e.g.  Itsweire  et  al.,  1986),  which  enable  the  authors  to  present  a 
more  detailed  picture  of  the  decay  process. 

When  the  Ficoude  number  (ratio  of  inertial  to  buoyancy  forces)  is  much  larger  than  one  initially,  the 
turbuii'uce  decays  as  a  result  of  the  usual  cascade  process.  During  this  decay,  buoyancy  forces  gain 
importance  with  respect  to  inertial  effects.  When  the  FFoude  number  becomes  aroollec  than  about  two, 
the  large  scales  of  the  motion  ate  influenced  by  the  stratification  and  vertical  transport  is  weakened,  while 
the  small  scales  continue  their  normal  mixing.  LV  show  that  the  small  scales  are  in  universal  equilibrium, 
in  other  words  they  are  not  affected  by  the  stratification.  This  picture  is  especially  clear  with  regard  to 
the  co-spectium  of  the  heat  flux.  For  small  wavenumbers  a  counter-gradient  flux  is  observed,  while  for 
larger  wavenumbers  the  mixing  along  the  gradient  continues.  This  usually  leads  to  a  net  flux  along  the 
temperature  gradient.  It  should  be  noticed  that  YW  obst-rve  a  net  counter-gradient  heat  flux  for  their 
most  stable  run. 

In  the  present  study,  we  present  results  concerning  the  influence  of  the  initial  Froude  and  Reynolds 
nui.ibers  on  the  flow  development  and  the  occurence  of  the  counter-gradient  heat  flux.  A  form  of 
anisotropy  in  the  small  scales  is  also  put  to  the  fore.  To  get  these  results,  we  solved  numerically  a 
hierarchy  of  mathematical  models,  nsroely  (i)  the  fully  three-dimensional  Boussinesq  equations  (perform¬ 
ing  Direct  Numerical  Simulations),  (ii)  on  Eddy  Damped  Quasi-  Normal  Markovian  (EDQNM)  closure 
model  and  (iii)  its  Rapid  Distortion  Theory  (RDT)  approximation. 

The  EDQNM  model  is  a  turbulence  closure  model  in  spectral  space  for  axisymmetric  stratified  flow 
(Cambon,  1989).  The  non-linear  transfer  terms  of  energy  between  the  various  wavenumbers  are  explicitly 
calculated  and  the  full  S-D  (axisymmetric)  energy  spectrum  is  availsble.  The  model  is  thus  very  suitable 


j 


to  study  the  anisotropy  of  the  flow.  However,  the  validation  of  the  £DQNM  model  by  the  DNS  is  a 
prerequisite  before  readiing  higher  values  of  the  Reynolds  number  with  the  EDQNM  model. 

The  RDT  approximat'on  consists  of  neglecting  the  non-linear  energy  transfer  terms  in  the  EDQNM 
equations  and  highlights  the  importance  of  the  linear  terms  in  the  decay  process.  Moreover,  analytical 
solutions  of  the  RDT  approximations  can  be  easily  obtained. 


2  Equations,  models  and  relevant  variables 

The  Boussinesq  assumptions  for  turbulence  in  a  stably-stratifled  fluid  give  the  following  system  of  equap 
tions  for  the  fluctuating  velocity  field  Uj(x,t)  and  a  modified  temperature  T(x,f): 


(1) 


dui 

dxt 


=  0, 


(2) 


where  i/  is  the  kinematic  viscosity  (the  Prandtl  number  is  chosen  equal  to  unity)  and  N  is  the  Briiut- 
Vaisala  frequency.  The  definition  of  N, 


N  =  (3) 

involves  the  thermal  expansion  coefficient  fi,  the  vertical  mean  temperature  gradient  y  and  the  gravitar 
tional  acceleration  g.  Equation  1  displays  N  as  the  unique  atratifleation  parameter  if  T  is  scal^  as  an 

acceleration  (using  the  coefficient  fig),  so  that  (T/N)^/i  can  be  interpreted  as  a  potential  energy.  I 

In  order  to  include  in  the  models  the  detail^  dispersion  law  of  the  linear  wave  regime  and  to  reduce  j 

the  number  of  variables,  Ui  and  T  are  3D  Fourier  transformed  (superscript  ‘).  Then  the  4-compoaent  1 

set  (uiiT)  is  reduced  to  a  3-component  set  by  introducing  a  new  vector:  f 

fi<(k,<)».a,(k,f)  +  /^|(k,f).  =  (4)  ^ 

The  reduction  of  the  number  of  components  reflects  the  solenoidal  property  of  the  velocity  field,  in  ' 

accordance  with  equation  2,  ktiii  =  0.  The  equation  governing  «( is  directly  derived  from  equations  1,  2  ! 

and  reads: 


+  N  Lij{k.)vj(k,t)  =  f  Myi(k.P.q)i'i(p,f)C|(q.<)‘^®P 


(B) 


Here  v,  and  its  statistical  coirelations  of  any  order  and  related  equations,  can  be  studied  in  other  or- 
thouormal  frames  of  reference  quoted  below;  all  tensorial  properties  are  preserved  by  such  projections, 
including  the  definitioiu  of  invarisnts  (energy)  and  resiisability  constraints. 

According  to  the  Cri^s-Hening  decomposition,  a  first  orthononnal  iranie  (eSe^,e’)  is  defined  such 
that  is  aligned  with  k  (ef  =:  ki/k)  and  lies  in  a  horiaontai  plane.  We  thus  have: 


-  /a  .>  >\4  ys  f  > 


Then  (e^,  e’)  generates  iq,  located  in  the  plane  normal  to  k;  (vortex  mode)  and  (wave  mode) 
contains  respectively  all  of  the  vertical  vortidty  and  all  of  the  vertical  velocity  of  tbe^flow,  whereas 

=  I T/N  solely  contributes  to  the  potential  energy. 

The  local  frame  (e^,e^,e’)  is  particularly  convenient  for  studying  the  statistical  quantities  Vij(k,f) 
and  Viji(k,p,f)  obtained  from  the  two  covariance  matricea  <  flj(k)v,(k)  >  and  <  V((k)Cj(p)vj(q)  >. 

For  axisynunetric  turbulence  (simplest  symmetry  consistent  with  equations  1,  2)  Vii/i  has  only  four 
non-sero  components  in  (e^ ,  e^,  e^): 


(7) 
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which  depend  on  k  =  |k|  and  coe(— g.k)  =  coed.  Thus  i  =  1,2,3  represents  the  different  inodes  of 
the  spectral  density  of  energy  and  ^  generates  the  vertical  buoyancy  flux,  according  to: 


i<U8r>  =  —J  Visindd^k  (8) 

Additional  constraints  are  =  ^3  and  ^  =  0  for  cosd  =  ±1  (polar  isotropy)  and  (j>i  >  0,  t  s  1,2,3; 
i^3^3  —  |i/ip  >  0  (realizability).  These  four  components  ai'e  governed  by  the  following  system  of  equations; 


(A  +  2.i^)^.(k.t) 
(|  +  2«/fc^)  «i3(k,t) 
(If +  21/1:^)  ^3(lc.O 

(^  +  2i/it*)  ^(k,t) 


Ti 

Ts  -  (JVsind)^. 

T3  +  (iV8ind)V> 

r^,  +  2A''  sin  8{<ji3  —  ^3) 


(9) 


where  Ti ,  1  =  1, 2, 3  and  are  energy  transfer  terms  wluch  involve  triple  correlations.  These  terms  are 
zero  in  the  linear  viscous  regime,  which  is  given  by  the  linear  part  of  equation  5.  This  regime  will  be 
referred  to  as  the  Rapid  Distortion  Theory  (RDT)  limit. 

In  the  extended  EDQNM  model  (Cambon,  1889),  the  system  of  equations  0  is  numerically  solved  with 
an  implicit  treatment  of  the  linear  terms  (exact  in  the  RDT  limit)  and  an  explicit  form  of  Tt  and  . 

The  closure  of  these  terms  derives  from  the  application  of  EDQNM  to  equation  6.  The  procedure  is 
the  same  as  for  rotating  flows  (Cambon  and  Jacquin,  1989)  and  is  not  given  here  for  the  sake  of  brevity. 
Only  the  crucial  parameters,  which  ate  characteristic  times  connected  with  triple  correlations,  are  quoted: 


with  a,/i,  7  =  0,d:l  and  includes  both  viscous  and  eddy  damping  terms,  according  to  standard 
procedures,  with  one  unique  constant. 

The  sophisticated  model  10  may  cauie  realizability  problems  for  particular  initial  data,  because  of 
the  sudden  application  of  the  stratification  (the  discontinuity  in  N  leads  to  a  discontinuity  in  ^ 

the  simplest  and  less  expensive  model,  which  corresponds  to  iV  =  0  in  equation  10,  will  be  used  nere  for 
the  detsuled  study  of  the  system  of  equations  9,  in  which  the  stratification  affects  explicitly  the  linear 
terms.  Note  that  although  itratification  effects  are  not  explicitly  taken  into  account  in  equation  10,  they 
do  enter  implicitly  in  the  transfer  terms,  since  they  involve  double  correlations  by  means  of  the  closure 
assumption. 


2.1  Direct  aumerical  simulatioua:  numerical  method 

In  order  to  ensure  energy  conservation,  equations  1  are  rewritten  using  the  vector  identity  (u  •  V)u  = 

/.•  K/  «s  _i.  VXawi*  /,*  w  Sf  aa  vsi  ’ l'k«a  sasssanawesssi  Isav  •«^ja  Ov 

W  A  ^  V  !*•  1^  MMV  hv  ^  wa  *«  waav  >v*w«va«^<  — miikki a%<»s  ^  ^  ^aawav  wsvwa  «■«%  «M^v  «f««  • 

The  boundary  conditions  are  periodic  in  all  three  directions.  The  spatial  derivatives  and  nonlinear  terms 
sre  treated  numerically  using  a  pseudo-spectral  method  in  Fourier  space.  Time  marching  is  done  using 
a  third  order  Adams-Bashforth  scheme.  The  viscous  term  is  integrated  exactly  using  the  new  variable 
v(k)  =r  u(k)  exp(i'i:*<)  (e.g.  Vincent  and  Meneguui,  1991). 


3  Results 

3.1  Initial  conditions  and  physical  parameters 

Six  direct  numerical  simulations  of  a  homogeneous  stably-stratified  fluid  for  a  resolution  equal  to  64^ 
are  presented  (see  Tkble  1  for  a  description  of  these  calculations).  The  initial  condition  consists  of  a 
homogeneous  and  isotropic  flow  field,  initialized  with  the  energy-density  spectrum 
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Run 

N 

lA 

to 

4i/*2 

4a 

Fr 

Re 

1 

jr/6 

200 

1.5 

1.007 

0.0 

5.8 

49 

2 

x/S 

100 

1.5 

0.9967 

0.0 

4.02 

27.5 

3 

U-/3 

200 

1.5 

1.007 

0.0 

2.9 

49 

4 

3r/3 

100 

1.5 

0.9967 

0.0 

2.01 

27.5 

5 

ar 

200 

1.5 

1.007 

0.0 

0.97 

49 

6 

JT 

100 

1.5 

0.9967 

0.0 

0.67 

27.5 

Table  1:  Description  of  the  initial  conditions  (at  t  =  to)  of  the  64^  simulations  presented  in  this  paper; 
to  is  the  time  at  which  the  Briint-Vaisala  frequency  IV  is  set  to  a  non-zero  value;  dt=0.0I25.  We  use 
the  following  definitions;  Fr  =  +  dz)ui(a:, y, r)  >  dz/  <  uj  >, 

Re  =  with  I  =  (3r/4)/“  £(fc)/fcdib//“  E{k)dk. 


£(>)  =  16  (2/s-)^'*  uo’  k*  t-®  exp[-2(t//b<)»].  (U) 

E{ki)  is  the  maximum  of  the  energy  spectrum  and  uo  =  rms(u)  =  rm6(v)  =  rins(w);  here  ki  =  4.760 
(Orszag  and  Patterson,  1972;  Metsus  and  Herring,  1989;  Getz  and  Schuman,  1990).  The  Briint-Vaisala 
frequency  is  set  to  a  nonzero  value  as  soon  as  the  triple  correlations  have  built  and  isotropy  is  equal  to 
1  (we  use  4i/4o  as  an  indicator  of  isotropy,  following  Vincent  and  Meneguzzi).  Let  t  =  to  Ibe  time 
at  which  stratification  is  iwlded.  Three  different  values  of  the  Brunt- Vsisala  frequency  have  been  chosen, 
N  =  3r/6,  AT  =  v/Z  and  N  =  r.  The  corresponding  values  at  t  .=  to  of  a  dynamical  fVoude  number  based 
upon  rmB(u)  and  a  vertical  integral  lengthscale  of  u  are  indicated  in  Table  1.  Each  of  these  three  stratified 
c^culations  has  been  carried  out  with  two  different  values  of  the  viscosity,  i/  s  0.01  and  i/  =  0.005. 

3.2  Discussion  of  results 

In  figure  1  the  evolution  of  the  total  energy  (kiuetic+potentisl)  is  shown  as  a  function  of  time  for  the 
stratified  case  with  a  Briint-Vasaila  frequency  of  N  =  n,  for  both  the  DNS  and  the  EDQNM  model.  The 
energy  is  made  dimensionleM  by  its  initial  value  and  the  time  axis  is  scaled  with  the  Brunt- Vasaila  period 
2r/N.  The  results  ue  compart  with  an  isotropic  run  {N  =  0),  for  which  the  total  energy  only  contains 
kinetic  energy. 

Figure  1  shows  that  for  the  isotropic  case  DSN  and  EDQNM  are  in  good  agreement,  with  a  slope  of 
decrease  of  energy  of — 1.1  at  the  end  of  the  run.  However,  the  EDQNM  model  does  not  show  any  difference 
between  the  isotropic  and  stratified  case,  whereas  for  the  DNS  the  energy  dissipation  is  clearly  reduced 
near  the  end  of  the  run.  (The  other  stratified  runs  we  have  performed  display  a  similai  behavior.)  This 
latter  effect  is  due  to  a  reduction  of  energy  transfer  by  the  stratification.  As  discussed  in  the  presentation 
of  the  models,  the  EDQNM  model  that  we  use  here  takes  into  accoimt  only  implicitely  the  effect  of 
stratification  in  the  transfer  terms.  An  EDQNM  version  with  these  effects  explicitely  incorporated  in  the 
EDQNM  closure  (see  equation  10)  already  exists  (snd  works  successfully  for  rotationnal  flows).  We  are 
currently  working  on  the  specific  problem  of  realizability  for  the  case  of  stratified  flows. 

In  figure  2,  we  consider  the  contributions  of  the  kinetic  energy  to  the  total  energy  in  both  Craya  modes 
$1  and  $2;  the  potential  energy,  denominated  as  4s,  is  also  plotted.  Only  the  runs  described  in  Tabic 
1  with  viscosity  i/  =  1/200  are  shown.  Figure  2  shows  that  the  EDQNM  model  compares  very  well  with 
the  DNS,  both  qualitatively  and  quantitatively.  The  4i  mode  remains  unaffected  by  the  stratification, 
while  ws  and  the  potential  energy  show  an  osciiiatory  behavior,  in  a  mutual  exchange  of  energy.  Note 
that  from  equations  9,  it  appears  that  only  these  two  modes  contain  a  linear  contribution  due  to  the 
stratification.  Furthermore,  the  oscillations  appear  to  be  smaller  for  the  lowest  values  of  W  (and  of  the 
viscosity  i/,  but  this  result  is  not  shown).  In  other  words,  both  a  higher  initial  iVoude  number  and  a 
higher  initial  Heynolds  number  reduce  the  oscillations.  We  will  come  back  to  this  point  further  on  in  this 
paper,  where  we  will  find  that  the  non-dimensionalized  heatflux  is  a  good  indicator  of  this  trend. 

Let  us  now  consider  the  RDT  approximatiou,  which  highlights  the  importance  of  the  linear  terms, 
(figure  2c).  A  very  good  qualitative  agreement  with  EDQNM  and  DNS  is  found,  which  confirms  that 
the  oscillations  in  $2  and  ta  are  produced  by  the  linear  terms  in  the  equations  of  motion.  The  decay  of 
energy  is  only  due  to  the  direct  action  of  viscosity  on  all  scales  of  motion. 

The  RDT  approximation  is  a  very  convenient  reference  case,  when  considering  the  dimensionless 
heatfl'ux  <  wT  >  /(<  w®  ><  T®  >)‘^®.  This  quantity  is  a  measure  of  the  correlation  of  the  velocity 


4 


and  temperature  field.  On  integrating  the  RDT  approximation  of  equations  9,  it  is  found  that  the 
dimensionless  heatflux  is  independent  of  the  initial  spectrum  prescribed  as  well  as  on  the  viscosity.  When 
the  time-axis  is  made  nondimensional  by  Ntjlx,  it  becomes  also  independsnt  of  N  and  reduces  to  a 
unique  form,  which  can  be  considered  as  a  low  Reynolds  and/or  IVoude  number  limit. 

In  figure  3,  the  dimensionless  heatflux  is  shown  for  all  values  of  N  and  i/,  versus  the  normalised  time 
.Vf/2x;  the  RDT  case  has  also  been  included.  The  data  collapse  very  well  with  this  scaling.  (Such  a 
scaling  has  already  been  used  successfully  by  Lienhard  ii  van  Atta,  1990,  and  yield  an  analogous  collapse 
of  data  caiacteiizing  the  stratified  turbulence).  In  the  present  case,  both  a  strong  stratification  (high  value 
of  N)  and  a  high  viscosity  tend  to  increase  the  dimensionless  heatflux.  The  DNS  results  for  u  <=  1/100 
ate  in  somewhat  less  agreement  than  for  v  =  1/200.  One  reason  might  be  that  EDQNM  model  becomes 
less  apt  to  properly  model  flow  dynamics  when  the  Reynolds  number  is  low. 

The  fact  that  the  RDT  solution  is  independent  of  the  viscosity  does  not  necesssrily  mean  that  the 
maxima  and  minima  of  correlation  reached  are  -IT  or  —1.  The  correlation  is  scrambled  by  the  dispersiou 
relation  for  the  linear  terms  which  makes  every  wavenumber  mode  to  oscillate  with  a  different  frequency 
N  sin  0,  depending  on  its  angle  6  with  the  vertical  direction. 

In  order  to  give  an  explanation  for  the  dependency  of  the  correlation  on  the  Reynolds  and  Froude 
numbers,  we  need  to  realize  that  in  terms  of  spectra  of  energy,  linear  terms  are  only  dominant  where  the 
non-linear  terms  are  weak.  Hence,  the  oscillations  will  be  present  for  small  wavenumbers  and  are  thus  a 
phenomenon  of  the  large  flow  structures. 

For  the  RDT,  linear  terms  will  be  present  at  all  scales  and  impose  on  upper  limit  to  the  correlation 
between  velocity  and  temperature  field  that  can  be  obtained.  Now  since  the  RDT  limit  can  be  regarded 
as  a  low  Reynolds  number  reference,  increasing  the  Reynolds  number  will  inevitably  destroy  a  part  of  the 
correlation.  For  high  Reynolds  numbers,  the  linear  terms  will  eventually  disappear  and  the  correlation 
will  reach  the  positive  value  of  about  0.7,  found  for  the  case  of  a  passive  scalar.  It  is  worth  noticing  that 
in  most  grid  turbulence  experiments,  the  Reynolds  number  is  higher  than  the  values  considered  in  this 
study,  and  this  msy  very  possibly  be  responsible  for  the  non  observation  of  any  counter  gradient  heatflux. 

The  influence  of  the  initial  Froude  number  is  less  clear.  On  the  one  hand  it  is  evident  that  a  stronger 
stratification  promotes  the  presence  of  the  linear  terms  and  thus  a  stronger  correlation.  But  on  the 
other  hand,  we  represent  the  time  scale  in  a  non-dimeniionai  form,  using  the  Driint-Vaisiula  period.  For 
instance,  when  the  heatflux  reaches  its  most  negative  value  at  Mt/2x  ~  0.4,  time  has  advanced  6  times 
further  for  the  case  N  a  x/6  than  for  the  case  N  =  So,  althou^  the  stratification  is  much  weaker  in 
the  former  case,  viscosity  has  had  much  more  time  to  reduce  the  non-linear  terms.  We  can  only  conclude 
that  apparently,  the  balance  is  such  that  a  stronger  stratification  produces  a  stronger  corielatiou. 

As  a  final  result,  we  will  make  a  remark  on  the  development  and  the  definition  of  flow  anisotropy. 
We  will  use  results  from  the  EDQNM  model.  In  figure  2,  the  classical  type  of  anisotropy  is  expressed  by 
means  of  the  spherically  integrated  spectra  of  and  This  confirms  the  statements  made  above  that 
a  revenible  kind  of  anisotropy  is  produced  by  the  linear  terms  in  the  equation  of  motion  and  that  this 
anisotropy  is  limited  to  low  wavenumbeis  (figure  4a). 

We  foimd  that  on  the  other  hand  an  irreveraible  kind  of  anisotropy  develops,  which  has  the  character 
of  a  directional  (angular)  dependency  of  the  spectra.  This  is  illustrated  in  figure  4b,  where  the  energy 
spectrum  is  given  for  three  different  spectral  angles  6,  between  the  waveauuaber  vector  and  the  vertical 
direction.  (<x»d  =  1  corresponds  to  the  vertical  direction). 

We  have  found  that  generally  this  irreversible  kind  of  anisotropy  is  stronger  for  higher  Reynolds 
numbers.  Also  the  effect  is  important  in  the  region  of  the  spectrum  where  the  non-lineu  terms  are 
dominant,  as  is  confirmed  by  figure  4b. 

4  Couciusions 

We  have  investigated  the  influence  of  the  initial  Froude  and  Reynolds  number  on  the  evolution  of  freely 
decaying  stably  stratified  turbulence.  We  have  compared  results  obtained  by  means  of  Direct  Numerical 
Simulations  (DNS)  on  a  64^  grid  with  those  of  a  statistical  EDQNM  model  extended  to  anisotropic  flows. 
The  results  of  the  comparison  are  as  follows. 

The  EDQNM  model  compares  very  well  with  the  DNS  results,  both  qualitatively  and  quantitatively, 
especially  for  the  high  Reynolds  number  case.  However,  for  the  DNS  a  reduction  of  the  energy  transfer 
terms  has  bees  found,  which  is  not  reproduced  by  the  EDQNM  model.  A  more  elaborated  model  is 
actually  being  developed;  such  a  model  has  already  proved  to  successfully  reproduce  the  reduction  of  the 
energy  transfer  iu  the  case  of  rotational  flows. 

It  is  shown,  on  using  Rapid  Distortion  Theory  (ROT),  that  the  linear  terms  in  the  equation  of  motion 


ast  responsible  for  the  oscilifctoty  beh&vior  observed  and  that  they  are  located  at  the  low  wavenumber 
end  of  the  energy  spectrum.  The  RDT  serves  as  a  reference  low  Reynolds  limit  case  in  which  linear 
terms  dominate.  These  terms  create  a  strong  oscillatory  behavior  of  the  dimensionless  heatflux  with 
periodically  counter  gradient  heat  fluxes.  As  the  Reynolds  number  is  increased,  the  linear  terms  become 
relatively  less  important  and  the  correlation  between  the  temperature  and  velocity  fields  decreases. 

A  high  Ftoude  number  has  in  principle  the  same  effect,  since  it  makes  the  linear  terms  less  important 
compared  to  the  non-linear  ones.  However  for  a  given  dimensionleti  time  iVt/2tr,  the  corresponding  low 
value  of  the  Briint-Vaisala  frequency  N,  makes  that  time  evolves  longer  than  for  a  high  value  of  N  and 
thus  non-linear  terms  have  more  time  to  decrease.  We  found  for  the  FVoude  and  Reynolds  considered 
here  that  a  high  Froude  number  reduces  the  correlation  of  the  velocity  and  temperature  fields. 

We  furthermore  found  for  the  EDQNM  calculations  that  it  is  necessary  to  distinguish  between  two 
different  kinds  of  anisotropy.  The  directional  anisotropy  is  caused  by  the  linear  terms  and  has  a  reversible 
character.  The  second  kind  of  anisotropy  describes  the  directional  dependence  of  the  energ}'  density  and 
is  not  reversible.  The  tendency  is  such  as  to  create  a  surplus  of  energy  in  the  vertical  direction  (the  pole 
of  the  spectrum).  This  trend  corresponds  in  physical  space  to  a  larger  variability  in  the  vertical  direction 
than  in  horizontal  planes,  in  accordance  with  pancake  turbulent  structures  observed  in  the  atmosphere 
for  instance  (e.g.  Dalaudier  et  Sidi,  1994). 
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Figure  1:  Evolution  of  the  total  meau  energy  (kinetic  -f  potential)  E/Eo,  as  a  function  of  Nt/2v  for  both 
DNS  and  EDQNM  (v  =  1/200;  Eq  U  the  initial  energy  of  the  stratified  run).  For  the  isotropic  case  the 
potential  energy  is  zero  and  the  time-axis  has  been  multiplied  by  N/2-x  with  iV  =  t. 
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Figure  2:  Influence  of  the  initial  Froude  number  on 
the  evolution  of  the  mean  kinetic  energies 

and  the  mean  potential  energy  ^ 

function  of  Nt/2ir.  Results  obtained  by  the  direct 
numerical  simulations  (DNS),  the  EDQNM  model 
and  the  RD'I  approximation  are  compared,  {u  - 
1/200  for  all  runs). 
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Figure  3:  luflueoce  of  the  initial  Fioiuio  number  on  the  evolution  of  the  dimensionless  heat-fiat  <  ^T> 
/(<u/*><T*>)*^*  as  a  function  of  St/'l'x\  ii)  n  =  1/100;  b)i/  =£  1/200. 


Figure  4:  Spectral  density  of  the  tota'  energy  (kinetic  +  potential)  S{k,(l)  os  a  function  of  the  wavenum¬ 
ber  k  and  the  spectral  angle  6{k,t,)  between  the  wavenumbeT  vector  i  and  the  vertical  direction  e,  for 
EDQNM  at  Nt/'Zw  =  1.0.  The  convention  is  .such  that  t/  =  0  correspouil.s  with  the  pole  of  a  sphere  of  radius 
k  and  9  —  ir/2  with  the  equator.  All  curve.i  .ue  iiinbiplietl  hy  Aifk'‘.  the  area  of  the  sphere  of  radius  k,  so  > 

that  under  isotropic  conditions  they  reduce  icch  to  the  usual  spectrum  of  energy  E(k)  =  Airk^SXk).  j 
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INTRODUCTION 

An  essential  ingredient  of  turbulent  flow  is  fluctuating 
voiticity,  and  the  main  effect  of  stable  stratiiication  on 
flbctua^  voiticity  is  the  baraciinic  generation  of  new 
vcKticity,  acccording  to  Bjerknes'  famous  theorem. 

There  is  presently  uncertainty  over  which,  if  any, 
well  established  properties  of  turbulence  in 
homogeneous  fluids  can  be  exported  for  use  in  stably 
stratified  fluids,  and,  when  these  laws  fail  to  describe  the 
behavior  in  the  stably  stiat'iied  case,  what  must  replace 
them. 

This  talk  will  attempt  to  illustrate  the  flavor  of  some 
current  research  prnblems  by  considering  several 
questions  presently  under  study  which  address  aspects  of 
the  evolution  of  btvoclinically  generated  voiticity  isi 
turbulent  Dows.  Both  qualitative  and  quantitative 
diffetences  witls  homogeneous  fluid  flow  behavior  will 
be  discussed. 

BAROCLINIC  VORTICITY  GENERATION 
IN  THE  STABLY  STRATIFIED  MIXING 
LAYER 

To  clearly  iUuscrate  the  process  of  baroclinic  voiticity 
generation  we  first  look  at  the  initial,  laminar, 
development  region  of  a  stably  stratified  turbulent  shear 
layer  undergoing  Kelvin-Helmholtz  instability.  This 
instability  plays  a  ptomiitetit  role  in  both  atmospheric 
and  oceanic  shear  layers,  and  may  often  be  observed  in 
cloud  patterns.  As  an  idealiration  of  teal  geophysical 
flows,  consider  a  laminar  shear  layer  flow  in  which 
lighter  fluid  Hows  horhonlally  over  a  heavier  fluid, 
wiiii  gravity  aciing  in  the  venical  uirection.  Whe."i  uic 
interface  between  the  two  fluids  of  different  den£ty 
moving  at  different  speeds  rolls  up  due  to  Kelvin- 
Helmholtz  instability,  a  cross  section  through  the  K-H 
roller  looks  like  tire  spiral  pattern  of  a  jelly  roll.  The 
jelly  is  one  fluid,  the  dough  is  the  otlier.  In  some 
places  along  the  interface  between  the  two  fluids  one 
has  light  fluid  over  heavy  (statically  stable)  but  at 
others  one  find.s  heavy  fluid  ever  light  (unstable).  For  a 
homogeneous  fluid,  itt  the  next  step  of  the  instablility 
process  three-dimensional  voitices  form,  smaller  in 
cross  section  than  ilte  K-H  billows,  which  have  their 
axes  wrapped  around  the  K-H  billows.  Uiesc  3-D 
voitices  are  efficient  at  batisporting  momentum  and 


scalar  properties,  and  so  the  rate  of  stiiring  and  mixing 
of  the  fluid  increases.  But  for  the  density  stratified  case 
Schowalter  et  al  (1994  a,b)  found  that  the  initial 
foimation  of  the  "streamwisc"  vortices  produces 
baroclinically  generated  vorticity  of  opposite  sign  at  the 
stable  inteifssces  and  barocliitically  generated  vorticity  of 
the  same  sign  as  the  initial  voitices  at  the  statically 
unstable  pcitions  of  the  interiace.  The  net  result  is  that 
the  vortices  formed  at  the  stable  portions  of  the  interface 
are  much  weaker  than  in  the  homogeneous  case,  and  the 
3-D  stirring  and  subsequent  molecular  mixing  is 
dominated  by  the  vortices  fonned  by  the  convective 
instability  on  the  statically  unstable  parts  of  the 
interface. 

A  conceptual  ntodel  of  BroadwcU  and  Bneidenthal  (1982) 
examines  the  rate  at  which  a  turbulent  shear  layer 
actually  molecularly  mixes  the  different  species  in  the 
two  streams,  which  depends  on  the  rates  of  entrainment, 
macroscopic  deformation,  and  molecular  diffusion. 
Entrainment  is  the  slowest  step  unless  D«v.  where  D 
is  the  molecular  diffusivity  and  v  is  the  kinematic 
viscosity.  In  gases,  DA'  ~  1  and  entrainment  is  the 
bottleneck.  In  liquids,  however,  v  may  exceed  D  by  a 
factor  of  hundreds  or  more,  so  that  entrainment  and 
diffusion  may  botn  provide  important  consiiaints  on  the 
mixing  rate.  Many  analytical,  experimental,  and 
numerical  studies  have  been  made  for  the  homogeneous 
fluid  case.  By  comparison,  only  a  few  'esults  are 
available  (e.g.  Kuop  and  Browand,  1979)  for  the  stably 
snatified  turbulent  mixing  layer,  and  the  time  would 
seem  to  be  ripe  for  more  experiments,  numerical 
simulations,  and  analytical  models. 

EFFECTS  OF  MEAN  STRAIN  ON 
TURBULENCE  DYNAMICS  IN  A 
STRATIFIED  FLl'ID 

In  flows  over  vertical  topography  in  the  ocean  aitd 
atmosphere  the  bunching  together  (or  divergence)  of  tlic 
mean  streamlines  in  a  venical  plane  is  accompanied  by 
a  similar  buncEiing  (or  divergence)  of  the  isopycnals 
(surfaces  of  cotistant  mean  density).  Ac  the  isopycnals 
bunch  together  the  mean  density  gradient  increases,  and 
where  they  diverge  the  mean  density  gradient  decreases. 
There  are  thus  two,  sometimes  competing,  effects, 
mean  strain  and  spatially  variable  buoyancy  effects, 
llte  turbulence  levels  and  vertical,  turbulent  transports 
can  be  highly  variable  in  such  flows.  The  question 


arises  wbether  one  can  exphin  this  belia'/ior  as  an  effect 
of  the  mean  strain  of  the  flow  and  the  spatial  edtanges  in 
(he  Valisala  fre(|uency  dp/dz)'^cn  She 

turbulence. 

For  horiiogeneous  fluids  the  eftect  of  mean  strain  on 
turbulence  war  e.xamined  in  the  early  19G0's  in 
connection  with  wind  tunnel  r4}Rttac.^ons,  which  were 
employed  to  reduce  the  relative  tutbultncc  level  u'/tj  in 
the  stream,  where  u'  is  'he  rms  stteamwise  fluctuation 
in  velocity  and  U  is  the  mean  velocity.  Tiie 
longitudinal  flucntadons  decrease  passing  through  the 
conFaction,  while  the  rms  lateral  fluctuation  w' 
increwcs  through  the  con'ruction  due  ur  the  stretching 
of  streamwise  vortices  (Piandd,  1933). 

The  simplest  stably  stratified  flow  for  consideration  of 
strain  and  variable  buoyancy  effects  is  flow  of  a 
turbulent  strzUfied  fluid  with  zero  mean  shear  through  a 
vertical  contractkni.  Hie  vertical  contractor  coitflnes 
the  flow  to  a  shorter  vertical  esieni,  thus  increasing  the 
stratifleation  strength  and  tenuing  to  damp  vertical  w‘ 
fluctuations,  but  at  the  same  rime  it  stretches 
longitudinal  vordeet  ss  in  the  bomogentcus  case. 

Experime'ts  by  Thoroddseu  and  '^'an  Atta  (1994)  show 
that  tb«  addition  of  stable  stratiiirarlon  changes  the 
evolution  of  u'  very  Kule.  However,  w'  decays  more 
rcpidly  before  the  contiaction  because  of  the  non  zero 
value,  of  N,  and  flattens  out  in  the  contraction.  Then,  as 
Che  flow  leaves  ti:^  contraction  •  rurpiising  behavior  of 
w'  is  observed,  w'  fir?t  dectearss  io  a  very  low  level, 
und  then  increases  to  a  r.vlative  nuodmcin  value  and 
tlicn  oscillates  ror  me  rest  ot  its  observed  evolution! 

The  physics  bchiivi  Uiis  behavior  becomes  ^parent 
when  examining  the  evolution  of  the  rms  denaty 
fluctuatioii  p'.  p'  ncreascs  befon  j\sidc,  and  afler  the 
cnntiactio<',  reaching  a  maximum  value  at  the  same 
location  whex  w'  reach  ad  a  minimum,  and  liien 
decteases.  As  p'  is  pioport'onal  to  the  rms  fluctuating 
potentipl  energy  c.1  the  I'u-bulenta,  and  w’  is 
proportiond  to  (he  '^actuating  kinetic  eurrgy  of  the 
turbulence  the  observed  behavior  reflects  exchange  of 
energy  between  the  potentiid  and  Idftetic  energies.  Gerz 
and  Vamazaki  (1993)  found  a  similar  gio^  of  the 
vertical  kinetic  enr./'^  in  numerical  simulations  which 
had  an  Ltitial  density  fluctuadon  flelti  end  zero  initial 
velocity  fluctuation  field,  and  suggested  the  term 
zoL^ie  turbulence  to  escribe  tlie  phenonenon. 

HOMOGENLOUS  TURBULENT  SHEAR 
FLOWS 

In  homogeneous  turbulent  shear  flows,  (he  mean 
velocity  U  in  the  x  dircctioi:  is  a  linear  function  of  the 
I'terai  coordinate  z,  i.e.  U(z)=az.  All  staflscical 
oantities  ce  independent  of  z.  Experiments  show  that 
for  a  rL-vnstiatified,  homegenaous  fluid  the  turbrlence 
produenon  exceeds  the  dissipation  and  the  v<;.ocity 


fluctuations  grow  spatially  with  x  without  oound, 
roughly  exposet.tially  wiiii  x.  Similar  behavior  rs 
found  ir  direct  numerical  simulations  in  which  the 
cirbuleDce  develops  in  time  laibor  than  spatially.  If  the 
flow  is  stably  suatilied  Rohr  ct  al  (198S)  found  that  the 
growth  rate  of  the  itirbulence  is  a  decreasing  fiincticn  cf 
the  iiflehardson  number  for  and  becomes 

negative  for  R>Rcx.  with  ^Caal  to  roughly  0.3.  For 
the  turbulence  Idnetic  enfgy  production,  kinetic 
energy  dissipation,  and  buoyancy  sink  term  which 
piodiKSS  potential  energy  are  in  balanre,  and  the  ims 
energies  ui  the  velocity  and  density  fluctuations  is 
constant.  There  is,  however,  a  continunl  spectral 
redistribution  from  small  to  large  scales  taking  place,  so 
that  equilihtivun  is  not  reached  in  wave  number  space. 
Direct  Numerical  Siviulations  (DNS)  of  Holt  et  al 
(1992)  suggest  that  the  critical  Richa'dson  number 
might  be  a  function  of  Reynolds  number,  but  thi:  has 
n.'.:  so  fai  been  s.fen  experimeitiaily.  DNS  results  aisc 
suggest  that  there  are  coherent  structures  in 
homogwueous  shear  flo'vs  in  the  form  of  horseshoe-like 
vortices  orient^  nearly  along  fr  principal  extensional 
.o'rain  direction  and  that  the  effri  of  stable  strabrication 
in  reducing  the  vertical  tianspert  :s  associated  with  a 
weakeniqg  of  these  '.oitiral  structures.  Ihc  observation 
of  such  sMictures,  she  lid  they  exist,  is  a  nhailenging 
problem.  Picciirillo  and  Var.  AUa  099^)  have  exca^ed 
f  large  Schmidt  number  resuiis  of  Rohr  rt  al  (198.'!)  to 
Prindtl  number  of  order  one  using  temperature 
stratTication  in  ah  .  lltese  Jam  wez?  ebtainer’.  m  a  itovt  l 
stratified  shear  flow  channel  descriis:..d  by  Piuirillo  and 
Van  Atta  {1994b).  Tuc  lower  value  of  8  Vr  nuinbcs  will 
allow  a  mom  de^dve  cont;  ‘arisen  of  a  direct  numerical 
simulation,  v.’hich  are  so  Is '  limited  lo  spiail  ?r,  with 
experiments.  Some  aspcc.s  of  th;s  data  and 
simulations  will  be  compared  in  me  present  t?’k. 

DOES  LOCAL  IGOTUOPy  yXlST  i  1 
TURBULENT  SHEAR  FLOWG  A 
STABLV  STRATinED  FLUID? 

In  Large  Eddy  Si'uulatioRS  the  fom  of  thj  small  sc?!.: 
motion  must  be  assumed  before  doing  a  flow 
calcuUuicn.  The  simplest  jxrssibie  foim  ts  a  small 
scale  tur’iulmit  field  obeying  the  constrainis  of  local 
isofri^y.  .Arcordrng  ui  KoimogQ:”ov’s  original  ideas,  iii 
a  homogeneous  fluid  one  should  expect  to  see  local 
isotre^y  in  the  small  sca'es  in  a  ai^ulent  shear  flow, 
provid^  that  the  scale  separatior.  between  large  and 
small  scales  is  sufficiently  large.  "Local  Isotropy" 
mea(..s  isotropi.:  behavior  over  a  coitain  restricted  or 
"local"  wave  number  ranye.  The  reVvtions  lor  locally 
isoBs^dc  bchavic  of  spectra,  gradient  moment  etc.  are 
derived  purely  from  ki:  omatical  and  conunuity 
argumerts,  not  from  dyn,;ruAcc.  A  large  Reynolds 
number  ;»  not  necessary  f.ir  local  i  ourt^y,  but  die 
extent 'd  the  rcgir.n  of  loca!  isotroTy  is  expected  to 
increase  with  Reynolds  number.  Tbe  smallest  scales  in 
a  low  Rejnolds  number  turbulerr  f.,‘w  often  tr.hibit 
local  isotropy.  Hr.v'evar,  it  seems  reasonable  tf.n(  if  the 


ratio  of  mean  stmin  tn  fluctuating  siiuin  is  large  enough 
oni!  would  t'ixpect  anLotropic  behavia.\  For  energy 
spectra  of  'he  velocity  and  scalar  tluctuations, 
Kolmogorov's  id'*^  appears  to  be  borne  out. 
Experiments  and  DNS  at  low  show  isotropic 
behavior  at  the  smallest  scales  only,  while  experiments 
in  the  laboratory,  aimoq>hcre,  and  ocean  show  that  the 
extent  of  isotropy  ittcreases  as  R^.  increases.  For  a 
review  and  recent  laboratory  etqpcritnents  at  high  see 
Praskovsicy  et  ai  (1993).  Fbr  moments  of  velocity  and 
scalar  gradients  the  available  data  show  a  marked  degree 
of  anisotix^ic  behavior.  This  is  at  first  puzzling,  as 
taking  gradients  is  expected  to  emphasize  the 
contributions  of  the  fine  structure.  However,  as  is  well 
‘.mown  for  nondifferentiated  velocity  and  tciuperature 
fluctuations,  such  moments  do  include  contributions 
from  all  scales,  can  be  very  sensitive  to  sharp  gradients 
found  near  the  edges  of  large  scale  coherent  structures, 
&r.d  arc  generally  not  siutable  for  examining  particular 
wave  number  ranges  for  locally  isotropic  behavior.  The 
dcg'cc  of  local  isotropy  may  be  unambiguously 
examineu  by  comparing  relative  behavior  of  spectra 
pf  the  gradients  t^cUy  with  the  .appropriate  relations 
tot  local  isotropy,  as  discussed  <n  Vati  Aua  (1991). 
This  has  yet  to  Ik  done  for  turbulent  shear  flows,  as 
most  sUtdies  to  date  have  measured  only  moments  and 
not  die  spectra  of  gradients.  An  exception  is  the  work 
of  Dahm  et  al  (1991),  in  which  it  was  found  that  the 
spectra  of  the  small  scale  scalar  gradient  ftdd  (all  iluce 
compoi  tents  were  measured)  obeyed  isotropic  rehuiens 
within  the  uncertainty  of  the  somewhat  limited 
statistical  sample. 

Put  what  is  the  expected  behavior  in  a  stably  stradried 
How?  If  ?.  range  of  scales  exists  (hat  are  not  affected  by 
stratification  then  there  might  be  local  isotropy  in  that 
range.  The  contmon  wisdom  tells  us  that  in  a  steady 
state  stratification  most  strorigly  affec’.s  scales  larger 
than  the  Ozraidov  scale  Lg  s=  (e/N^)''^’  wijcre  e  is  the 
dissipation  rate  of  turbulent  kistcclic  energy,  and  that  in 
decaying  shear  free  turbulence  straufication  should  affect 
the  I  vgest  scales  firaL  Howevei,  TlKaoddsen  and  Van 
Aua  (1993)  foimd  experimemdly  that  for  decaying 
stratified  gnd  turbulence  momenis  and  spectra  of 
velocity  derivatives,  which  ctnphasize  the  smalln  scales 
and.  iniiiaily  obey  isotropic  relations  early  in  the  decay, 
very  strongly  departed  from  isotropic  behavior  right 
after  the  beginning  of  die  decay.  A  similar  behavior  is 
found  for  temperature  gradients.  Since  one  would  fiave 
expected  the  largest  tcales  to  be  affected  first,  it  is 
surprising  that  Uic  gradients  are  affected  even  tefbrc 
theie  are  large  effects  on  large  scele  properties  like 
turbulence  intensities  and  buoyarxy  flux.  Perliaps  the 
range  of  scales  in  these  experiraerts  is  too  small  to 
expect  substantial  local  isotiopy  under  strctii'ied 
cond'tions.  It  would  be  very  u..eful  to  liave  further 
expetimems  or  numerical  suiuktions  covering  .several 
more  decades  in  R^.  Such  a  range  would  be  very 


difficult  for  experinuntalLsts  to  achieve  and  is  presently 
rax  yet  possible  even  for  direct  numerical  simulations. 
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Abstract 

We  examine  results  of  direct  numerical  simulations  (DNS)  of  homogeneous  turbulence 
in  the  presence  of  stable  stratification  with  the  goal  of  contributing  to  'mderstanding 
the  effect  of  stratification  on  eddy-diffusion,  and  the  distribution  of  pairs  of  par  ticles 
released  in  stable  stratified  fiuw.  Both  rotating  and  no^-rotating  studies  will  be  included 
in  our  purview.  On  a  simple  level,  stratified  turbulence  may  be  considered  as  a  mixture 
of  turbulence  (with  vortex  stretching)  and  waves,  with  the  waves  at  larger  scales,  and 
curbuleuce  at  smaller  scales  (  smaller  than  the  Ozmidov  scales  (Ozmidov  (1963)).  We  first 
discuss  whether  such  characterization  is  reasonable.  This  assessment  is  made  by  comparing 
DNS  results  for  diffusion  of  a  scalar  with  simple  closure  estimates,  wliich  are  extensions  of 
the  method  introduced  by  Larcheveque  and  Lesieur  (1981)  to  the  case  of  stratified  Sows. 
As  may  be  expected,  the  stable  stratification  reduces  the  pair  separation  in  the  direction  of 
stratification,  and  leaves  the  separation  in  the  transverse  directions  unaltered.  The  pair- 
dispersion  is  well  predicted  by  a  theory  which  includes  the  anisotropic  nature  of  lire  fiow 
and  incorporates  the  Brimt-Vaisala  frequency  as  a  damping  rate  for  dispersal.  We  also 
discuss  the  rednctiori  of  eddy-diffusion  due  to  stratification,  and  compare  the  numerical 
findings  with  the  theoretical  estimates  of  Csanady  (1964)  and  Pearson  et  al.  (1983). 

1.  Introduction 

The  inhibition  of  eddy  transport  by  stable  stratification  is  a  topic  of  interest  both  in 
atmospheric  and  oceanic  dynamics.  The  soui’ce  of  this  inhibition  is  clear  if  we  recall  that 
stability  implies  that  the  total  energy  is  partitioned  between  waves  and  turbulence,  and 
only  the  latter  is  efficient  in  eddy  transport.  In  thi.s  paper  we  examine  this  issue  using  direct 
numerical  simulation  (DNS),  and  simple  scaling  laws  and  underlying  concepts  drawn  from 
the  statistical  theory  of  turbulence.  Such  statistical  ideas  are  cleanest  at  asymptotically 
large  Reynolds  numbera,  a  domain  remote  from  DNS.  However,  the  basic  assmnptions  of 
the  statistical  theory  apply  eoually  to  low  Reynolds  number,  rapidly  decaying  flows,  and 
in  this  paper  we  check  to  see  to  what  degree  DNS  and  stati.siical  theory  agree  in  the  low 
Reynolds  number  limit  (i2;i  ~  20).  Our  method  is  to  use  the  statistical  theory  to  extract  the 
fimctional  dependence  of  dispersive  effects  on  turbulence  spectra  and  control  parameters, 
and  compare  these  to  the  DNS.  More  importantly,  the  DNS  should  provide  clean  and 
independent  duta  quantifying  the  effects  of  stratification.  Sec.  2  records  the  equations 
of  mot;on  of  the  DNS,  and  describes  simple  statistical  predictions  for  eddy  diffusion  and 
particle  dispersion  in  the  presence  of  stable  stratification.  Sec.  3  describes  the  numerical 
techniques  of  the  DNS,  and  discusses  its  relation  to  statistical  theory. 
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2.  Eddy  Conductivity  and  Particle  Dispersion  for  Stratified  Flows 
(a)  Eddy  Diffusion  with  Siraiificaiion. 

We  sketch  some  theoretical  notions  about  the  effects  of  stratification  on  eddy  diffusion. 
We  do  this  within  the  limits  of  incompressible  Navier-Stokes  which  we  write  in  standard 
non-  dimensional  form: 

(9<  -  (tV*)u  =  -uV  •  u  —  Vp  +  gtf  —  20  X  u  (1) 

{dt  -  =  -N^w  -u  VO  (2) 

V  •  u  =  0  (3) 

Our  notation  is  that  (u,  0)  are  the  velocity-  temperature  fluctuations.  The  (x,]/,z)  com¬ 
ponents  of  u  are  (:i,v,w).  N  is  the  Bnmt-Vaisala  frequency,  ^ga{dTld2)fTo,  and 
g  =  (0,0,— 1).  In  the  present  preliminary  version  of  this  paper,  shall  not  discuss  the 
effects  of  rotation. 

Consider  first  unstratifled  turbulence.  We  may  estimate  eddy  conductivity  by  the 
formula  of  Kraichnan  (1976),  (see  also  Lesieur  (1990)  for  more  discussions); 

>i.ddv  •■=  (2/3)  r  dkEik)/-nik),  (4) 

JO 

where  E{k)  =  (1/2)(|  u(k)  p)  is  the  kinetic  energy  spectrum,  r}{k)  the  eddy  circulation 
time  at  scale  2'K/k.  In  Herring  ei  d.  (1982)  p.419  ei  seq.  it  is  argued  that  an  approximate 
formula,  derived  from  the  Test  Field  Model  (TPM),  is 


Consider  next  how  effects  of  stratification  may  be  included  by  modification  of  (4).  Folklore 
has  it  that  stratification  means  waves  (oscillations  at  large  scales),  and  “  turbulence  ” 
(overt\iming  events)  at  small  scales.  The  dividing  scale  between  these  is  the  Ozmfiov 
scale  at  whicli  the  eddy  turnover  rate  is  equal  to  the  gravity  wave  frequency.  Denoting 
this  scale  by  ko ,  we  estimate  its  value  from; 

r,{k)  ==  N  (5) 

At  large  Itaynolds  numbers,  for  which  E{k)  ~  ko  =  y/N^fe.  A  naive  suggestion 

is  that  wave-motion  contributes  little  to  particle  dispersion,  so  that  (  4)  should  be  replaced 
by: 

=  (2/3)  /  dkEik)/r]{k)  (7) 

Jko 
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Of  course,  we  must  take  accouut  of  the  change  of  E(k,t)  induced  by  stratification.  A 
closure  estimate  of  E{k)  is  obtained  by  equating  the  energy  flux  to  small  scales  (e)  to  the 
integral  of  the  energy  transfer,  T(k)^ 

{di  +  2uk^)E{k)  =  T{k)  (8) 

and  evaluating  the  latter  as  entirely  local  in  wave  number  space.  There  results: 

c=:{k^E(k)/iv){k)  +  N)}E{k)[k]  (9) 

Here,  {•}  is  the  square  of  the  turbulence  force,  (>?(fc)^  (estimated  here  as  k^E{k))) 
times  the  length  of  time  this  force  acts  (~  l/(iV  +  \/k^E{k)).  The  factor  [fc]  estimates 
/“{etc-ldt',  an  integral  over  all  scales  that  comprise  the  net  flux,  e.  Note  that  (9) 
.suggests  that  the  energy  spectnun  changes  from  its  wave  dominated  form  {y/TNk~'^)  to 
the  turbulence  dominated  form  at  ko-  Then  using  (9),  (7)  becomes: 

Kiddy  (10) 


We  remark  that  (10)  also  results  from  Taylor's  classical  formula  that  e'valuates  KeHy  in 
terms  of  an  integral  of  the  Lagrangian  autocorrelation,  U{x,t  \  s),  along  particle  trajecto- 


fu{x, 

Jo 


t  I  s)ds 


17(x,t  1  s)  =  (u(x,t)  •  u(x,t  I  s)), 
provided  we  take  for  the  Lagrangian  decorrelation  of  I7'(fc,f  ]  s) 


U{k,i  \  s) '■^  U{k,t  I  f)exp{— (>7(fc)+  isin(«?)JV)(f  -  .$)}  (13) 


Here,  is  the  angle  k  makes  with  the  vertical.  Of  course,  the  exponential  characterization 
in  (13)  is  a  matter  of  convenience  rather  than  of  accuracy. 


(b)  Pair  DUpenion. 

Let  V{p,i)  be  the  probability  density  that  two  particles  of  fluid  initially  at 
(ri(0),r2(0))  have  a  displacement  p  at  time  f: 

V{p,i)  =  {6{p  -  (ri(t)  -  Fait)))  (14) 

whci'e  (•)  denotes  an  ensemble  average,  and 

^  u(r(i,a).  0-  (15) 

Here  u  is  the  velocity  field,  and  d/df{>}  is  the  rate  of  change  of  {•}  following  particle 
trajectories:  s  (5<  +  u  •  V){*}.  Here  ^(•)  is  the  initial  uaaveraged  distribution  of  particle 
pairs  (Dirac’s  delta  function).  The  equation  of  motion  for  V  is: 

&iV{p,i)  =  ((ui(<)  -  U2(t))  •  Vp6),  (16) 
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(17) 


a,6  =  (u,(0-U2(«))-VA 

^  =  0)  +  f  dsAu(s)  •  Vp^(s),  => 

Jo 

d,Pip,  t)  =  {A(u(t))  •  Vp  J  dsAinis))  .  Vpi(a)),  (18) 

where  Au(t)  ~  VLi{t)  —  U2(0-  point,  we  invoke  a  quasinoiinal  factorization  of  the 

ensemble  mean,  and  interpret  the  time  integrals  as  along  Lagrerngian  trajectories.  Thus, 

dtnp,  t)  ^  (A(u(0,  t))  •  Vp  J  dsAiuip,  s)) .  Vp)^(p,  s)  (19) 

The  evolution  of  moments  such  as 

{pnPm)  =  J  dpp„Pm'P{p,t)  (20) 

follows  fi'oin  (19)  after  partial  integrations: 

dtiPnPm)  —  f  ds(2{7n,n(0,<  [  a)  —  Utnn{p,i  |  s)  —  Umnip^i  I  •*))  (21) 

Jo 

In  the  long  time  limit,  the  terms  depending  on  p  may  be  dropped,  and  the  £rst  term  is  just 
the  eddy  conductivity,  (4),  as  is  well  known.  A  crude  estimate  of  dispersion  is  obtained  by 
first  writing  the  Lagrongian  decorrelation  U(p,t  \  s)  in  its  wave-number  representation 

I7(p,t  !  s)  =  y  dkexp(— tk  •  p)U(k,  t  |  s)  (22) 

and  then  approximating  {/(k,  t  [  a)  by  (13),  with  T}(k)  given  by  (5).  In  (22)  we  assume  the 

total  decorrelation  is  that  produced  by  the  internal  (random)  strain  (\/ /o*P*^(p))> 
stratification.  We  estimate  the  net  effect  of  these  by  their  product.  Here,  d  is  the  angle  k 
makes  with  the  vertical. 

The  derivations  of  this  section  are  quite  heuristic  in  nature,  and  are  presented  to 
introduce  various  statistical  quantities,  and  their  possible  utility  in  relating  DNS  results 
to  theoretical  concepts. 

3.  DNS  Results  and  Discussion  of  Theoretical  Issues 

The  DNS  consists  of  an  initial  Gaussian  isotropic  velocity  field,  which  is  allowed  to 
decay.  After  one  eddy  circulation  time  (when  the  skewness  factor  builds  up  to  its  nominal 
value  of  ~  .5),  stratification  is  introduced,  and  temperature  fluctuations  are  induced  via 
(3).  The  basic  code  and  numerical  procedure  is  described  in  Kimura  (1992);  our  treatment 
of  the  stratification  is  similar  to  Metals  and  Herring  (1989).  In  order  to  obtain  particle 
trajectory  information  (as  well  as  Lagrangiau  covariances,  as  in  (11)),  trajectories  were 
computed  by  solving  d\{t)/dt  =  u(X,f),  with  cubic-spline  interpolation  used  to  get  the 
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necessary  fiue~-scale  information  for  X(t).  The  method  is  thus  quite  similar  to  that  of 
Yeung  and  Pope  (1989)  and  Yeung  (  1993).  Computations  were  carried  out  on.  NCAR’s 
IBM  SPl,  at  resolution  of  64®.  We  plan  to  refine  these  calculations  at  higher  resolution 
(128®  256®  ),  possibly  on  the  Cray  3.  At  that  stage,  we  shall  also  implement  large-scale 

random  stirring,  in  order  to  investigate  stationary  turbulence. 

Fig.  1  shows  histograms  for  the  vertical  dispersion  of  particle  pairs  for  cases  iV®  =  0, 
(a),  and  JV®  =  60  (b),  at  t  =  3.0.  Initially,  the  inter  particle-pair  distance  was  .5  mesh 
lengths.  These  distributions  are  un-normalized.  Notice  that  stratification  severely  inhibits 
diffusion  in  the  vertical,  a  result  similar  to  that  found  by  Riley  and  Metcalfe  (1990)  in 
their  study  of  a  tinbulent  patch  introduced  into  stably  stratified  fluid.  As  time  proceeds, 
{t  >  3.0)  the  unstratified  histogram  continues  to  broaden,  while  the  stratified  histogram 
widens  extremely  slowly,  if  at  all. 

Fig.  2  illustrates  the  effects  of  stratification  on  enstrophy.  The  iV®  =  0  (case  (c)) 
shows  the  familiar  pattern  of  elongated  vortex  tubes,  while  for  AT®  =  10  (case  (a))  we 
see  flattened  vortex  patches.  Further  analysis  of  this  case  (not  shown)  shows  that  the 
enstrophy  here  is  comprised  mainly  of  vertical  vorticity.  Fig.  2  (b)  shows  the  temperature 
fluctuation  field  for  AT®  =  10;  a  pattern  similar  to  (a)  for  the  enstrophy.  It  would  be  of 
interest  here  to  also  examine  the  associated  heat  flux  distribution,  w6. 

Fig.  3  shows  the  mean  vertical  dispersion  of  particle  pairs  for  (AT®  = 
0, 1,2,5, 10,20, &  50).  At  late  times,  there  are  step-like  increases  in  (/^®),  whiclx  may  be 
explained  by  the  relationship  between  (p®)  and  the  Lagrangian  autocorrelation  function 
(see  (21)). 

Normalized  autocorrelation  functions  are  shown  in  Fig.  4,  for  several  values  of  N^. 
Notice  that  R{N,t)  has  an  oscillatory  behavior,  much  like  that  proposed  by  Csanady 
(1964),  and  as  crudely  parameterized  here  by  (13).  It  would  be  of  interest  to  explore  the 
functional  form  that  should  replace  (13),  and  this  can  be  done  with  the  numerical  data 
presented  here,  especially  if  extended  to  the  stationary  case.  An  interesting  question  here 
is  the  extent  to  which  Csanady’s  model, 

JJ(r)  =  exp(— pr)sin(ar  +  6)  (23) 

is  accurate. 

Figure  Captions 

Fig.  1  Distribution  function,  V{p,t)  for  A/®  =  0  (a  ),  and  AT®  =  50  (b). 

Fig.  2  (a,b):  Iso-surfaces  enveloping  regions  where  enstrophy  (squmed  vorticity)  or 
squared  temperature  fluctuations  (b)  exceed  4  times  their  averaged  value  for  AT®  =  10. 
(c):  Iso-surfaces  enveloping  regions  where  enstrophy  exceeds  4  times  its  averaged  value  for 
AT®  =0. 

Fig.  3  Mean  vertical  dispersion  of  particle  pairs,  {p®)(t)  for  iV®  =  0,1,2,5,10,20,50. 

Fig.  4  Lagrangian  velocity  auto-correlation  function  {u;(<o )st'(<o  +  T'))/(u'®(fo))  for 

—  0,2, 10,50.  Here,  to  is  one  eddy  circulation  time  (about  twice  the  time  needed  for 
enstrophy  to  achieve  its  maximum  for  the  unstratiiied  case). 
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ON  GRADIENT-TRANSPORT  TURBULENCE  MODELS 
FOR  STABLY  STRATIFIED  SHEAR  FLOW 

C.  Kranonburi; 

Dept,  of  Civil  Engineenug,  Delft  University  of  Tecluiclogy,  P.O.  Box  S048,  2600  OA  Delft,  The  Netherlands 


The  gradient  transport  model  for  stably  stratified  hoiizontAl  shear  flow  in  which  eddy  diffiuivity  and  viscosity 
arc  assumed  to  depend  on  the  gradient  Riohirdaon  number,  Ri,  ii  augmented  with  terms  representing  the  Hnite 
adjustment  time  of  the  exchange  ooefRoionta.  Barenblatt  et  al.  (1993)  showed  that  using  such  a  model,  initial 
value  problems  for  the  fonuation  of  a  stAp-wise  structure  of  the  buoyancy  distribution  arc  well  posed.  The  model 
proposed  is  analyzed  taking  into  account  the  interaction  between  buoyancy  and  velocity  fields.  A  condition  for 
the  formation  of  steps  is  derived  from  a  linear  stability  analysis.  Numerical  computations  show  that  a  realistic 
stcp-wisc  fmestruoturo  develops,  provided  linear  instability  is  allowed  on  a  fmitc  interval  of  Ri  only. 


1.  Introduction 

Tn  simple  gradient-type  turbulence  models  of  horuontal  shear  flows  the  vertical  transports  of 
momentum  and  scahu'  quantities  like  mass  or  heat  are  assumed  to  be  proportional  to  (minus) 
the  vertical  gradients  of  mean  velocity  and  scalar,  respecdvely.  Under  stably  stratified 
conditiuns  the  proportionality  coefficients,  that  is,  eddy  viscosity  and  diffusivity,  decrease 
with  increasing  gradient  Richardson  number  Ki,  bemuse  the  stratification  reduces  the 
exchange.  As  a  result  the  vertical  distributions  of  mean  velocity  and  buoyancy  associated  with 
the  scalar  quantity  are  coupled,  Ri  depending  on  both  velocity  and  buoyancy  gradients. 

Gradient-type  turbulence  mo^s  have  been  invoked  to  explain  the  development  of  stqr-wise 
structure  (a  system  of  layers  and  interfaces)  in  buoyancy  distributions  observed  in  the  deqp 
ocean,  lakes  and  estuaries.  Phillips  (1972)  considered  the  buoyancy  equation  only,  and 
suggested  that  an  effective  diffusivity  related  to  the  eddy  diffusivity  could  become  negative 
for  large  Ri  thus  leading  to  instability  and  possibly  a  st^wise  structure.  Posmentier  (1977) 
solved  the  buoyancy  equation  numerically  and  obtained  a  step-wise  buoyancy  profile  for  a 
linearly  unstable  case.  However,  substantial  filtexing  was  needed  to  suppress  instabilities, 
wliich  arouses  some  doubt  as  to  what  turbulence  model  was  actually  considered.  Kraiienburg 
(1982)  showed  that  including  the  interaction  between  buoyancy  and  vdocity  fields  results  in 
more  stable  behaviour,  and  argued  that  solutions  should  be  stable  because  ensemble-averaged 
model  equations  may  no  longer  exhibit  the  small-scale  instabilities  of  diffusion-type  models 
with  negative  diffusivity. 

Harenblatt  et  al.  (1993,  hereafter  BBDPU)  stated  tiiat  such  modds  are  inadequate  because 
initial-value  problems  are  ill-posed  and  solutions  are  non-unique.  These  authors  took  into 
account  the  finite  adjustment  time  of  the  turbulence  by  introducing  a  time  delay  in  the  eddy 
diffusivity  together  with  a  Taylor  expansion  for  small  time  delays,  and  showed  that  in  this 
way  a  wdl-]^sed  problem  results.  BBDPU  presented  acctirate  numerical  solutions  of  theii' 
model  equation,  and  thus  were  able  to  show  that  in  the  linearly  unstable  case  a  step-wise 
structure  evolves  from  an  initially  smooth  buoyancy  dsstiibution.  BBDPU  did  not  consider  the 
interaction  with  the  A'doeity  field. 

On  the  experimental  side.  Long  (1972)  reported  the  spontaneous  devdopmeiit,  at  a 
particular  value  of  an  overall  Richardson  number,  of  three  layers  in  the  stratified  shear-flow 
apparatus  also  used  by  Moore  &  Long  (1971).  Ruddick  et  al.  (1989)  observed  the  formation 
of  multiple  layers  and  interfaces  in  a  laboratory  tank  in  which  a  linearly  stratified  liquid  was 
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present  initially.  The  liquid  was  stirred  so  as  to  avoid  generating  a  mean  flow.  Layers 
developed  provided  stirring  was  weak,  although  a  minimuin  level  of  stirring  was  ne^ed 
presumably  to  overcome  molecular  effects. 

In  the  work  reported  here  the  suggestion  of  BBDPU  is  explored  in  conjunction  with  the 
interaction  between  mean  buoyancy  and  velocity  fields.  The  finite  adjustment  time  of  eddy 
diffusivity  and  etidy  viscosity  is  takm  into  accotmt,  in  Section  2,  in  a  somewhat  different  way 
by  augmenting  the  usual  relationships  between  exchange  coci^cients  and  Ri  with  terms 
consisting  of  the  time  derivatives  of  these  coeMcients  muldplietl  by  a  time  constant.  In 
Section  3  the  linear  stability  of  the  turbulence  model  thus  modified  is  addressed,  and 
numerical  solutions  are  presented  in  Section  4.  In  Section  S  the  implications  for  the 
development  of  finestructure  are  briefly  discussed. 

2.  Mathematical  model 


Consider  a  stably  stradAed  shear  flow  that  is  horizontally  homogeneous  so  ^  as  mean 
quantities  are  concerned.  Assuming  tlie  vertical  turbulent  transports  may  be  modelled  as 
gradient  transports  and  adopting  titc  Boussinesq  approximation,  the  conservation  equations  for 
mean  horizontal  momentum  and  buoyancy  are 


where  1/  is  the  mean  horizontal  velocity,  B  =  -gSp/po  the  mean  buoyancy,  g  the  acceleration 
of  gravity,  po  a  reference  detisity,  6p  the  deviation  from  po,  z  the  vertical  coordinate 
(positive  upwards),  t  time,  and  K„  and  are  the  eddy  viscosity  and  eddy  diffusivity. 

The  method  of  averaging,  which  defines  V  and  B,  for  example,  is  not  trivial  here.  If  the 
mean  quantities  were  ensemble  averages,  step-wise  solutions  would  be  unrealistic.  The  initial 
conditions  affect  stq>wise  solution.s  for  all  times  because  of  the  intrinsic  instability  of  these 
solutions.  As  a  consequence,  stqps  would  develop  at  different  levels  in  each  realization  so 
that,  upon  averaging,  smooth  distributions  of  U  and  B  would  result.  For  step-wise  solutions 
to  be  physically  acceptable,  mean  quantities  tlierefore  must  be  assumed  to  represent  horizontal 
averages  obtained  from  a  single  realization. 

As  also  noted  by  BBDPU,  second-order  closure  turbulence  models  are  usually  based  on  the 
balance  equation  of  turbulent  kinetic  energy.  An  additional  equation  is  needed  to  estimate  the 
Icngtli  scale  of  the  energy  containing  eddies,  and  the  exchange  coefficients.  A  formal 


expression  for  sucli  equations  can  be  vmttcn  as  (e.g., 
d'if  „ 

__  -  y,. 


where  T*  is  a  turbulence  parameter,  e.g.,  turbulent  kinetic  energy,  or  dissipation  rate,  and 
a  source  term  representing  production,  destruction  and  redistribution  of  Because  S<f  does 
not  contain  any  time  derivatives,  equations  Mice  (2.3)  can  in  principle  be  combined  to  yield 
evolution  equations  for  the  exchange  aiefficients  of  the  form 


(2.4) 


where  K  =  or  K,,  and  again  a  source  tenn.  In  local-equilibrium  models  the  time 
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derivative  of  K  is  neglected,  which  gives  Sjc  =  0.  In  a  model  of  Prandtl-Kolmogorov  type 
•  K  +  uJF(R[),  where  is  the  friction  velocity,  /  a  length  scale  of  the  large  ed^es 
under  neutral  conditions,  F  a  positive  damping  function  rq>resenting  the  influence  of 
stratification  (F(0)  =  1  and  dF/6Ri  <  0  for  finite /!0,  and  iff  =  (dBldz)(8U/8zy^  the  gradient 
Richardson  number  (Ri  ^  0).  Expressions  that  do  talte  the  fi^te  adjustment  time  of  the 
exchange  coefficients  in  this  model  into  account  therefore  are 

x-^  »  -K*  uJF(Ri)  (2-5) 


-K,  +  ujF,m 


(2.6) 


where  x  is  a  time  scale  of  the  large  eddies.  Equations  2.5  and  2.6  ensure  that  the  exchange 
coetficients  never  become  negative.  The  length  scale  /  is  not  well  known  for  slratifisd  flows 
so  that  using  (2.5)  and  (2.6),  quantitatively  correct  results  are  not  easily  obtained. 

Equation  2.6  is  the  counterpart  of  the  expression  proposed  by  BBDPU  (equation  2.5  is 
new).  A  first-order  regular  asymptotic  expansion  for  rdK^dt  ->  0  gives,  when  applied  to 
(2  6), 

K,  «  ujlr^iRi)  -  xFI  (^i)^j  (2.7) 

where  the  prime  refers  to  difieren.lation  with  respect  to  Ri.  Equation  2.7  is  equivalent  to 
equation  (15)  of  BBDPU.  However,  the  time-derivative  term  in  (2.6)  does  not  always  remain 
small  for  large  wave  numbers.  BBDPU  show  that  it  is  the  behaviour  at  large  wave  numbers 
that  determines  the  ill-posedness  or  well-posedness  of  inifial-valuc  problems.  Some  difference 
between  the  models  therefore  exists. 

An  alternative  formulation  of  the  eddy  diffusivity  would  be  to  rQ>lace  (2.6)  with  an 
expression  also  resulting  from  algebraic  stress/flux  turbulence  models, 

(2.8) 


where  a,  is  the  turbulent  Prandtl  number,  which  in  free  turbulence  increases  with  Ri  (e.g., 
Mizushina  et  al.,  1978). 

Introducing  dimensionless  variables  according  toV  =  V,lf,  B  -  B,B',  t  =  Tf,  t  -  Tx', 
K  -  ujK  and  c  hz,  where  the  asterisk  (superscript)  denotes  a  dimensionless  variable, 
and  T  and  h  are  constants,  equations  2.5  and  2.6  become  (the  asterisks  are  dropped) 


dt 


(2.9) 


Equations  2.1  and  2.2,  and  the  expression  for  Ri,  remain  unchanged  by  putting  T  = 
and  =  Bjh.  If  it  is  assumed  that  x  -  UNj,  where  iV,  is  an  overall  buoyancy  frequency 
given  by  iV/  =  SiFn,  the  dimensionless  time  constant  x 
Here  Ri„  =  B,h/u^  is  an  overall  Rictiardson  number. 


r-  t  w 


wiu  DC  or  uic  oiocr  or 


3.  Linear  stability  analysis 

lire  undisturbed  velocity  and  buoyancy  distributions  are  assumed  to  be  time-independent  and 
linear  functions  of  z.  PerturbationE  are  introduced  according  to 


UiZ:t)  “  Oo  +  y.fe  +  u(zM  (3.1) 

B(z,r)  •-  Ba*  yjz  +  Wz,f)l  (3-^) 

<3-3) 

k,  (3.4) 


where  Vq,  Bq,  y„,  Vj,,  and  F*.  =  F;(Rio)  aie  constants.  Here  Rio  =  y^Au  • 

Substituting  trom  (3.1)  -  (3.4)  and  linearizing,  equations  2.1,  2.2  and  2.9  give  as 
pertur>.^tion  equations 
du  —  Sk_ 


di 


^  F 
'^Dz^ 


(3.5) 


^  =  F  ^  ^ 
dt  ^'dz^  dz 


(3.6) 


(3.7) 

(3.8) 


A  harmonic  solution  to  (3.5)  -  (3.8)  is  sought  by  putting 

u  =  iijexp(X,/  +  hcz)  (3.9) 


b  =  Z?*exp(Xr  +  ikz) 


(3.10) 


where  k  is  a  real  wave  number,  X  a  possibly  compl&c  frequency,  and  and  are  constants. 
The  solutions  are  linearly  stable  for  ReA,  Z,  0,  whereas  ReA,  >  0  implies  instability  of  the 
solution. 

The  rase  where  X  is  complex  with  ReX  >  0  is  not  acc^table  from  a  physical  point  of 
view.  Numerical  calculations  using  the  full  set  of  equations  in  this  case  produced  wave-like 
solutions  in  which  interfaces  continned  to  travel  up  and  down  between  upper  and  lower 
boundaries  of  the  coinpt.itatio>ral  domain.  Such  results  are  at  variance  with  the  experimental 
evidence  arklressed  in  die  Introduction.  Therefore,  o*ily  linearly  unstable  solutions  having  ImA. 
—  0  can  be  physically  realistic. 

Substituting  from  (3.9)  and  (3.10),  equations  3.5  -  3.8  yield  a  homogeneous,  linear  set  of 
equations.  Equating  tlie  coefficient  determinant  to  zero  gives  as  a  dispersion  relation  (the 
subscript  0  is  dropped) 

■cA.*  +  [1  +  +  FJ]X’  +  y^{p  '■  ^F^,F\^)X  *  -  0  (3.11) 

wh^re 

p  =  F,  +  F,  +  RiiFl  -  if:,)  (3.12) 

q  =  F,F„  +  Ff(F/F„  -  2F,fL)  (2.13) 

For  t  =  0  eqi.xation  3.11  reduces  to  a.i  expression  derived  by  Kraneuburg  (1980).  lire 
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stability  of  a  solution  given  by  (3.9)  and  (3.10)  dependi  on  the  signs  of  the  coefficient^  p  and 
q.  Equation  3.12  can  be  wiittcn  as 


P  = 


-  (2  -  a;-)FiF: 


(3.14) 


where  F/is  the  flux  Richardson  number  given  by  A/  -•  Fz  Kt/K^,  which  in  lite  undisturbed 
situation  is  equal  to  Ri  Ff/F^.  For  stable  stratification  it  may  be  safely  assumed  that  < 
2.  Equation  3. 14  then  shows  that  a  sufScient  condition  for  p  to  be  positive  is  ciRfl6Ri  >  -1, 
which  condition  seems  to  be  in  agreement  with  observations  (e.g.,  Mizushina  et  al.,  1978). 
Therefore,  p  is  assumed  to  be  positive  hereLt.  Equation  3.11  dien  will  yidd  unstable 
solutions,  only  if  <  0,  which  condition  ctm  be  written  as 


(3.15) 


If  q  <  0  instability  occurs  tor  all  wave  numbers  k,  and  X  is  real.  Condition  3.  IS  is  more 
restrictive  than  the  condition  dRfliiRi  <  0  obtained  for  zero  mcan-vdocity  gradient,  see  the 
discussion  by  Ruddick  et  al.  (1989).  for  example. 

Equation  3.11  shows  tliat  for  a  purely  difiudve  mudd  (x  =  C)  the  growth  rate  X  is 
proportional  to  k.^,  that  is,  A,  qo  for  k  ->  co  if  ^  <  C.  If  x  >  0  the  growtli  rate  remains  ftttc 
for  K  ->  00, 


Xx 


(3.16; 


BBDPU  show  that  it  is  tlds  difference  in  behaviour  for  ic  ^  » that  results  in  wdl-posed  initial- 
value  problems  for  x  >  0.  in  tliis  sense  the  present  modd  shows  the  sams  behavioui  as  that 
cf  BBDPU.  Equation  3. 16  also  shows  that  for  large  wave  number  the  left  -hand  side  tenns  in 
(2.S)  and  (2.6)  do  not  necessarily  remain  smdi. 

As  ait  example  consider  the  often  used  damping  functions 


(3.17) 

(1  aRi)" 

1 

(3.18) 

(1  +  PFz)" 

where  m,  n,  a  arid  P  are  posh've  constants  and  =  cf,(0)-  Th®  instability  condition  (3.15) 
tlien  becomes 


n  'k?m  +  1 


(3.19) 


In  the  case  of  the  equal  sign  an  additional  concitica  is  2^m  >  a(2m  -’r  1).  If  (3.19)  is 
satisfied,  instability  wuU  ensue  beyond  a  certain  value  of  Ri.  Zt  is  shown  in  Section  4  that  such 
an  unbounded  instability  interval  has  far-reachiisg  consequences  as  to  the  character  of  the 
solutions  obtained. 

Condition  (3.19)  uj  quite  rcsbictive.  The  wdl-known  Munk-Andetson  and  Rossby- 
Mojitgomery  rdations,  for  exampic,  do  not  satisfy  it.  Excluding  a  run  with  low  Reynolds 
number,  the  laboratory  data  of  ]^dzu.^ulina  et  al.  (1978)  can  be  represented  fairly  well  with  m 
^  0.5  to  0.7  azid  n  »  2.5  to  3-0,  which  val'Ees  do  satisfy  (3.19).  However,  instability,  if  it 
occurs,  tends  to  be  only  marginal. 

The  above  analysis  was  rqpeated  using  (2.8)  nither  than  (2.6)  to  modd  the  eddy  diStusivity. 
In  this  case  X  was  found  to  be  always  complex  when  ReA,  >  0.  As  stated  before  this 


alternative  for  step  formation  therefore  is  not  physically  realistic. 
4.  Numerical  computations 


Equadons  2.1,  2.2,  2.5  and  2.6  together  with  the  damping  functions  given  by  (3.17)  and 
(3.18)  weie  solved  numerically  for  unsteady,  stratified  Couettc  flow.  The  inid^  conditions 
considered  are 


£/(z,0)  =‘  ~  1)2* 


(4.1) 


B(Z,0)  =  -  (ji,-  l)z*] 


(4.2) 


where  Ri^  is  an  overall  Richardson  number,  /x„  and  are  constants  (0  ^  ^  3/2),  and  the 

computational  domain  is  given  by  0  z  ^  1.  Alternatively,  the  plwe  z  =  0  is  a  plane  of 
antisymmetry  in  a  flow  dotnain  given  by  -1  £  z  1.  The  boundary  conditions  are  17(0,/)  = 
B(0,t)  =  0, 1/(1,/)  *=  1  and  it(l ,/)  =«  Rly.  The  equations  were  solved  using  an  explicit  scheme 
tlul  is  of  second-order  accuracy  witli  respect  to  space  and  of  first  order  with  respect  to  time. 
No  additional  filtering  was  applied.  The  number  of  grid  poiiits,  N,  was  chosen  so  as  to  obtain 
convergence  of  the  solutions.  For  the  results  presented  herein  N  was  equal  to  2(X),  which  is 
also  the  value  iistd  by  BBDPU.  Tlie  time  stq)  was  1/(21V^  =  1.25  x  10*.  To  obtain 
sufficient  accuracy,  die  time  step  should  be  much  less  than  the  time  constant  x. 

The  results  of  the  computations  showed  that  solutions  were  stable  when  the  instability 
conditiou  (3.19)  was  not  sadsflcd,  and  that  solutions  were  initially  unstable  when  it  was 
satisfied  in  a  substantial  subdomain  of  the  flow  field.  It  was  found,  in  tlie  latter  case,  that  in 
a  qualitative  sense  the  solutions  behaved  in  Uu^  same  way  fur  a  wide  range  of  the  various 
coefficients  involved,  even  in  the  ca.se  where  the  shear  rate  was  kept  constsnt  (this  case  is 
obtained  by  putting  /i,  »  1  and  m  *=  0,  which  gives  dUiz,t)fdz  =  1).  In  some  part  of  the 
vertical  a  number  of  small  steps  in  the  buoyancy  distribution  developed  sooner  or  later.  The 
associated  interfaces  were  stationary,  but  in  the  layers  the  buoyancy  cither  increased  or 
decreased.  As  a  result  layers  always  merged  aftei'  some  time  to  fonn  hu'ger  stq>s,  while  the 
merging  process  continuei.  The  stqts  in  the  buoyancy  distributions  were  very  distinct, 
whereas  those  in  the  velocity  distributions  were  more  gradual.  The  gradient  j^ebardson 
numbers  in  the  layers  tended  to  zero,  but  those  in  the  interfaces  were  large  (usually  >  1). 
As  already  noted  by  BBDPU  the  formation  and  mm'ging  of  sti^s  proceeded  more  slowly  when 
X  was  increased.  In  all  cases  having  n  >  2m  +  Iz.  steady  state  was  eventually  reached,  in 
which  only  two  layers  and  one  interface  remained. 

For  tlie  results  shown  in  figure  1,  the  coefficients  in  the  damping  functions  given  by  (3. 17) 
and  (3.18)  were  estimated  from  the  measurements  of  Mizushiim  et  al.  (1978) .  Thus  the  values 
m  =  0.5,  a  ^  10  (in  agreement  with  the  cotTesponding  Munk-Anderson  relation)  and  n  — 
P  =  3  were  selected.  The  values  of  m  and  n  were  deliberately  chosen  so  as  to  satisfy  the 
instability  condition  (3.19).  The  neutral  turbulent  Prandtl  numb^  was  equated  to  C.7.  Tlie 
resulting  maximal  value  of  Rfn  about  0.13  at  Bi  w  0.28.  The  criticai  value  of  Ri  beyond 
which  solutions  become  linearly  unstable  is  about  0.53. 

Figure  1  sliows  typical  computatioual  results.  The  four-layer  structure  at  /  =  2  has 
developed  from  the  merging  of  smaller  steps.  The  process  of  merging  is  seen  to  go  on;  first 
the  upmost  interface  disappears,  next  the  lowest  one,  and  in  the  long  run  the  central  interface 
is  the  only  one  that  survives.  The  way  tlie  interfaces  vanish  is  in  agreement  with  the 
observations  of  Ruddick  et  al.  (1989).  A  direct  comparison  with  Moore  &  Long's  (1971)  or 
Narimousa  &  Fernando's  (198'^  experiments  is  hampered  by  the  large  influence  of  sidewall 
friction  in  tiiese  experiments.  Including  .sidewall  friction  in  Ae  present  computatiomJ  model 
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FiGURB  1.  Velocity  «i(l buoyancy  distributioui computed tisiisg  (3. 17)  cud (3. 18)  form  -  O.S,  a  »  10,  n  » 
~  3,  ili,,  »  1.  X  -  S.O  X  10'^,  ^  1  itad  l.S.  Note  the  offnets.  The  tolutioa  at  t  -■  16  almost 

coincides  with  the  final  steady-state  solution. 


showed  that  a  two-layer  flow  and  a  diffused  interface  at  mid-depth  developed  in  the  stable 
case  where  no  steps  arc  formed.  Such  flow  structure  was  also  observed  by  Moore  &  Long 
and  Narintousa  &,  Fernando.  'Ihesc  experiments  therefore  do  not  provide  evidence  for  the 
instability  mechanism  considered.  A  layered  structure  as  shown  in  figure  1  was  also  obtained, 
when  sidewall  friction  was  included  in  the  linearly  unstable  case.  Thexefore,  the  three-layer 
structure  repoiled  by  Long  (1972)  seems  to  be  in  accord  with  the  present  results  (the 
antisymmetric  case  with  -I  1). 

The  results  discussed  so  far  would  lead  to  the  paradoxical  conclusion  that  eventually  any 
buoyancy  distribution  would  develop,  in  the  linearly  unstable  case,  into  a  layered  structure 
with  only  o«ie  or  two  interfaces.  Obviously,  this  result  is  at  complete  variance  widi  empirical 
evidence.  The  explanation  for  tlie  continual  merging  of  layers  is  that,  if  n  >  2m  +  I, 
instability  will  occur  for  Ri  up  to  infinity.  The  interfaces  then  never  stabilize.  Merging  was 
found  to  cease  at  a  certain  stage,  when  instability  was  allowed  in  a  finite  interval  of  Ri  values 
only.  Small  dianges  in  the  damping  functions  are  sufficient  to  achieve  this.  An  example  is 
r„  given  by  (3.17)  in  wliich  /n  =  1  and  a  =  5,  and 


F. 


IS 


\Ri  -  0.4  + 


2(1  -  Ri) 

1  +  4(1  -  Ri)\ 


[l.24/fi(l 


(4.3) 


Tliese  functions  still  agree  fairly  well  with  Mizushina  et  al.’s  (1978)  experimental  results  (the 
factor  1 .24  ensures  that  1  for  Ri-*0).  With  these  functions  the  maximal  flux  Richardson 
number  is  about  0.20  at  Ri »  0.57.  llie  bistability  condition  (3.  IS)  is  satisfied  for  0.757  < 
Ri  <  1.243.  As  an  aliemaiive  to  obtain  instability  on  a  finite /ci  -  mterval,  moiocuiar  effects 
could  be  bivoked  (Hearn,  1988). 

A  result  of  computations  using  tlie  modified  damping  fimctic.is  is  shown  in  figure  2.  This 
figure  shows  a  stable  layer  for  z  larger  than  about  0.54.  However,  numerous  small  st^s  are 
formed  below  this  level.  As  opposed  to  what  is  shown  in  figure  1 ,  the  mergmg  of  steps  comes 
to  a  halt  and  a  steady-state  finestructure  develops.  Similar  results  were  obtained  for  other 
values  of  the  various  parameters  involved. 
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FIGURE  2.  Velocity  aad  buoyucy  diKtiibutioos  computed  usiag  (3.17)  and  (4.3)  for  /n  »  1,  a  ••  3,  Rty  » 
1,  t  •>  3.0  X  10’’,  ^  1  and  —  l.S.  The  plot  on  the  right  shows  enlarged  parts  of  two  buoyancy 

distiibutioDS. 


S.  Discussion 

The  gradient-tranqiort  model  in  conjunction  with  the  finite  adjustment  time  of  exchange 
coefficients  as  proposed  by  BBDPU  is  able  to  mimic  tlie  formation,  in  shear  flow,  of  small- 
scale  constant-density  layers,  which  from  a  physical  point  of  view  would  be  a  consequence 
of  the  overturning  of  internal  waves.  However,  the  ag;recment  may  be  of  a  qualitative  nature 
only,  because  no  physical  wave-breaking  mechanism  is  explicitly  included.  In  addition  some 
rather  restrictive  conditions  must  be  satisfied  to  obtain  the  desired  model  behaviour.  These 
conditions  seem  to  make  the  model  a  bit  artificial.  However,  it  is  not  inconsistent  with 
empirical  evidence.  The  buoyancy  distributions  shown  in  figure  2,  correspond  to  those  of  a 
mixed  upper  layer  overlying  a  thermocline  and  a  stratified  lower  layer  in  which  finestructure 
develops.  It  remains  to  be  seen  whether  such  results  are  satisfactory  in  a  quantitative  sense. 
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Abstract 

Wc  present  results  of  a  novel  set  of  experiments  which  investigate  the  structure  of  turbulent 
strarified  and  rotating  flows.  The  turbulence  is  generated  by  an  array  of  sources  and  sinks 
located  around  the  boundary  of  a  tank.  The  tank  contains  a  linear  stratification  and  the 
sources  and  sinks  are  directed  horizontally  and  are  located  in  the  same  horizontal  plane. 
Their  action  is  to  extract  fluid  and  to  re-injcct  it  with  horizontal  momentum  but  with  a 
minimum  of  mixing.  In  some  of  the  experiments  the  tank  is  rotated  at  a  constant  angular 
velocity  about  a  vertical  axis.  Small,  neutrally  buoyant  particles  which  follow  the  flow  are 
placed  in  the  fluid  and  recorded  on  video.  The  video  images  arc  automatically  digitised  and 
the  particles  located  on  each  video  frame  and  from  this  information  various  characteristics 
of  the  flow  field  are  dctcmuncd.  Up  to  4095  particles  may  be  tracked  at  any  one  time  giving 
high  spatial  resolution.  In  non-rotating  flows  the  form  of  the  motion  is  detemiined  by  two 
parameters:  F  =  V/Nd,  where  V  is  the  orifice  velocity  of  the  jets  of  diameter  d  and  IV  is  the 
buoyancy  frequency  of  the  stratification,  and  the  Reynolds  number  Re  -Vd/v,  where  v  is 
the  kinematic  viscosity  of  the  fluid.  At  high  values  of  F  vertical  motions  occur  and 
turbulent  mixing  takes  place.  A  mixed  layer  is  produced  at  the  level  of  the  sources  and 
sinks,  and  its  depth  increases  with  time  by  entrainment  of  fluid  above  and  below.  Under 
these  flow  conditions  the  scale  of  the  motions  observed  are  determined  by  the  forcing  scale. 
At  low  values  of  the  forcing  parameter  F,  the  motion  behaves  in  a  qualitatively  different 
way  witli  transfer  of  energy  to  the  largest  scale  available  within  the  experimental  tank.  This 
transfer  of  energy  occurs  because  the  vertical  motions  arc  inhibited  and  the  flow  is 
approximately  two-dimensional.  As  a  result  the  'inverse  energy  cascade'  cau.ses  the  energy 
to  accumulate  at  large  scale.  The  dynamics  of  this  large  .scale  circulation  particularly  the 
way  in  which  turbulent  eddies  are  excluded  from  its  centre,  and  decay  of  the  circulation 
when  the  forcing  is  removed  are  investigated.  In  the  rotating  case  the  effect  of  rotation  is  to 
introduce  a  further  Icngthscale,  the  Rossby  defonnation  scale  R  =  where  h  is  the 
depth  of  tlie  fluid  and/  is  tlic  Coriolis  parameter.  At  low  values  of  the  forcing  parameter 
the  flow  is  again  approximately  horizontal  with  no  appreciable  vertical  motion.  Unlike  the 
non-rotating  case,  however,  energy  docs  not  accumulate  at  the  largest  scale  as  a  result  of 
baroclinic  instability  at  the  Rossby  deformation  scale.  As  a  consequence  eddies  are 
continually  regenerated  at  small  scales  and  they  interact  with  each  other  in  a  variety  of 
ways.  Merging,  splitting  by  shcai’  flow  and  interactions  of  vortex  pairs  have  been  observed 
in  this  flow.  One  result  of  these  interactions  is  the  eventual  predominance  of  anticyclones. 
This  bias  appears  to  result  from  the  observation  that  cyclones  merge  more  readily  titan 
anticyclones,  and  may  explain  why  many  sub-mesoscale  oceanic  vortices  are  anticyclonic. 
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ABSTRACT 

A  series  of  experiments  is  described  in  which  an  oscillating  grid,  positioned  at  one  end 
and  mid-depth  of  a  rotating  channel,  filled  initially  with  a  linearly-stratified  fluid,  produces 
a  turbulent,  mixed  patch  about  itself.  As  the  patch  develops,  it  spreads  down  the  channel. 
Measurements  are  made  of  vertical  density  profiles  at  the  grid  both  during  production  of 
turbulence  and  after  the  grid  is  turned  off,  duiing  its  decay.  Patch  size  and  struemre,  Thorpe 
scales,  mixedness  parameters  and  available  potential  energy  ore  deduced  from  these 
measurements,  and  the  effects  of  varying  the  rotation  rate,  Q,  ambient  buoyancy  frequency, 
Na,  and  grid  action  K  (Long,  1978),  are  investigated.  Duiing  the  growth  phase,  several 
previous  results  arc  confumed  and  extended  (Davies  etaL^  1991-  DFBS  herein;  De  Silva  and 
Fernando,  1992  -  DF  herein).  During  the  decay  phase,  Thorpe  scales  are  found  to  persist  to 
after  turbulent  production  ceases,  except  in  the  case  of  no  rotation,  where  they  decay 
immediately  the  grid  is  turned  off.  The  potential  energy  of  the  flow,  conversely,  decays 
rapidly  in  all  cases,  suggesting  that  mixing  rather  than  overturning  is  an  important  mechanism 
in  the  early  stages  of  decay  in  rotating  turbulence,  litis  behaviour  is  also  suggestive  of  the 
fossil  turbulence  model  of  turbulent  decay  (e.g.  Gibson,  1980). 

INlRODUCnON 

This  paper  presents  a  study  of  some  aspects  of  the  growth  and  decay  of  turbulence  in 
a  rotating,  linearly-stratified  fluid.  In  one  sen.'^e  it  is  a  continuation  of  work  previously  carried 
out  previou.sly  on  the  same  apparatus  (DFBS).  These  autliors  measured  tlie  vertical  extent  of 
mixed  patches  formed  by  the  vertical  oscillation  of  a  horizontal  grid  in  on  initially-undisturbed 
stratified  fluid  in  solid-body  rotation.  Here,  details  of  the  internal  structure  of  these  patches 
themselves  are  deduced,  by  using  density  probes  with  faster  response  times  than  tlio.se  used 
previously.  In  all  cases,  the  measurements  of  the  patch  structures  were  made  within  die 
source  region  above  and  below  the  oscillating  grid.  TTie  results  arc  also  compared  with  those 
of  DF.  These  authors  measured  many  of  the  same  parameters  in  a  non-rotating  experiment 
in  which  the  fluid  was  contained  within  a  tank  with  vertical  walls  very  close  to  the  grid  on 
all  four  sides. 


MEASUREMENTS 

The  measurements  made  here  were  concerned  with  length  scales  and  other  parametei's 
relevant  to  the  growth  of  tlie  mixed  patch  produced  by  the  oscillating  grid.  The  lengtli  scales 
measured  were  the  vertical  extent  of  both  the  mixed  and  turbulent  patches  (the  distinction  is 
explained  below)  and  the  r.m.s  and  maximum  Thoipe  scales,  Lj-  and  (Thorpe,  1977). 
The  raixedness  parameter,  defined  by  DF  as  y  =  1  -  where  N,  is  the  ambient 

buoyancy  frequency  and  N  is  that  of  the  mixed  patch  was  used  to  measure  the  homogeneity 
of  the  patch  in  relation  to  the  ambient  density  gradient  Finally,  the  available  potential  energy 
function  (APEF)  was  also  measured.  This  is  defined  (Dillon,  1984)  as 


(1) 


APEF  =  [P(z.)-Pr(2i)]z, 

«Po  <-i 

where  z  is  measured  vertically  upwards  from  tlie  centre  of  the  grid  oscillation  range,  g  is  the 
accelentdon  due  to  gravity,  n  is  the  number  of  data  points,  p,  is  the  mean  density,  p(z)  is  the 
actual  density  at  z  and  p^  is  the  density  at  z  in  the  Thorpe-ordered  profile  (Thorpe,  1977). 
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Figure  1  Schematic  diagram  of  the  rotating  tank  anrangement  used  in  the  turbulent  patch 
experiments 

APPARATOS  AND  PROCEDURE 

A  rectilineal’,  perspex  channel  (2. 1  m  long  x  0.46  ra  wide  x  0.3 1  m  deep)  was  fitted 
with  a  rigid  lid  to  form  an  enclosed  space  -0.24  m  deep  into  which  the  stratified  fluid  was 
placed  (Fig  1).  At  one  end  of  the  channel  a  grid  suspended  at  an  intermediate  depth  could 
be  oscillated  vertically  with  an  amplitude  of  -1.5  cm,  at  a  variable  rate  (5  -  35  rad/s).  The 
grid  consisted  of  a  6x4  array  of  square  elements  made  up  of  perspex  limbs  separated  by  a 
mesh  width  of  6  cm  in  either  direction  and  extended  across  the  whole  width  of  die  tank  with 
a  spacing  between  it  and  the  sidewalls  of  approximately  3  mm. 

Density  profiles  thiougii  the  turbulent  patch  at  the  grid  were  measured  by  traversing 
the  patch  vertic^y  with  a  micro-conductivity  probe  (Head,  1983).  llic  probe  was  mounted 
on  the  tank  in  the  position  shown  in  Figure  1  and  traversed  the  entire  depth  of  the  fluid  in 
a  little  under  2  seconds,  at  a  speed  of  -15  cm/s. 

The  tank  was  filled  and  its  initial  buoyancy  frequency  measured.  The  rotation  rate  of 
the  channel  was  then  gradually  increased  from  rest  to  within  ±1%  of  the  operator-specified 
value.  Once  the  required  rotation  rate  had  been  reached,  die  system  was  left  to  rotate  until 


the  fluid  hod  reached  a  state  of  solid-body  rotadon. 

The  rotation  rate  (Q),  initial  buoyancy  frequency  (N^)  and  grid  oscillation  rate 
(described  herein  in  terms  of  the  grid  action,  K)  were  varied  between  runs.  A  standard 
combination  of  values  was  adopted,  namely  ii=0.16  rad  s'‘.  No=l,0  rad  s'‘  and  K  =  6.0  cm^s  *. 

Only  one  parameter  at  a  time  was  varied  from  these  standard  values.  Experiments  using  this 
set  of  parameters  are  referred  to  as  "standard  runs".  Other  than  this  set,  the  following  values 
were  used:  £2  =  0.0,  0.08,  0.32  rad  s'‘;  =  0.5,  1.25  rad  s'^  K  -  3.0,  9.0  cra*s  ‘.  Those 

experiments  in  which  £2  was  varied  from  its  "standard  value"  are  referred  to  as  "£2-varying 
runs".  A/q- varying  runs  and  iiT-vaiying  runs  are  detined  in  a  similar  fashion. 

The  grid  was  oscillated  in  all 
cases  for  a  non-dimensional  time 
iVof=200.  This  was  chosen  to  be  long 
enough  for  a  reasonable  number  of 
data  points  to  be  recorded,  but  short 
enough  to  ensure  that  the  intrusive 
flow,  generated  at  the  grid  and  forced 
by  the  Coriolis  force  to  flow  os 
boundary  current,  did  not  have  time  to 
circulate  the  entire  channel  and  return 
to  the  mixed  patch. 

Profiles  were  measured  at 
intervals  of  iVor=20,  to  allow  the 
disturbances  caused  by  the  traverse  of 
the  probe  to  dk  away.  In  order  to  2  Definitions  of  the  mixed-patch  and  ' 

obtain  data  of  a  higher  temporal  jntertace  sizes  used  herein,  as  deduced  from  the  ^ 

resolution  than  this,  three  identical 
experiments  were  carried  out  for  each 
run;  in  the  first  of  these,  the  first 

traverse  duiing  the  growth  (decay)  phase  was  recorded  at  the  moment  the  grid  was  tumed  on 

(off);  in  the  second  a  five  second  delay  was  incorporated,  and  in  the  third  a  ten  second  delay.  ' 

A  total  of  8  standard  runs  were  carried  out:  two  each  with  0,  5,  10  and  15  second  delays. 

RESULTS 

Three  different  definitions  of  the  patch  size  were  used:  the  turbulent  patch  size. 
is  calculated,  following  DF,  as  the  region  in  which  all  Thorpe  displacements  gieater  than  5% 
of  the  maximum  Ttiorpe  displacement  are  found.  This  de&tition  was  found  to  cause  some 
problems,  especially  duiing  the  decay  phase,  when  it  was  somewhat  misleading.  Therefore, 
a  mixed  patch  was  measured  from  the  Thorpe  ordered  profile  using  the  method  illustrated  in 
Figuic  2.  A  straight  line  was  fitted  to  the  profile.  Since  the  mixed  patch  is  always 
approximately  symmcuica).,  this  should  pass  through  the  ambient  density  gradient  The 
maximum  positive  and  negative  deviations  of  the  Thorpe  ordeied  profile  fioin  this  straight 
line  are  found,  and  the  distance  between  die  depths  of  these  two  points  is  defined  as  the 
"inner  mixed  patch  size",  I^.  ITie  Thorpe  ordered  profile  is  tlien  tracked  from  the  most 
negative  (positive)  deviation  from  the  straight  line  towards  the  nearest  end  of  the  profile  until 
the  first  point  above  (below)  the  straight  line  is  found.  The  distance  between  the  depths  of 
these  two  points  is  defined  as  the  "outer  mixed  patch  size",  the  patch  size  used 

by  DFBS).  -  Lp,)  is  defined  as  the  total  interface  size,  Ij.  Mixedness’  of  these  two 
patches  were  calculated,  and  are  denoted  as  Yi  ("inner  raixedness")  and  ("outer  mixedness") 
respectively. 

i 
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Growth  Phase  Measurements 
Figure  3  illustrates  the 
relationship  between  the  three 
patch  sizes  defined  above.  Tlie 
data  shown  are  from  the 
standard  runs.  The  growth  con 
be  seen  to  occur  in  two  phases: 
in  the  first  Si  15),  growth  is 
rapid  since  the  effects  of 
buoyancy  are  not  significant 
Once  buoyancy  does  take  effect, 
the  growth  becomes  much 
slow'cr.  Note  that  for  Not  S  5. 
Lpr  >  Lpo,  but  tliot  after  this 
period,  >  1^  in 

general.  grows  at  a 

significantly  more  rapid  rate 
than  the  odier  two  scales.  All 
the  patch  size  data  for  varying 
Q,  Nq  and  K  are  collapsed  by 
scaling  with  (K/NaY'^,  as  in  DF 


Figure  3  Relationship  between  the  outer  and  imicr  mixed 
patch  sizes  (upper  and  lower  solid  lines  respeedveiy)  and 
die  'turbiilent  patch  size  (asterisks)  during  the  phase  of 
turbulent  production.  Data  arc  from  the  "standard  runs" 


and  DFBS. 

Following  DF,  the  ratio 
LiJLf.  was  plotted  against  a.g 

mbtedness.  Must  of  the  data  0.1 

presented  by  DF  arc  for  y  >  0.9,  j  ^ 

i.e.  during  what  they  call  the 
"fully  mixed"  stage.  Here,  the  ^ 

data  here  are  for  y  <  0.9  1^ 

(Figure  4),'  where  y  is  the  J 

niixedness  of  the  turbulent  0.] 

patch,  as  in  DF.  No  discemable  0.2 

vaiiation  due  to  either  rotadon,  ^  1 

buoyancy  frequency  or  grid 
oscilladon  rate  is  apparent. 

Most  of  die  data  ore  close  to  the 

LrJLyj=0.l  line,  in  good  figure  4  Graphs  showing  the  (lack  of)  variation  of  IVIy,. 
agiemcnt  with  the  (few)  plots  fixedness,  y.  Data  fiora  all  runs  are  included 

of  DF  m  tins  range.  Above  y  - 
0.55,  howevc.r,  there  is  evidence 

of  slightly  higher  values,  approaching  DF’s  value  of  0.27  for  y  2:  0.9.  Tlic  relationship 
between  It  and  for  growth  phase  is  clearly  unaffected  by  rotation;  from  these  data, 
=  0.35  -  a  value  very  close  to  DF’s  value  of  0.365. 

Mixedness  is  plotted,  once  again  following  DF,  against  Kt/L^,  for  all  the  /(T-varying 
runs  in  Figure  5,  using  the  inLxedness  and  patch  size  of  the  turbulent  patch.  Note  that,  as 
observed  by  DF,  tiie  values  of  y  for  the  lowest  fiT-value  runs  arc  consistently  higher  tlian  those 
for  liighcr  ii^-value  inns. 
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Figure  S  y  vs.  KtlL^  for  the  K-varyhig  nins.  Solid  boxes 
-  K  =2  ciuV‘;  clear  boxes  •  K  =  6  emV;  asterisks  -  K  = 


9  cmV‘ ' 


Decay  Phase  Measurements 

An  illustration  of  the 
relationship  between  the  three 
patch  sizes  during  the  decay 
phase  is  shown  in  Figure  6. 

Both  LffQ  and  L[.|  show  small 
fluctuations  only,  the  former 
decreasing  significantly  and  the 
latter  remaining  almost  constant. 

on  the  other  hand, 
fluctuates  markedly  and 
becomes  smaller  than  <4,  on  a 
timescale  of  0(  1  s). 

Figure  6  also  illustr'ates 
tire  growtli  of  tire  inierfaciol 
region  during  the  decay  phase. 

The  effects  of  varying  £1, 
and  K  on  the  total  interface  size, 

/f,  were  measured.  The  data 

from  the  K  and  Na-votying  runs  were  collapsed  in  general  by  scaling  the  interface  size  by 
(KJN^)''^  and  the  time  by  liNu-  Results  from  tire  iT-varymg  cases  show  tliat  an  increased 
rotation  rate  causes  a  monotonic  increase  in  the  rate  of  growth  of  during  the  decay 

phase. 

The  mixedness  par  ameter,  y,  was  measured  lor  the  inner  and  outer  mixed  patches  in 
every  run.  Almost  all  runs  had  indistinguishable  Yo’s>  which  decayed  very  gradually  from 
-0.3  at  iVgt  =  0  to  -0.2  by  the  end  of  the  measurement  period;  the  only  exception  was  in  the 
cose  of  no  rourtion,  which  decays  foster  than  the  rotational  cases,  especially  after  Nat~5Q. 

In  the  case  of  y,,  most  of 
the  runs  show  a  very  gradual 
decrease  from  -0.9  to  -0.85 
during  the  measuiement  period. 

The  data  for  the  £1  =  0  runs, 
however,  decrease  notably  more 
rapidly  after  N^;t-2Q. 

The  immediate  sharp 
drop  of  APEF  once  grid 
oscillation  ceases  is  clearly 
illustrated  in  Figure  7.  The  data 
arc  from  the  standard  runs  and 
have  been  nonnalized  by  the 
mean  value  at  =  0.  After 
lV(,r-20,  the  data  arc  found  only 
in  tlic  region  between  0  and 
0.05  -  these  can  be  taken  to 
represent  values  due  to  noise  in 
the  probe,  which  becomes 
prominent  because  of  the  very 

small  density  gradient  in  the  mixed  patch.  Data  from  other  runs  show  a  very  similar  trend. 
It  is  noted  that  the  data  at  N^t-=5  and  10  iiinrcasc  with  incrensing  rotation  rate,  suggesting  that 


Figure  6  Relationship  between  the  outer  and  iiuicr  patch 
sizes  (upper  and  lower  sob'd  lines  respectively)  and  the 
uu'bulent  patch  size  (asterisks)  during  the  turbulent  decay 
phase 


APEF  decays  more  slowly  in  faster  rotating  rocdia.  No  dependence  of  APEF  on  and  K 
is  observed. 

A  linear  plot  of  L^Lx(Not  =  0)  against  for  data  from  tlsc  standard  runs  is  shown 
in  Figure  8,  for  comparison  with  the  corresponding  plot  of  APEF  decay  in  Figure  7.  Unlike 
the  APEF,  the  Tliorpe  scale  appears  to  be  sustained  at  S80%  of  its  initial  value  up  to  N^t~lQ. 
It  then  decays  rapidly  until  A^o^“25,  after  which  time,  it  displays  consistently  low  values.  Data 
from  other  runs  show  this  some  persistence,  except  for  the  case  of  no  rotation.  The  data  for 
show  very  much  the  same  trends  as  the  Ej.  data,  suggesting  that  the  spectrum  of  Thoipc 
scales  remains  relatively  constant  throughout  the  decay  phase. 


DISCUSSION 
Growth  phase  observations 

The  initial  period  c>f  fast 
growth  undergone  by  the  patch 
appeal's  to  extend  to  N^t  -  15, 
both  in  these  experiments  and 
tliosc  of  DFBS.  This  is 
significantly  longer  thmi  the  N^t 
~  4  reported  by  DF.  This  'S 
assumed  to  be  due  to  the 
presence  of  an  outflowing 
intinsion,  not  present  in  DF’s 
fully  constrained  configuration, 
which  retards  the  growth  of  tire 
patch  to  tlie  Ozmidov  scale, 
wheie  it  is  arrested  by  buoyancy 
forces.  'I'his  would  not, 
however,  aftect  die  onset  of 
mixing.  Note  diat  the  patch 
sixe  measured  by  DFBS  is 
equivalent  to  here,  but  that 
those  measured  by  DF  arc  Ly^- 
and  those  measured  by  visual 
mediods,  sncii  .is  shadov'giaphs 
are  likely  to  be  Lf,  since  this  is 
defined  by  boundaries  at  die 
points  of  maximum  and 

it  is  variations  in  this  parameter 
Uiat  cause  the  light  and  dark 
regions  to  appear  in 
shadowgraphs.  Tnc  definitions 
given  here  provide  an  objeedve 
and  consistent  framework  within 
which  these  measurements  can 
be  compared. 

ITic  growth  of  the  patch 
size  is  shown  to  be  unaffected 
by  rotation  and  to  be  well 
scaled  foi  buoyancy  frequency 
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Figure  7  Linear  plot  of  die  decay  of  the  available  potential 
energy  function  (APEF)  during  die  turbulent  decay  phase. 
The  data  are  nunoalized  mean  values  for  each  time  at 
wliich  proirles  were  recorded  during  the  standard  tuns 
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Figure  8  Linear  plot  of  tlic  decay  of  Lj..  The  data  are 
derived  as  in  Figure  7.  Note  the  presence  of  values  SO.8 
up  to  -  a  feature  absent  from  Figure  7 


and  gild  oscillation  frequency  variation  by  (AyjVo)‘“  in  good  agreement  with  DFBS.  The 
agreement  between  the  ratio  found  here  and  that  reported  by  DF  is  evidence  of  the 

lack  of  effect  of  varying  £i,  or  K  on  the  behaviour  of  the  turbulent  overturns  m  the  ranges 
of  tliose  parameters  used  here.  Comparison  of  the  constancy  of  the  ratio  for  y  <  0.55 
found  here  with  tlie  results  of  DF  suggests  that  only  depends  on  y  in  the  range  0.55 
<  y  <  0.9. 

llie  plot  of  y  against  (Figure  5)  shows  that  values  of  y  are  consistently  higher 
for  die  AT  =  3  craV‘  cose  than  for  the  other  cases.  This  is  consistent  with  the  results  of  DF. 
who  varied  K  by  varying  die  soliiiity  of  their  grid.  In  this  case,  however,  the  same  giid  is 
used  in  aU  cases  and  it  is  the  oscillation  frequency  that  is  used  to  vary  K.  This  suggests  that 
an  increase  in  niixcdncss  is  due  to  a  decrease  in  K  rather  thw  any  individual  factor  that 
affects  it  If  K  can  be  taken  to  represent  the  input  of  energy  by  the  grid,  tlien  this  is 
consistent  with  the  reasoning  that  at  low  K  there  is  less  energy  to  fuel  entrainment 
mechanisms  at  the  interface,  leading  to  a  lack  of  unmixed  inflow  into  the  patch,  so  that  the 
mixed  patch  becomes  well-mixed  more  rapidly.  As  the  patch  becomes  more  fuUy-mixed, 
more  energy  becomes  available  to  fuel  cntroiiuiacnt  Thus  emraimaent  and  mixing  would  be 
expected  to  occur  more  episodically  at  low-n^ues  of  K  and  more  continuously  at  high  values. 
Clearly,  more  data  for  a  range  of  k’-valucs  arc  needed  to  test  this  supposition. 


Decay  phase  observations 

Once  tlie  grid  has  been  turned  off,  compaxisons  with  the  work  of  Dillon  (1984), 
Crawford  (1986)  and  marxy  others  shows  that  the  velocity  sc:ales  decay  within  the  range  0  < 
NQt  <  3.  Ro  will  decrease  lapidly,  therefore,  and  tlie  presence  of  rotation  can  be  expected  to 
become  significant  during  the  decay  phase.  Tliese  results  show  this  to  be  the  case,  in  that  the 
patch  In  the  non-rotating  case  behaves  differently  from  those  in  tlic  rotating  coses;  in  the 
former  cose,  immediately  following  the  cessation  of  turbulent  production,  erosion  of  the  patch 
takes  place  across  the  boundary  between  the  inteifacial  region  and  tlie  inner  mixed  patch, 
causing  a  growtli  in  interface  size.  Once  tills  sharp  boundary  has  been  eroded  somewhat  (at 
Nj  -  25),  lestratification  takes  place,  spreading  from  the  inner  patch  to  the  intcrfacial  region 
at  A/of-50,  'Die  behaviour  of  tlie  patch  in  the  routing  cases  appears  to  be  identical  with  tliat 
seen  in  the  fnst  stage  of  die  non-routional  case,  namely  the  erosion  of  the  inner  mixed  patch, 
only  at  a  slower  rate,  implying  that  rotation  retards  tlie  restratification  process. 

The  preservative  effect  of  rotation  is  also  apparent  in  the  dau  concerning  the  effect 
of  roution  on  tlie  APEF  and  Thorpe  scale  decay.  In  the  former,  the  evidence  suggests  a 
decrease  in  the  decay  rate  of  APEF  with  increasing  Note  that  this  decay  occurs  over 
several  buoyancy  periods,  and  is  certainly  an  order  of  magnitude  slower  than  that  obseiwed 
by  Dillon,  Crawford  and  many  otliers  for  turbulent  kinetic  energy  decay.  That  the  two  forms 
of  energy  decay  at  very  different  rates  is  not  surprising,  given  tiiat  different  mechanisms  are 
responsible:  tlie  decay  kinetic  energy  is  due  to  viscous  dissipation,  whereas  that  of  the  APEF 

obtained  here  for  APEF  and  decay  shov/  that,  initially,  overtutnings  persist  whilst  potential 
energy  decreases.  Referring  to  Equation  (1),  the  persistence  of  Lf  corresponds  to  z,  remaining 
relatively  consunt.  Since  g/npo  is  constant,  the  initial  decrease  of  APEF  can  only  be  brought 
about  by  a  decrease  in  p(z.)  -  p^tZi),  i.e.  by  mixing,  rather  than  buoyancy-induced  motions. 

llie  persistence  of  lliorpe  scales  in  rotating  runs,  when  compared  with  their  immediate 
decay  in  the  non-rotating  case  is  also  evidence  that  rotation  tends  to  preserve  the 
charactenstics  of  the  density  profile  once  turbulent  production  has  ceased.  This  persistence 
after  turbulent  production  has  ceased  for  timescales  an  order  of  magnitude  longer  than  tlie 
often  reported  decay  e-folding  times  for  turbulent  kinetic  energy  is  suggestive  of  the  definition 


of  fossil  turbulence  (e.g.  Gibson,  1980).  That  background  rotation  appears  to  have  the  effect 
of  enhancing  the  preservation  of  vertical  density  fluctuations  suggests  tliat  rotation  exacerbates 
fossilization. 

CONCLUSIONS 

(i)  Objective  definitions  have  been  given  for  mixed  patch  and  interface  sizes  derived  from 
Thorpe-ordered  vertical  density  profiles.  These  have  been  found  to  be  useful  in  determining 
the  development  o^  the  patch  structure,  during  both  growth  and  decay  phases. 

(ii)  During  the  growth  phase,  L^Ln  is  found  to  be  a  function  of  the  mixedness,  y,  only  in  the 
range  0.55  <  y  <  0.9.  Also  during  this  phase,  low  values  of  the  grid  action,  K,  are  deduced 
to  cause  consistently  higher  values  of  y 

(iii)  During  the  decay  phase,  rotation  is  found  to  retard  the  lestratification  of  the  mixed  patch. 
Diffusive  mixing,  rather  than  buoyancy-induced  motions,  are  observed  to  dominate  the  early 
stages  of  the  decay  of  the  internal  structi're  of  the  patch.  A  persistence  of  Thorpe  scales  is 
observed  at  time  scales  an  order  of  magnitude  greater  than  that  reported  elsewhere  for  the 
decay  of  turbulent  kinetic  energy.  This  is  consistent  with  the  concept  of  fossil  turbulence. 
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Abstract 

Computations  of  the  buwantly  unstable  Skman  layer  are  performed 
at  low  Reynolds  number.  The  results  are  obtained  by  directly  solving 
the  three-dimensional  time-dependent  Navi  er- Stokes  equations  with  the 
Boussineyq  buoyancy  approximation,  resolving  all  relevant  scales  of  mo¬ 
tion  (no  turbulence  closure  is  needed).  The  flow  is  capped  by  a  stable 
temperature  inversion  and  heated  Ixom  below  at  a  rate  that  produces 
an  inversion-height  to  Obukhov-iength  ratio  =  32.  Tempeiature 

and  velocity  variance  profiles  are  found  to  agree  v/ell  with  those  from  an 
eaiii'.-i  vigorously  heated  under-resolved  computation  at  higher  Reynolds 
number,  and  with  !  jardorff  &;  Willis’  [1]  experimental  data.  Significant 
helicity  is  foimd  in  the  layerj  and  belief  coweetion  patterns  of  the  scale 
of  the  inversion  height  are  oDserveci. 


1.  INTRODUCTION 

Dire  to  the  very  large  Reynolds  rumbers  found  in  the  atmosphere 
[2],  most  numerical  studies  of  the  planetary  boimdary  layer  (FBL)  utilize 
large  eddy  simulation  (LES)  (see  [3]-[9],  for  example).  The  price  one  pays 
for  the  ability  to  consider  realistic  Reynolds  numbers  is  the  uncerteiinty 
introduced  by  the  LES’s  sub-grid  scale  (SGS)  parameterization.  In  this 
(and  previous  [10j-[12])  work,  the  alternative  strategy  of  direct  iiumerical 
simulation  (DNS)  is  used:  turbulent  fields  are  obtained  by  numerically 
solving  the  tnree-dimensional  time-dependent  Navier-Stokes  equations, 
resolving  all  of  the  relevant  scales  of  motion,  so  that  no  SGS  parameteri¬ 
zation  is  needed.  While  only  very  low  Reynolds  number  turbulence  may 
be  computed,  the  results  are  free  from  modeling  errors,  and  can  provide  a 
complement  to  infermation  found  in  the  LES  studies.  The  DNS  data  can 
also  DC  used  as  a  reference  for  Reynolds  averaged  trubulence  closures,  to 
test  the  accuracy  (and  importance)  of  SGS  models,  and  In  some  instances 
([10]-[12])  be  directly  applied  to  high-Reynolds- number  PBL  flows. 


Tlie  focus  here  is  on  an  idealization  of  the  convective  planetary  bound¬ 
ary  layer  (CBL),  the  buoyantly  unstable  tuib^rlent  Ekman  layer,  (Neu¬ 
trally  and  stably  stratified  results  are  presented  in  [lOj  and  [11];  a  sim¬ 
ilar  CBL  study  was  recentl3'  made  by  Bohnert  [13].)  The  convective 
case  has  the  numerical  advantage  that  the  lamest  scales  are  the  most 
energetic,  which  diminishes  the  significance  of  SGS  errors.  This  was  re¬ 
cently  demonstrated  to  the  present  authors,  when  in  the  course  of  a  CBL 
study  concerned  with  roll  cells  in  the  mildly  heated  regime  [12]  (with 
—Zi/L^  2),  it  was  found  that  results  from  a  vigorously  heated  reference 
run  (‘Case  CA,’  with  ~z\jL^  «  26)  agreed  reasonably  well  with  atmo¬ 
spheric  and  LES  data,  despite  that  fact  that  the  sroaJi-sciJe  Sow  was  not 
fully  resolved.  The  objective  of  the  present  work  is  to  further  investigate 
the  importance  and  nattue  of  small-scales  motions  in  a  vigorously  heated 
CBL,  using  well-resolved  DNS  fields.  The  latter  are  obtained  by  increas¬ 
ing  tne  niunber  of  collocation  points,  compared  to  the  earlier  Case  CA 
values,  and  decreasing  the  Reynolds  number,  allowing  the  full  range  of 
scales  of  both  velocity  and  vorticity  to  be  captured  (the  smali-scale  dy¬ 
namics  [14]  of  the  stable  inversion  above  the  CBL  cannot  be  represented; 
cf.  [9]  and  [12]),  The  fact  that  both  velocity  and  vorticity  (and  therefore 
helicity)  are  accurately  resolved  is  noteworthy,  since  it  has  been  observed 
that  helical  motions  can  be  especially  significant  in  convective  flows  [15], 
as  we  shah  illustiate  below, 

2.  APPROACH 

Numerical  solutions  of  the  pressure-driven  turbulent  l>oundary  layer 
over  a  heated  smooth  fiat  surface  are  generated  using  the  Boussinesq 
buoyancy  approximation.  The  viscous  flow  is  exposed  to  a  vertical  grav- 
itj''  field  and  steady  system  rotation  about  an  axis  normal  to  the  sur¬ 
face.  At  the  surface,  isothermal  no-slip  boundary  conditions  are  as¬ 
sumed;  an  isothermal  geostrophic  balance  is  prescribed  in  the  freestream. 
The  nondimensional  parametei's  for  this  flow  include  a  Reynolds  number 
Re  =  GD/u  =  G/{i  f/2y^^  (where  G  is  the  geostrophic  wind  speed,  /  the 
Coriolis  parameter,  D  the  iaminai  Skman  layer  depth,  D  —  (2r//)^^^, 
and  V  the  kinematic  viscosity);  the  Prandtl  number,  Pr  —  vfn  {k  is  the 
kinematic  thpruial  diffusivity);  the  '’shape  factors’  of  the  initial  tempera¬ 
ture  profile  (which  define  the  inversion  height  and  surface  heat  flux  -  see 
[12]);  and  (since  the  flow  is  not  statistically  stationary)  the  nondimen- 
sion^  time,  if. 

The  governing  equations  [12]  are  solved  using  the  spectral  method  of 
.Spalart  et  al.  [16] .  Spatial  variations  are  represented  by  Fourier  series  in 
planes  parallel  to  the  surface,  and  in  the  vertical  direction  by  expansions 
in  Jacobi  pcljoiomials  in  the  mapped  coordinate  ^  =  exp(— 2:/Z),  where  Z 
is  the  mapping  length  scale:  the  time-advance  scheme  is  a  mixed  implicit- 
explicit  second  order  algorithm.  See  [16]  or  [12]  for  details. 


Table  1:  Run  parameters. 


Case 

Re 

Pr 

Nx 

Nx 

Lxlz\ 

Zjzi 

Nr. 

Ar'^ 

{Azl'n)x: 

CA 

400 

0.7 

96 

45 

6.2 

0.77 

28 

13.0 

6.7 

CC 

200 

0.7 

192 

90 

5.5 

0.68 

60 

1.9 

1.7 

Two  cases,  denoted  CA  and  CB  (C  for  ‘convective’)  have  been  pre¬ 
viously  discussed  in  [12]  (respectively,  the  vigorously  and  mildly  heated 
flows  mentioned  above).  Here  we  introduce  another  convection-dominated 
simTilaiion,  denoted  Case  CC.  Its  7>arameters  differ  from  CA's  in  the  nu¬ 
merical  resolution,  Reynolds  number  and  initial  history.  Whereas  the 
earlier  runs  were  begun  by  instantaneously  superimposing  an  unstable 
surface  heat  flux  and  stable  capping  inversion  upon  a  fully  developed  (sta¬ 
tistically  stationary)  unstratified  turbulent  field  and  advancing  in  time, 
the  present  simulation  is  the  result  of  imposing  the  same  unstable  temper 
ature  field  (and  small  velocity  perturbations)  upon  the  laminar  Ekman 
layer  solution  at  the  same  Reynohis  number  {Re  =  400)  using  twice  the 
number  of  collocation  points  in  each  coordinate  direction.  After  a  time 
of  t  =  0.11//,  dturing  which  the  fine-grid  flow  reached  a  quasi-equilibrium 
state  [12],  the  viscosity  was  increased  by  a  factor  of  4  so  that  the  laminai- 
depth  D  was  doubled,  and  both  the  Reynolds  number  and  the  accelera¬ 
tion  of  gravity  (since  the  Froude  munber  gD/G^  was  kept  equal  to  one) 
were  halved.  Tne  resulting  Re  —  200  histories  of  the  ‘surface  Richardson 
number’  {g/Too)TQ/{G/Dy  (i.e.  surface  heat  flux)  and  volume-integrated 
turbulent  kinetic  energy  E  =  5/^(u(u()dz  axe  shown  in  Figure  1.  (In 
the  above,  Fo  =  (dT/d2)2=o  is  the  surface  lapse  rate,  Too  the  freestream 
reference  temperatme  at  z  — ^  oo,  and  the  angle  brackets  denote  an  aver¬ 
age  over  horizontal  planes.)  Towards  the  end  of  the  run  the  turbulence  is 
deemed  to  be  in  quasi-eqmlibrium  with  the  slowing  changing  mean  field. 
The  symbols  in  Figure  1  indicate  the  beginning  and  end  of  the  0,04// 
time  period  from  which  24  fields  were  averaged  to  obtain  Case  CC  mean 
quantities  (denoted  by  overbars);  the  resulting  mean  temperature  and 
velocity  profiles  are  shown  in  Figure  2. 

3.  RESULTS 

A  summary  of  the  Case  CA  and  CC  run  parameters  is  given  in  Table  1. 
Included  axe  the  number  of  streamwise  and  spanwise  (with  respect  to  the 
geostrophic  wind)  and  vertical  collocation  points,  =  Ny  and  the 
horizontal  domziin  size,  Lx  =  Ly,  and  the  vertical-mapping  length  scale, 
Z.  Note  that  the  lateral  grid  spacing  decreases  from  =  At/"^  = 
u^A-x/v  =  13  to  2  in  the  fine-resolution  run  (u*  is  the  surface  friction 
velocity),  while  the  new  vertical  resolution  (which  places  the  first  10  grid 
points  below  z"^  =  0.3)  increases  the  number  of  collocation  points  between 
the  surface  and  the  inversion,  from  28  to  60,  and  decreases  the  ratio  of 


Figure  1.  History  of  (a)  surface  heat  flux  and  (6)  volume-integrated  turbulent  kinetic  energy 
for  Case  CC:  *,  beginning  and  end  of  averaging  period. 


Figure  2.  Time-averaged  profiles  of  (a)  mean  temperature  and  (6)  mean  velocity  for  Case  CC. 

the  vertical  grid  spacing  to  the  Kolmogorov  length  scale  at  the  inversion 
from  {Az/t])z^  =  7  to  2  (t/  =  ^  dissipation  rate  of 

Given  that  the  lateral  domain  size  remains  greater  than  5  times 
the  inversion  height,  this  improvement  suggests  that  both  the  largest  and 
smallest  spatial  scales  ai'e  accurately  captured.  More  compelling  evidence 
of  the  numerical  fidelity  of  the  new  results  is  provided  in  Figure  3,  where 
one-dimensional  energy  and  enstrimhy  ^ectra  at  various  elevations  from 
nms  CA  and  CC  are  presented.  The  ite  =  200  spectra  show  the  effect 
of  low  Reynolds  number  in  the  small  separation  between  the  energy  and 
enstrophy  peaks.  They  also  show  that  the  full  range  of  horizontal  velocity 
and  vorticity  variations  is  c<  jtured  in  the  hiffh-resolution  case.  Since  even 
at  the  inversion  the  vertical  grid  spacing  is  of  the  order  of  the  Kolmogorov 
length  scale,  vertical  gradients  are  expected  to  be  accurately  represented, 
especially  near  the  surface.  (At  the  inversion,  however,  any  small-scale 
dynamics  that  ai-e  not  precluded  by  the  low  Reynolds  number  cannot  be 
fully  supported.) 

Despite  having  significant  energy  in  the  highest  resolved  wavenumbers 
(Figure  3(a), (d)),  second-order  statistics  from  Case  CA^  are  not  vastly 
different  from  the  fully  resolved  (or  experimental)  data.  As  illustrated  in 
Figure  4,  both  cases  produce  realistic  heat  flux  profiles  (note  the  smaller 


^AU  Case  CA  data  are  from  the  ‘State  CAl’  field  at  if  —  O.lB  [12]. 


Spectra  Spectra 


Energy: 


Energy: 


Enstrophy: 


Figure  3.  One-dimensional  strcamwise  (fcx)  imd  epanwise  (fcy)  turbulent  kinetic  energy  and 
enstrophy  spectra:  («)  &  (d),  Case  CA  energy  at  if  =  0.18;  (6)  k  (e),  Case  CC  energy  at 

if  -  0.17;  (c)  k  (/),  Case  CC  enstrophy  at  if  =  0.17; - ,  ^/^i  =  0.05; - ,  zjzi  =  0.2; 

.  ,  zjzi  —  0.5; - ,  z/zi  =  0.9.  Energy  spectra  normalized  by  wl/kx  or  wljky;  enstrophy 

spectra  by  or  {y)^lz{flk,. 


Figure  4.  Profiles  of  (a)  turbulent  heat  flux,  (6)  temperature  and  (c)  vertical  velocity  fl>ic- 

tuation  variance: - ,  Case  CA; - ,  Case  CC;  •,  Deardorff  k  Willis’  (1985)  laboratory 

data. 


Table  2:  Global  results. 


Case 

u^fG 

y3(deg) 

S/D 

-LJ6 

-zi/T* 

w^/z-J 

A90 

0.0652 

— 

28.5 

13.0 

oo 

— 

- 

CA 

0.1195 

0.249 

11.2 

23.9 

0.0067 

26.45 

22.50 

CC 

0.1362 

0.235 

7.1 

13.6 

0.0056 

31.69 

24.18 

near-surfaee  maximum  and  larger  interfacial  thickness  in  Case  CC,  con¬ 
sistent  with  lower  Re).  The  temperature  and  velocity  fluctuation  profiles 
from  both  runs  are  also  reasonable,  agreeing  fairly  well  with  Deardorff  h 
Willis’  [1]  convection  tank  results. 

Global  mean  quantities  are  tabulated  in  Table  2.  The  inversion  height, 
2:i,  the  surface  friction  velocity,  u*,  the  angle  between  the  surface  shear 
stress  and  geostrophic  wind,  /iJ,  the  turbulent  Ekman  depth,  6  —  Ut.j 
the  convection  velocity  to*  =  (where  Qq  is  the  surface 

heat  flux),  and  the  Obukhov  length,  L*  =  is  the  von 

Karm^  constant)  are  given.  Values  from  a  DNS  study  of  the  unstratified 
Re  —  400  Ekman  layer  (Case  A90  of  [10])  axe  included  for  comparison. 

The  convection-dominated  nature  of  the  two  heated  cases  is  indicated 
by  the  relatively  large  (compared  to  the  unstratified  values)  u*,  'w^,  and 
—zJLi,  (and  small  /5);  Case  CC  is  slightly  more  vigorous.  For  both  runs 
the  large  rotation-to-convection  timescale  ratio,  implies  that  the 

large  convective  eddies  me  relatively  imaffected  by  system  rotation. 

Another  type  of  ‘rotational  effect’  -  that  involving  rotation  of  the 
convection  patterns  themselves  -  appears  to  be  more  significant:  the 
alignment  between  vorticity  and  velocity  tends  to  be  greater  than  that 
found  in  non-convective  flows  [17].  This  is  illustrated  by  the  probability 
density  function  (PDF)  of  the  relative  helicity  density  h=  ti*w/|tt||a;| 
([15], [17], [18])  at  zjzi  =  0.2  and  0.5  shown  in  Figure  5,  for  the  Case  CC 
flow  at  tf  =  0.17.  The  vorticity- velocity  alignment  is  less  pronounced  at 
other  elevations;  as  z  — ^  it  becomes  more  random,  and  near  the  surface 
u  and  U3  are  most  often  at  right  angles  (cf.  [17]).  The  PDF  of  relative 
fluctuation  helicity  density  h'  =  u'  •  u;'/|w'|lu;'j  (not  shown)  indicates  a 
slight  preference  at  z  =  0.2zi  for  tt'  and  u}'  to  align,  but  not  to  the  extent 
that  the  total  fields  do.  At  z  =  0.5zi,  however,  the  PDF’s  of  h  and  h' 
are  fairly  similar,  which  suggests  (since  the  mean  vertical  velocity  and 
vorticit}'’  are  both  zero)  that  most  of  the  helical  motions  in  the  core  of 
the  mixed  layer  are  associated  with  convective  motions.  The  contours  of 
vertical  velocity  w  and  vertical  helicity  wu^'z  presented  in  Figure  6  reveal 
that  the  helicm  motions  are  almost  exclusivwy  located  in  the  convective 
updrafts.  This  is  also  apparent  in  the  z  =  0.2zi  joint  vertical  velocity- 
vorticity  PDF,  Figure  7,  in  that  large  (of  both  signs)  is  correlated  with 
large  positive  w.  As  the  iso-surface  plot  of  vertici  helicity  in  Figure  8 
illustrates,  the  helical  convection  patterns  extend  through  the  depth  of 
the  mixed  layer. 
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Figure  5.  Helidty  density  PDF,  V(h),  at 
(a)  z/zi  ss  0.5  and \b)  zfzi  s=  0.2  for  Case  CC 
at  tj  =  0.17,  normailzed  such  that  V(h)  = 
1  represents  value  associated  with  random 
alignment  between  u  and  w  [17]. 


Figure  6.  Vertical  helidty  extrema  su- 
perimposted  upon  vertical  velodty  contours 
at  (a)  a/y,  =  0.5  and  (6)  a/aj  ss  0.2 

for  Case  CC  at  tf=0.17:  -  ,  tu/G' 

0  (contour  interval  0.3);  solid  regions, 
xvwt  >  0.05(u>a>j)oiax;  shaded  regions,  ww,  < 
0.05(ukJ;,)qw;  (wa;x)mu  ^d  are 

maximum  and  minimum  vertical  helidty  over 
entire  domain.  Freestream  flow  from  left  to 
right;  planes  represent  full  flow  domain 


Figure  7.  Contoura  of  joint  PDF  of  verti¬ 
cal  velodty  and  vertical  vorticity,  P(w,  w,),  at 
a/zi  =  0.2  for  Case  CC  at  J/  =  0.17,  weighted 
by  (wil(GjD))^  (contour  interval  0.05). 


Figure  8.  Iso-surfaces  of  vertical  helidty  for 
Case  CC  at  tf  ~  0.17:  surfaces  denote  10%  of 
maximum  (over  entire  domain)  positive  value; 
(surfaces  of  10%  of  negative  are  qualitatively 
similar).  Subdomain  shown  extends  from  sur¬ 
face  to  inversion,  over  ix/4  and  LyjA  in  lat¬ 
eral  directions. 


In  future  work  we  plan  to  investigate  the  dynamics  of  the  ‘tornado-like’ 
convection  patterns,  to  compare  them  to  coherent  structures  found  in  LES 
studies  (su^  as  Schmidt  h  Schumann’s  ‘spokes’  [5]),  and  to  determine  if 
they  are  at  all  related  to  ‘dust  devils,’  ‘water  spouts’  and  ‘steam  devils’ 
found  in  the  atmosphere  -  or  perhaps  even  share  some  features  with  large- 
scale  rotating  ‘supercell’  convective  storms  [15].  In  particular,  we  would 
hke  to  ascertain  the  source  of  their  vertical  vorticity  and  understand  the 
role  of  mean  shear  in  their  formation  and  evolution,  and  thereby  shed 
light  on  the  creation  mechanisms  of  related  atmospheric  phenomena. 
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Introduction.  Turbulent  mixing  significantly  affects  various  processes  in  atmosphere 
and  ocean,  chemical  reactors,  power  plants  etc..  In  most  of  these  cases  the  effect  of  buoy¬ 
ancy  forces  is  of  profound  importance.  The  modelling  of  these  processes  is  very  difficult 
problem  because  of  effect  of  buoyancy  forces  on  the  turbulent  micromixing  is  not  well 
understood.  On  the  other  hand  there  are  no  data  on  intensity  of  turbulent  micromixing 
when  buoyancy  forces  are  significant.  At  the  same  time  it  is  the  process  of  turbulent 
micromixing  that  defines  the  densitj"-  di.stributiou  and  hence  buoyancy  forces.  Owing  to 
turbulent  micromixing  occur  density  fluctuations  decrease  and  hence  buoyancy  forces  de¬ 
crease  also.  Therefore  significant  interaction  of  mixing  up  to  the  molecular-  level  with 
buoyancy  forces  exists.  Becau.se  the  closed  mathematical  models  for  developed  turbu¬ 
lence  are  abseirt  and  semi-empirical  models  are  not  well  developed  the  main  features  of 
the  interaction  process  between  turbulent  mixing  and  buoyancy  forces  must  be  studied 
experimentally. 

One  of  the  most  attractive  type  of  laboratory  experiment  on  turbulence  is  to  study 
decaying  turbulence  down.stream  of  a  turbulizing  grid.  A  number  of  experiments  on 
decaying  stratified  turbulence  have  been  conducted  up  to  date.  The  experiments  were 
carried  out  in  .salt-stratified  water  closerl  loop  cliaimels  and  tow-tanks  with  stationary 
salt-stratified  fluid  and  also  in  wind-tunnels  having  thermal  stratification.  Each  of  the 
experiments  has  shortcomings  and  advantages  and  there  is  no  ideal  type  of  experiment 
on  decay  of  turbulence  in  stratified  fluid.  For  instance  the  results  obtained  on  the  same 
experimental  set  up  (Stilliiiger’s  closed  loop  channel  [l])  but  by  different  scientists  are 
directly  opposite.  The  results  of  [1]  show  that  the  decay  rate  of  turbulence  in  stratified 
water  is  less  than  decay  rate  in  non-.stratified  case.  Alternatively  the  experiments  carried 
out  by  Itsweiere  et  al  [2]  reveal  the  opposite  results.  As  a  rule  these  studies  are  carried  out 
for  a  linear  stratification  and  for  a  single  value  of  average  flow  velocity.  In  addition  these 
experiments  do  not  provide  a  direct  determination  of  micromixing  intensity  and  the  effect 
of  buoyancy  forces  on  the  decay  of  turbulence  is  described  on  the  b.iss  of  several  qualitative 
considerations.  From  this  point  of  view  a  density  discontinuity  between  two  layers  of 
mixed  fluid  of  different  density  and  having  stable  density  distribution  is  very  interesting 
object  for  studies.  This  object  is  a  direct  analog  of  atmospheric  and  oceanic  phenomena 
and  is  convenient  for  developing  mathematical  models.  In  addition  the  increasing  of 
thickness  of  interface  layer  after  ceasing  all  turbulent  fluctuations  allows  us  to  obtain 
integral  quantitative  features  of  turbulent  micromixing  process. 

Experimental  setup  and  instruments.  The  experiments  were  carried  out  in  the 
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steel  water  channel  of  50x50  cm  cross-section  and  3  m  length.  The  channel  has  two 
carriages  one  of  which  is  provided  with  a  turbulizing  grid  and  the  other  with  measuring 
instruments.  The  carriages  are  towed  along  the  channel.  The  side  vvalls  of  the  channel 
are  provided  with  optical  glasses.  The  turbulizing  grid  is  made  of  Plexiglass  bars  (1x1 
cm)  and  has  a  mesh  size  M  =  5,()  cm.  The  channel  was  filled  with  two  layer  fluid:  top 
la.yer  is  fresh  water  a.nd  bottom  layer  is  salt  water.  A  shadow  setup  and  l^er  scanning 
refractometer  are  used  for  measuring  of  vei  tical  distribution  of  density.  The  intensity  of 
micromixing  is  evaluated  by  me<isuriug  difference  between  initial  (before  mixing)  and  final 
(after  all  motions  ceased  )  vertical  density  distributions  of  initial  So  and  final  Sj  values 
of  thickness  of  the  intermediate  layer  AS.  A  hot-film  technique  with  standard  DANTEC 
quartz-coated  wedge-shaped  sensors  are  used  for  measuring  of  the  velocity  fluctuations. 
Density  difference  between  tw'o  layers  Ap,  grid  velocity  U  and  mesh  size  M  were  changed 
in  experiments  to  obt;iin  dependencies  of  integral  micromixiug  intensity  AS  and  integral 
effect  of  buoyancy  forces  on  these  parameters.  A  Richardson  number  may  be  built  as  a 
form  of  B:i  =  and  then  may  be  rewritten  in  the  form  Bi  =  ^ ,  where  Mi  —  ~  — 

and  Fr  —  This  is  an  integral  form  of  tlie  criteria.  In  the  local  form  Mi  ~  ^  •'nd 

Fr  =  where  It  is  turbulent  length  scale  and  =  (?/^)  -|-  (w''*)  -f  Both  criteria 

have  a  clear'  physical  sense.  The  Mi  number  is  a  ratio  of  litrbulent  length  scale  to  the 
stratification  length  scale.  The  Fr  number  is  the  ratio  of  kinetic  energy  which  is  fed  to 
the  fluid  to  the  potential  energy  that  lirpud  particles  are  received  disi)lacing  at  a  distance 
It. 

Experimental  results.  Measurements  of  the  streamwise  component  ofa  the  turbu¬ 
lent  kinetic  errergy  are  presented  in  Fig.  1  for  trotr-  stratified  and  stratified  cases  as 
a  function  of  the  noti-dinrcnsioiial  distance  i'toiu  the  grid  x/M.  In  the  uniforni  case  the 
results  obtained  follow  a  jurwer  hiw  with  -0.8  power  expoirent.  In  the  stratified  case  the 
accelerated  deca.y  starts  at  some  point,  then  levels  out,  aird  finally  steepens  again  to  the 
parallel  line  to  the  non-  stratified  curve. The  difference  between  areas  under  these  curves 
characterizes  an  integral  effect  of  buoyancy  forces  on  decaying  turbulence,  la  additiorr 
the  magnitude  of  micromixiug  intensity  defined  as  a  ratio  as  a  function  of  Fr  number 
for  different  values  of  Mi  uumlrer  are  presented  in  Fig.  2.  The  figure  shows  that  for 
small  values  of  Fr  number  the  curves  for  different  Mi  number  are  in  coincidence  with  each 
other.  As  Fr  increases  the  common  curve  splits  inl.o  three  different  curves  lor  different 
values  of  Mi  number  at  some  point.  The  higher  Mi  number  the  higher  integral  micromix¬ 
ing  intensity.  In  addition  we  have  I'ound  the  two  principally  different  mixing  regime.s  in 
our  experiments.  The  first  regime  is  ’usual’  one  when  the  thickness  of  the  intermediate 
layer  increases  and  the  maximum  of  gradient  decreases  after  passing  the  grid.  This  regime 
occurred  if  the  mesh  size  M  of  the  grid  was  sufficiently  greater  than  initial  effective  thick¬ 
ness  of  the  intermediate  layer  ^  <  1.  It  was  a  surprise  for  us  when  we  found  that  with 
increasing  of  this  ratio  (  by  increasing  time  delay  before  towing  the  grid)  sharpening  of 
the  interface  and  increasing  of  the  maximum  gradient  occur.  This  phenomenon  can  be 
explained  by  more  eas}'  mixing  in  the  top  and  bottom  layers  owing  to  that  only  a  small 
gradient  is  presented  in  the  layers  a.fter  a  time  delay.  In  the  saune  time  the  two-layer 
system  i.s  still  sufficiently  strong.  In  other  words  it  seems  that  irr  this  case  the  bottom 
and  top  layers  are  mixed  separately  (each  as  a  whole)  and  only  a  small  mass  exchange 


occurs  between  the  layers.  As  the  result  the  iiiterniediate  layer  is  sharpened  and  maximal 
gradient  increases. 

Approbation  of  the  method  proposed  As  the  test  samples  we  choose  the  results 
of  experimental  re, searches  of  turbulent  decay  [3]  and  the  process  of  changing  the  tuibu- 
lence  in  flow  with  homogeneous  gradient  of  the  mean  velocity  (i.e.  uniform  shear  flow) 
[4].  For  the  description  of  non-isotropic  case  [.3]  all  fluctuation  component  equations  are 
necessary.  As  in  [5]  tlie  second  moment  equations  in  homogeneous  conditions  witli  zero 
third  moments  become: 
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where  is  the  turbulent  fluctua.tion  intensity,  a  is  the  turbulent  friction  intensity,  and 
e  is  the  intensity  of  imlsatiug  forces  caused  by  pressure  and  friction.  The  dimension 
arguments  ([o]  ==  T"',  \e]  —  L  •  T~'^))  lead  to  the  next  relations  [5]: 


a  -  no  •  E^'yL-,e  =  £„  • 


(2) 


where  E  =  (5'i  4-  5^  +  .Sb)  is  th<*.  turbulent  kinetic  rmergy,  L  is  the  integral  turbulent  scahg 
ao  arid  £0  are  the  dimensionless  constants. The  integrating  of  the  set  (l)  was  fullilled  with 
the  second  order  Runge  method  with  the  time  step  about  0.0002  sec.  or  the  equivalent 
step  for  axia.)  direction.  The  best  coincidence  of  calculated  and  experimental  data  were 
obtained  for  values  ao  =  0.75  and  So  =  0.30,  some  different  from  the  values  obtained  in 
[5]  by  the  comparison  of  our  equations  with  equations  of  some  two  parametric  turbulence 
models  [C]  where  evu  ~  (hdS  and  eu  =  0.20.  The  results  of  energy  decay  calculations 
depicted  on  Fig.  3. 

In  [3]  turbulent  scales  themselves  have  not  b<ien  measured  l>ut  they  can  be  assessed 
from  the  mea.sni'emeiit,f.i  of  lurliulent  eiierg,y  di.ssipa.t.ion  if  a  r.^lationship  for  detormiiiiiig 
of  the  scale  takes  the  foriii; 


Ce  ~ 


L 


(3) 


The  experimeutvii  data  for  the  scale  have  been  approximated  with  linear  dependance 
obtained  by  least-scjuares  method. 

For  stationary  turbulent  uniform  shear  flow  only  one  component  of  velocity  differs  from 
zero  and  changes  along  the  transverse  coordinate.  The  shear  is  called  uniform  if  velocity 
is  a  linear  function  of  the  coordinate.  In  the  process  of  flow  rebuilding  the  integral  scale 
is  changed  strongly  and,  as  it  will  be  shown  below,  our  model  results  in  appearance  of  the 
third  moments,  i.e.  the  turbulence  became  uon-uniform  regardless  of  initial  uiiifonnily 
and  uniformity  of  the  sliea.r. 

Preliminary  analysis  has  been  performed  for  plane  layer  and  in  the  absence  of  gradient 
of  average  pressure  and  third  moments.  The  last  assumption  is  the  same  as  the  assumption 
of  uniformity  of  turbulence.  In  tliis  case  the  equations  for  turbulent  intensities  are: 
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dx~x 
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For  the  example  in  consideration  the  magnitude  of  («'  •  w')  =  Si:)  is  the  only  different 
from  zero  from  the  others  second  moments.  The  equation  for  .9i.3  i-s: 

UiZ)  ■  =  -.5i.-5  •  dUildZ  -  2  •  a  -  5\;,  (5) 

The  calculations  are  performed  by  using  the  set  of  equations  (4)and  (5). The  calcula¬ 
tions  were  performed  for  a  given  value  of  shear  b3'  Runge-Kutla  inethotl  with  time  defined 
by  a  relationship  t  ~  X/U(())  and  with  a  step  dt  =  0.00 1. 

Equilibrium  parameters,  borne  po.ssihle  regimes  were  tested  to  assess  dependencies 
typical  for  quasi  state  or  stationary  r(?gime.s.  If  proposed  that  the  turbulent  characteristics 
reacli  their  slatioiinry  values  rather  ra-ijidlj',  so  that  values  of  the  parameters  are  deflued 
by  the  local  vahuis  of  shear  and  are  independent  of  history,  the  results  obtained  can  be 
called  equilibrium.  The  calculation  of  ecinilibrium  values  was  perfonnctl  using  a  set  of 
algebraic  equations  deduced  with  setting  to  zero  of  the  riglit  liand  parts  of  our  set  of 
equations  wlierein  spatial  deiivati\’e-s  of  second  moments  are  also  omitted.  The  set  oi 
equations  takes  the  form: 
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For  the  comparisons,  data  obtained  in  the  case  of  uniform  sliear  have  been  chosen  [4], 
These  data,  was  reconmieiided  by  STANFORD  PROGRAM  SIO/JH  •  The  measurements 
have  been  carried  out  in  wind  tunnel  d„.\-i.streain  of  turbuiizing  grid.  Intensity  of  tur¬ 
bulent  velocity  component  and  turbulent  .scales  were  measured  for  different  shears  and 
meshes  of  the  turbuiizing  grid. 

Preliminary  calcu]ation.s  show  l.hat  as  opposed  to  the  uniform  case  if  changing  of 
integral  scale  does  not  take  into  a<’.c.ouut  the  re.sults  obtained  are  not  in  agreement  with 
experimental  da.tn  .  Much  betiru'  agreement  of  calculation  with  exjjeriment  has  been  found 
when  an  experimental  deijendeuce  is  used  for  integral  scale.  The  best  coincidence  is 
observed  when  Oq  =  1.1  and  £(i  =  1.1  that  somewhat  differ  from  the  constants  used  for 
the  uniform  case. 

Fig. 4  shows  turbulent  energy  and  intensity  of  longitudinal  component  of  velocity  as 
functions  of  time  for  typical  value  of  shear.  When  the  shear  is  minimal  (r,aseL[4])  the 
agreement  is  somewhat  wor.se.  Equilibrium  values  of  parameters  E,  {  and  u'^)  are  shown 
on  the  same  figures  by  dashed  lines. 
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Besides  the  ronditions  of  our  own  experiments  in  water  channel  v/ere  modeled.  In 
this  case  a  set  of  equation.s  for  tuibiilent  intensity  of  velocity  and  concentration  takes  the 
form: 
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where  Cr  is  a.veraged  concentration,  Si  =  (c'^)  is  intensity  of  concentration  fluctu¬ 
ations,  634  =-  [^tl'c')  is  turbulent,  vertical  in.nss  flux,  /I  is  concentration  dissipation.  The 
tenns  (1344  =  {w'c''^),  r/u.-)  =  {vFxF),  a333  =  (iiF),  and  ^334  =  {w'^c')  are  the  third  moments 
whicir  are  determined  by  (^quililnium  c.onsioeration.  Factor  Fr  represents  effect  of  bulk 
and  pressure  forces  and  is  determined  by  following  rela.tionship: 


Fr  = 


-,j  -  2  •  dSi/dZ 


(10) 


where  g  is  a.cc.eleration  of  gravity,  a„  and  bf,  are  the  coefficients  in  relationship  be¬ 
tween  concentration  a.nd  ilensity  which  can  be  accepted  in  this  case  as  the  simplest  linear 
relationship  between  inverse  p  and  c  and  has  a  form: 


~  =  «/,  +  b,,  •  c 
P 

Zero  boundary  conditions  (  at  the  top  and  at  the  bottom)  were  accepted  for  vertical 
and  longitudinal  components  of  velocity  fluctuations  and  zero  derivatives  for  other  vari¬ 
ables.  The  results  of  c.alculatious  jierfonned  for  decaying  turbulence  in  the  experimental 
water  channel  using  this  set  of  equations  are  shown  on  Fig.  5.  Two  cases  are  presented 
on  the  figure;  one  i.s  the  non-  stratified  case  and  the  other  is  the  case  with  stratification 
when  salt  concenti  ation  of  bottom  layer  was  c  =  0.4%.  The  figure  shows  that  as  well 
as  for  the  meirtioned  above,  calculations  of  ilec.aying  homogeneous  turbulence  in  exper¬ 
iments  of  Lieuhard  [3]  we  have  aeceptalrle  agreement  between  tlie  calculations  and  our 
experimental  data..  As  expected,  in  the  .stiatifiralion  case  the  curve  begins  deflect  from 
non-stratification  one  at  .some  jmint  and  the  c,a.lc.ula.ting  curve  satisfactory  describes  the 
experimental  da.ta  too. 
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Fig.l.  Fig.2. 


Fig.l.  Relative  intensity  of  longitudinal  conrponent  of  turbulent  fluctuations  vs.  down 
strean  distance  for  nou-stratified  and  .stratified  case. 

Fig.2.  Micro  mixing  intensity  vs.  Frond  numbers  for  different  values  of  mixing  number 
Mi. 
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Fig. 3.  Conipari?on  of  the  calr.nlatioiis  with  Lienhaid’s  data  [3j  on  tuibulence.  decay 
downstream  of  the  r'lid. 


Comparison  of  the  c.' Iculations  with  Tavonhuis’s  data  [4]  on  developing  turbu- 
,  /he.u  dov  oowii.-.t:'ea.m  of  the  grid. 
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Fig.5.  Comparison  of  t.lie  calculations  of  turbulence  decay  within  experimental  water 
channel  for  non-strarified  and  stratified  cases. 
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1  Introduction 

The  gravity  waves  generating  effect  of  the  acceleration  of  gravity  upon  a  density  stratified  fluid  can  be 
found  in  as  various  geophysical  flows  as  the  atmospheric  layer,  or  in  the  ocean,  where  a  stable  stratification 
is  found  at  a  given  depth,  depending  on  the  location  and  the  season.  The  spectrum,  i.e.  the  repartition 
of  the  energy  of  internal  waves  with  their  wavenumber,  can  be  computed  in  different  manners,  and  it  is 
well  known  that  a  weakly  non  linear  theory  such  as  that  by  Garrett  and  Munk  has  led  to  both  qualitative 
and  quantitative  agreement  with  measurements  in  the  ocean  [1],  However,  a  review  by  Mullet  ei  al. 
brought  to  light  the  main  drawback  of  such  weakly  non  linear  techniques,  which  is  to  put  aside  every 
kind  of  vortical  motion,  since  a  “wave  turbulence”  cannot  produce  any  vorticity  [2],  Indeed,  interactions 
of  internal  waves  with  turbulence,  and  specifically  with  vortical  modes  (within  a  given  decomposition 
explained  below)  are  shown  to  produce  triadic  energy  exchanges  when  a  resonance  condition  is  fulfilled. 
Therefore,  more  sophisticated  approaches  of  stably  stratified  turbulence  (SST)  are  necessary  to  explain 
the  apparition  of  anisotropic  tendencies  in  such  flows.  Among  them,  the  most  important  must  be  the 
severe  restriction  of  motion  in  the  direction  of  the  mean  density  gradient,  which  suggests  a  horizontal 
layering  of  the  flow  with  a  strong  vertical  variability.  The  corresponding  velocity  field  then  becomes 
almost  “tw'o-coraponent”  but  certainly  not  “two-dimensional”.  The  importance  of  this  distinction  has 
appeared  recently  in  order  to  avoid  confusion  with  the  bidimensionalization  of  flows  created  by  solid  body 
rotation  (SBR)  effects  in  some  cases  [3],  or  eventually  by  an  external  magnetic  field.  One  can  introduce 
this  distinction  in  the  behavior  equations  through  a  “coraponentality”  and  a  “dimensionality”  tensor. 
Hence,  a  quasi  two-dimensional  flow  corresponds  to  a  flow  whose  vertical  variability  is  greatly  reduced, 
or  in  other  words,  in  which  the  length  scale  associated  v/ith  vertical  derivatives  (5/5®||)  is  large.  But 
the  vertical  component  U||  of  the  velocity  does  not  necessarily  go  to  zero.  In  the  SBR  case,  dominant 
structures  are  coluirm  like.  On  the  contrary,  in  the  case  of  SST,  U||  — *  0  but  not  d/dx\\ .  Such  vertically 
decorrelated  structures  are  stretched  in  the  two  horizontal  directions  and  are  thin  in  the  vertical  one, 
suggesting  pancakes  slipping  on  one  another,  or  sheet  like  structures  brought  to  evidence  by  experiments 
in  the  atmospheric  layers  [5].  Our  approach  is  to  study  these  anisotropic  tendencies  in  spectral  space, 
where  the  identification  of  energy  exchange  mechanisms  can  be  detailed.  For  this  purpose,  a  statistical, 
two-point,  EDQNM  type  model  is  used,  rather  than  Direct  Numerical  Simulations,  since  it  is  ba.sed  or.  a 
linear  wave/vortex  decomposition,  and  permit  us  to  have  a  close  view  of  the  eight  types  of  energj'  transfer 
arising  from  this  splitting.  Statistical  approaches  of  the  same  kind  ha’'e  been  used  ,  in  a  somewhat  simpler 
manner  by  Carnevale  and  Frederiksen  [6],  or  by  Holloway  and  Hendershot  [7]. 

2  Cverview  of  the  statistical  approach 

2,1  Behavior  equations 

For  stably  stratified  turbulence,  we  consider  the  Boussinecq  equations  where  the  density  gradient  -y  has 
its  only  non  zero  component  in  the  (vertical  or  gravity)  direction,  and  leads  to  a  constant  Brunt- 
Vaisala  frequency  N  =  (/?|'r|'7)^^‘  hi  the  whole  flow,  where  g  is  the  gravity,  and  0  the  thermometric 
expansivity.  Moreover,  the  Prandtl  number  is  assumed  to  be  equal  to  one.  The  fluctuating  velocity  field 
u,  the  pressure  field  p,  and  the  perturbation  temperature  field  r  around  the  barotropic  equilibrium  state, 
explicitly  depend  on  the  location  in  space  x  and  on  the  time  t  at  whicli  they  are  evaluated.  We  assume 
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that  the  turbulence  is  statistically  homogeneous,  which  allows  us  to  Fourier  transform  all  the  quantities, 
denoted  by  a  The  spectral  equations  for  the  fluctuating  quantities  are: 


where  7  =  |7|  and  P  =  —1  and  Pijik)  =  Sij  —  is  the  projector  on  the  plane  orthogonal  to  k.  The 
fluctuating  pressure  has  been  removed  from  consideration  by  projection  of  the  equations  on  the  plane 
orthogonal  to  fc,  since  the  zero  divergence  property  of  the  velocity  field  amounts  to  k  ■  u{k,t).  One  of  the 
original  aspects  of  the  present  approach,  introduced  by  Gambon  [8],  is  to  gather  the  fluctuating  velocity 
and  temperature  fields  under  the  same  vector,  using  the  (now  free  of  velocity  component)  direction  of  k 
to  hold  the  temperature  component  of  the  resulting  vector,  and  a  kinematic  dimensioning,  as  follows: 

fii(fc,i)  =  +  =  +  (2) 

The  component  on  the  k  direction  is  complex  for  the  velocity-temperature  v  to  be  real  in  physical  space. 
Because  of  the  orthonormal  properties  and  the  scaling  coefficient  0g/N ,  =  jti'ui  -I-  ^  (^) 

simply  gives  the  sp<,^.tral  density  of  total  energy  (kinetic  -t-  potential).  The  resulting  equation  for  ti  has 
the  following  shape: 

Oi(fc,t)  +  Li,(fc)t);(fc,f)  =  /  Mif,(k,p,q)Vf,{p,t)v,{q,t)d^p  (3) 

Jk+p+q=o 

in  v;hich  we  will  not  give  detail  for  the  linear  and  non  linear  operators  L  and  M  (see  [9]  for  the  complete 
set,  or  [10]  for  a  comprehensive  approach).  The  second  order  and  third  order  spectral  tensors  can 
be  computed  using  the  relations:  {vi(p,t)vj{k,t))  =  Vij{k,i)S(k  +  p)  and  {vi{k,t)vj{p,i)vi(q,t))  = 
Viji(k,p,  t)S(k+p-i-q);  the  resulting  equations  are  easily  derived  from  (3).  The  classical  closure  problem  in 
the  spectral  formulation  of  homogeneous  turbulence  is  present  here  for  the  v  variable  as  well:  the  equation 
for  includes  non  linear  terms  containing  the  third  order  correlations  amd  the  equation  for  the 
latter,  in  turn,  include  fourth  order  ones,  ...  The  Eddy  Damped  Quasi  Normal  Markovian  hypothesis  [11] 
expresses  the  fourth  order  correlations  in  terms  of  the  second  order  ones,  as  for  a  normal  law  with  a 
gaussian  distribution,  but  for  a  damping  proportional  to  the  third  order  correlations.  Symbolically,  one 
can  sum  up  the  whole  process  as  : 

<  VVVV>=<  VV><VV>  -If  <  VVV> 

where  ij  is  the  damping.  Following  previous  works  [3,  4],  the  damping  is  chosen  to  follow  the  standard 
isotropic  rule  :  =  i/P  -f  ri'{k,i)  =  vk"^  +  A  p*£?(p, t)dpj  where  A  =  0.366  and  E  is  the 

isotropically  accumulated  kinetic  energy  spectrum. 

2.2  Decomposition  on  the  eigen  frame 

The  eigen  modes  of  the  linear  operator  Lij  correspond  to  the  propagating  mode  of  motion  on  the  one 
hand,  and  to  the  stationary  rotational  mode  on  the  other.  For  each  propagating  mode,  associated  to  the 
internal  waves  in  this  linear  decomposition,  two  directions  of  propagation  are  possible,  labeled  c  =  ±1, 
while  the  non  propagating  mode  is  labeled  using  e  =  0.  The  velocity  field  is  then  decomposed  in  terms  of 
its  components  on  each  of  the  three  above  modes,  and  this  approach  turns  out  to  rejoin  the  decomposition 
of  tt  in  the  Craya-Herring  frame  already  used  for  axisymmetric  turbuleiiee  [12,  13]  : 

Ui  —  ip^e\+ip'^e'i-,  e’(&) -•  (fc  X  «)/]<!  X  n|  ;  e^(fc)  =  (It  x  e^)/|&  x  e^| 

in  which  it  is  necessary  to  use  an  auxiliary  unit  vector  which  bears  the  axis  of  symmetry.  For  stratified 
turbulence,  the  base  vector  is  chosen  to  be  nt  —  g/g  as  shown  in  figure  1.  Such  a  decomposition  can  also 
be  seen  in  physical  space  [14]  as  : 

u  =  Vfc  X  $'71 4- V(,$  +  ii3ja  (4) 


iiiik.t)  -  Pi3(k,i)gl3T{k,t)  =  -IkjPi„{k)  {uiu„)  {k,t) 


f{k,i)-yu3(k,t)  =  -Iki{vrr)[k,t) 


(1) 
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Figure  1;  The  Craya-Herring  frame  of  reference  for  axisymmetric  turbulence. 


for  the  velocity  field,  for  example,  in  which  the  first  term  in  the  right  hand  part  contributes  to  the 
horizontal  vorticity,  with  stream  function  9',  and  the  non  divergent  contribution  comes  out  of  the  scalar 
potential  Those  two  terms  contain  all  the  horizontal  velocity.  The  third  component  U3  comes  entirely 
out  of  the  temperature  field,  and  plays  the  same  role  as  the  dilatational  mode  in  the  classical  Helmholtz 
decomposition  for  compressible  flows,  us  is  evidently  not  two  dimensional  since  its  associated  potential 
<&'  depends  on  all  three  components  of  space.  One  can  see  a  direct  link  of  this  linear  decomposision  with 
quasi-geostrophic  turbulence.  This  latter  theory,  applied  to  both  rotating  and  stably  stratified  flows, 
assumes  a  geostrophic  balance  of  the  pressure  gradient  in  the  (horizontal  or)  ,5-plane  approximation,  and 
a  vertical  velocity  component  coming  from  a  decoupled  variation  of  the  motion  in  horizontal  planes  [15]. 
A  potential  vorticity  equation  for  the  geostrophic  and  Boussinesq  approximations  can  be  written  as  : 


(5) 


where  the  rotation  is  taken  into  account  through  tb«.  Coriolis  parameter  f.  The  first  term  in  the  right- 
hand  side  of  (5)  shows  the  contribution  of  the  stream  function  'it'  to  the  horizontal  mode  of  motion,  while 
the  second  one  indicates  that  the  vertical  velocity  plays  a  significant  role  in  the  flow.  For  low  Hossby  and 
Fcoude  numbers,  the  statistical  models  have  to  rejoin  the  semi-geostxophic  approximation.  Indeed,  it  is 
clear  that  stably  stratified  turbulence  is  close  to  it  at  very  low  Froude  number,  since  the  vortex  eigen 
mode  component  rejoins  the  horizontal  geostrophic  motion,  which  is  not  the  case  for  SBE  turbulence, 
even  at  low  Rossby  number,  since  it  restricts  its  larger  velocity  component  to  the  vertical  direction,  with 
no  vertical  variability.  Thus,  one  may  be  able  to  use  the  statistical  theory  with  a  high  stratification  to 
predict  featu.  es  of  geophysical  flows  that  fall  within  the  range  of  the  quasi-geostrophic  theory.  In  all  the 
cases,  the  exact  eigenraodes  are  obtained  by  single  linear  combinations  of  o' ,  e^,  e®  =  k/k,  so  that  they 
form  an  orthonocmal  frame  for  the  new  vector  v  [10]. 


2.3  Energy  equations  for  axisymmetric  stratified  turbulence 

The  following  equations  are  obtained  for  the  spectral  density  of  energy  ^  ip‘  >  of  the  components 
0'  of  the  velocity-temperature  field. 


^  +  2yk^  ii(k.i) 
*2  (fc,  f )  +  AT  sin  5*  (ifc ,  < ) 

<t3ik,t)-JVsm0t'i/n(k,i) 
'ilR(k,i)-2N sin 0*(«3(fc, <)  -  ♦sffc,  1)] 


l^{k,t) 


(6) 


(7) 
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In  these  equations,  the  ^  spectrum  is  the  kinetic  energy  of  the  vortex  mode,  $2  (same 

definition)  is  the  kinetic  energy  of  the  wave  mode,  and  ^3  is  the  potential  energy  of  the  wave  mode.  The 
real  part  of  the spectrum  corresponds  to  the  heat  flax.  Each  spectrum,  as  well  as  the  corresponding 
non  linear  transfer  term  T'  depends  on  the  wave  vector  ife,  through  its  modulus  k  and  its  orientation  to 
the  vertical  direction  61, .  The  stratification  appears  explicitly  in  the  linear  operators  of  these  equations 
through  N,  but  also  within  the  detailed  form  of  the  transfer  terms  T*,  T®,  7"*"  which  is  not  given 

here  for  the  sake  of  of  brevity.  Each  non  linear  transfer  is  the  sum  of  the  contributions  in  an  eightfold 
decomposition  according  to  the  values  ±1  (wave)  or  0  (vortex)  of  the  ‘polarity  indices’  e,  e',  e".  These 
contributions  are  of  the  kind 


Ik  t]  —  f  _ ■S'«t>c»(fc,p,  Q,t) _ 

Jk+p+qz=Q  dtp,  -  IN(£sin$t  +  e' sindp  +  e" siaO,) 


(8) 


where  the  numerator  of  the  integrand  involves  double  correlations  and  known  geometric  factors.  It  is  no 
wonder  that  equation  (8)  contains  an  expression  that  resembles, in  the  limit  of  low  Froude  number,  the 
resonance  condition 

uJi  +  Wp  +  u),  =  0  (9) 

on  the  pulsations  ut  =  Nsin9i  of  a  triad  k,  p  and  g  of  internal  waves,  such  that 


k+p  +  q  =  0 


(10) 


Since  we  deal  with  a  linear  decomposition  of  the  velocity  field,  the  linear  eigenmodes  that  we  consider 
indeed  correspond  to  internal  gravity  waves  for  |e|  =  1  so  that  the  three  Fourier  modes  that  are  involved 
in  the  triple  correlation  tensor  lead  to  the  appearance  of  a  phase  that  includes  the  sum  of  the  three 
pulsations.  The  triadic  condition  (10)  is  given  by  the  convolution  product,  which  comes  up  to  be  an 
integration  over  triads  of  wave  vectors  only.  Therefore,  the  bottom  part  of  the  expression  under  the 
integral  in  (8),  which  is  the  characteristic  time  introduced  by  the  EDQNM  model  to  damp  the  Set'e" 
interaction,  does  not  explicitly  depend  on  N  for  resonant  triads  only,  and  leads  to  a  scrambling  of  the  other 
triads.  We  notice  that  are  permitted  interactions  between  wave  modes  only,  but  also  mixed  interactions 
vrith  vortex  modes  £  =  0,  and  finally  pure  vortex  interactions,  in  which  case,  since  all  e’s  are  zero,  the 
stratification  no  more  explicitly  appears.  In  the  next  section,  within  the  light  of  this  d'“composition,  we 
compute  the  detailed  energy  transfer  spectra  for  the  eight  kinds  of  interaction.  If  we  set  N  ■=  0,  isotropic 
turbulence  is  obtained,  for  which  we  also  retain  the  eightfold  splitting,  suid  compare  them  with  their 
counterparts  in  a  stratified  case,  in  order  to  see  the  specific  influence  of  the  stable  stratification  on  each 
teem. 


3  Numerical  results 

The  axisyrrmietric  equations  for  the  EDQNM  stably  stratified  model  are  solved  using  a  discretized  wave 
space,  in  which  37  spectral  modei'  are  retained,  and  19  spectral  angles.  There  are  21  azimuthal  angles 
that  permit  the  three  dimensional  triadic  interactions.  The  computations  correspond  to  freely  decaying 
homogeneous  turbulence  which  is  subjected  to  the  effect  of  gravity  at  time  T  =  0.  We  choose  here  to 
present  the  resulting  energy  spectra  for  one  case  of  stratification,  that  corresponds  to  a  Bruut-Viiisala 
frequency  equal  to  tt,  at  a  time  at  which  the  non  linear  auieotropic  trends  have  become  significant. 
The  actual  EDQNM  model  which  is  used  for  the  present  computations  includes  the  explicit  effect  of 
stratification  at  all  the  levels  of  the  closure,  i.e.  in  the  non  linear  terms  of  both  the  equations  for 
the  second  order  and  third  order  .spectra.  A  simplified  model,  which  achieves  mucir  lower  irreversible 
anisotropic  tendencies,  can  be  used,  in  which  the  equation  for  the  triple  correlations  retains  stratification 
in  the  linear  terms  only  (see  vanHaren  ti  ai,  present  meeting).  Explicitly,  the  most  complete  EDQNM 
model  shows  that  the  vortex  kinetic  energj'  and  the  wave  total  energy  $2  +  ^3  accumulate  around 
the  vertical  direction  in  spectral  space,  the  ‘polar  zone"  where  cosflv  =  1. 

The  computations  have  been  initialized  using  an  analytical  isotropic  spectrum  £'(it)  for  the  wave  and 
vortex  kinetic  energy  spectra  :  <^2  =  E{k)/4wk^.  Moreover,  initial  potential  energy  is  supposed 

to  be  non  zero  at  T  =  0,  so  that  $3  =  E(t)/47ri*  also.  The  purpose  of  this  procedure  is  to  see  how 
the  anisotropy  evolves  in  the  very  first  stage  of  the  computation  under  the  influence  of  the  non  linear 
transfer  terms  alone,  in  (6).  These  letter  equations  show  that,  if  the  4*2  and  ^3  are  different  initially, 
the  linear  operators  that  include  N  makes  them  oscillate  immediately,  effect  that  is  canceled  if  they  arc 
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Figure  2:  Two  ways  of  representing  the  spectral  distribution]  of  the  vortex  kinetic  energy  $i:  on  a  linear 
plot  with  curves  depending  on  the  orientation  of  the  wave  vector  (left)  ;  on  a  {kx,kt)  representation 


(right)  {N  =  TT  and  non  dimensional  time  N'T/2t  =  3). 
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Figure  3:  Same  as  left  part  of  figure  2  for  the  spectral  distribution  of  the  total  wave  energy  <^2  +  <^3  (the 
caption  holds  for  all  the  plots  in  this  paper). 


equal.  However,  ^2  and  <^3  begin  to  oscillate  somehow,  after  the  non  linear  terms  have  built  a  difference 
between  them.  We  do  not  bother  with  these  temporal  oscillations  by  looking  at  the  spectra  of  the  total 
energy  of  the  waves,  which  is  a  non  oscillating  quantity  as  is  Oj . 

3.1  Anisotropic  spectra 

We  show  here  the  anisotropic  and  $3  +  $3  spectra  in  two  different  ways  :  first,  a  linear  plot,  with  the 
different  curves  corresponding  to  different  directions  of  the  wave  vector.  The  polar  sone  corresponds  to 
coeOh  =  1  and  the  equatorial  (horizontal)  part  to  coaOt  =  0.  The  second  representation  shows  a  vertical 
plane  in  spectral  space,  on  which  isolines  of  energy  are  represented  on  a  (kx,k,)  coordinate  system.  As 
seen  on  figure  2  and  3,  the  anisotropy  is  poorly  reflected  by  s'lcli  a  representation,  only  through  a  somehow 
elliptic  shape  of  the  isoeuergy  areas.  Whereas  the  advantage  of  the  linear  plot  is  to  compare  directly  the 
levels  of  energy  at  different  angles,  which  clearly  shows  that  the  inertial  range  contains  more  energy  at 
the  pole  than  at  the  equator. 

3.2  'Deansfer  spectra 

On  the  contrary,  the  bidimensional  representation  gives  a  good  view  of  the  areas  from  which  energy  is 
removed,  and  those  to  which  it  is  given,  i.e.  it  is  especially  useful  when  looking  at  the  transfer  spectra. 
We  show  on  figure  4  the  uon  linear  transfer  terms  occuting  in  the  4’i  and  in  the  ^2  +  <(3  equations. 

The  detailed  transfers  for  the  eight  types  of  interaction  constituting  the  non  linear  transfer  spectra 
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Figure  4:  The  non  linear  transfer  T'-  spectrum  for  at  time  NT/iv  ~iioi  N  -  it  deft’)  and  T^+a  for 

the  total  wave  energy  *2 -f  $3  (right).  ' 
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Figure  5:  The  pure  vortex  interactions  (whore  £  =  0.  e'  =  0  and  e"  =  0  in  (8))  in  the  two  representations 
tr^Sfer“^d  n“llhf  imputation  as  previous  figures).  The  isolines  are  dotted  for  the  arei  of  negative 


We  ®  vortex  energy  from  the  equatorial  zone  to  the  polar  one 

completei?rec™vLT  n  1  f  oi  this  part  of  the  transfer  is 

eightfold  4lUW^  case  of  isotropic  turbulence,  for  which  the  EDQNM  model  still  retains  the 

tW  n  'nteraction  terras,  between  waves  and  vortex,  are  not  presented  here  since 

si^^ted  bTthe'T  T'  T  7  contributes  to  the  scrambling  in  wave  space!  33  is 

ggested  by  the  characteristic  time  associated  to  it  in  (8).  The  latter  equation  shows  that  when  the 

a^TrscIl^blhr  “  ^  containing  part  of  the  nonlinekr  transfer 

scrambling  mechanism  m  spectral  space.  It  can  also  be  seen  that  the  pure  vortex  interaction 

vo^  hiter^L*“““'  ‘lx=  accumulation  of  energy  due  to  the 

times  The  nur  P^*«.  cannot  become  a  complete  bidimensionalisation  of  the  flew  at  larger 

IiT:  ’vavc  interaction,  m  turn,  reajusU  the  scales  at  which  the  kinetic  energy  concentratS 

.  j  vertical  direction,  but  is  definitely  not  sufficient  to  exnlaifthe  collapse  of 
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Figure  6:  The  pure  wavy  interactions  (where  c  =  1,  c'  =  1  and  e"  =  1  contribute  only  to  the  T^+3 
transfer.  Patches  in  the  spectral  distribution  seen  on  the  left  do  not  allow  one  to  identified  a  specific 
mechanism  at  this  point. 
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I*  igure  7 :  Length  scales  of  the  botizoatcd  velocity  compenent  with  respt:ci  Lo  two  directions  of  separation : 
/ii,i  for  the  horizontal  separation  and  ^11,3  for  the  vertical  separation. 
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In, 3  stalls  from  the  same  value,  which  corresponds  to  our  initially  isotropic  conditinos,  and  stays  roughly 
at  this  level.  This  behavior  indicates  that  the  transfers  in  the  vertical  direction  are  more  or  less  inhibited 
by  the  presence  of  stratification.  The  resulting  structures  of  the  flow  can  then  be  viewed  as  elongated  in 
the  two  horizontal  directions,  as  could  be  a  sphere,  flatened  on  one  of  its  axes.  The  image  of  “pancake” 
like  structures  may  be  a  bit  i-trong,  for  the  layers  in  the  flow  are  not  totally  decorrelated  vertically,  but 
remains  anyway  a  good  shortcut  for  expressing  all  the  above  mentioned  ideas. 

The  main  conclusion  of  this  work  is  that  the  pure  vortex  interactions  are  the  most  important  generator 
of  non  linear  irreversible  anisotropy  for  stably  stratified  turbulence.  A  simplified  Reynolds  stress  tensor 
model  that  may  reproduce  these  non  linear  tendencies  has  to  account  for  this  kind  of  interaction,  in  a 
first  time. 
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TNTB.ODUrTION 

Rotation  and  stable  density  stratification  modify  the  turbulence  dynamics  in  many 
geophysical  situations  and  on  a  large  range  of  scales.  Riley  et  al.  (1981)  and  Lilly  (1983) 
have  suggested  that,  in  the  limit  of  small  Froude  numbers,  stably- stratified  turbulence 
could  obey  a  two-dimensional  turbulence  dynamics.  However,  the  numerical  studies 
by  Herring  and  Metals  (1989)  and  Metals  and  Herring  (1989)  have  shown  that  the 
horizontal  motion  dominates  in  a  strongly  stably-stratified  environment,  but  the  flow 
develops  a  strong  vertical  variability  and  reorganizes  itself  into  decoupled  horizontal 
layers.  The  shear  of  the  horizontal  velocity  at  the  interface  between  the  layers  leads  to 
energy  dissipation,  and  prevents  the  turbulence  from  exhibiting  the  characteristics  of 
two-dimensional  turbulence. 

Geophysical  observatioas,  laboratory  experiments  (Hopfinger  et  cl.,  1982;  Bidokhti 
and  Tritton  1992)  and  numerical  simulations  (Lesieur  et  al.  1991;  Metals  et  al.  1992, 
Bartello  et  d.  1994)  have  shown  that  a  solid-body  rotation  stabilized  the  cyclonic  eddies 

(with  vorticity  parallel  and  of  the  same  sign  as  the  solid-body  rotation  2fi)  .  Conversely, 
anticyclones  are  three-dimensionalized  for  moderate  rotation  rate  and  stabilized  at  high 
rotation.  Furthermore,  as  opposed  to  stratified  turbulence,  a  solid-body  rotation  when 
applied  to  three-dimensional  turbulence  generates  vertical  coherence  (see  Bartello  ei 
al.  1994);  for  Rossby  numbers  close  to  unity,  the  three-dimensional  flow  reorganizes 
itself  into  two-dimensional  cyclonic  vortices.  At  a  larger  rotation  rate,  two-  dimensional 
anticyclones  also  emerge  from  the  ini tially-isotropic  flow.  Therefore,  stable-stratification 
and  rotation  have  antagonistic  effects  on  turbulent  flows:  horizontal  layering  of  the  flow 
in  one  case  and  erneigeuce  of  vertical  quasi-two-dimensioual  rolls  in  the  other  one. 

We  numerically  investigate  the  effects  of  solid-body  rotation  on  stably-stratified 
turbulence:  at  first  with  energy  injection  at  small  scales  and  then  in  a  freely- decaying 
situation.  Various  Rossby,  Ro  and  Froude,  FV  numbers  are  considered.  The  Briiiit- 
Vaissala  frequency  N  is  assumed  to  be  constant.  The  three-dimensional  Navier-Stokes 
equations  within  the  Boussinesq  approximation  are  simulated  and  homogeneous  turbu¬ 
lence  is  investigated.  In  order  to  reduce  the  dissipative  and  diffusive  ranges  extension, 
the  Laplacian  opeiator  in  the  viscous  term  is  replaced  with  an  iterated  Laplacian  (see 
Basdevant  and  Sadourny,  1883):  in  this  study,  we  have  employed  A^.  The  couiiju- 
tational  domain  is  a  cubic  periodic  box,  the  resolution  is  64^  collocation  points,  and 
pseudo-spectral  numerical  methods  are  used. 

FORCED-TURBULENCE  SIMULATIONS 
TarbuJenre  and  Waves 

When  solid-body  rotation  and  stable  density  stratification  are  simultaneously  present, 
one  must  find  a  simple  way  of  discrimating  between  the  turbulent  part  of  the  motion 
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and  £q  will  des^nate  the  taxecomponeuts »:  the  ye«»tru^Atr  hir.rtti  eiier<;\  and  if,, 
the  geostrophic  available  potential  enerity  respectiwly  associated  to  >■(,  anti  H,. 

As  a  first  order  approximatiun.  one  can  cuusider  that  all  the  vertical  velocity  i- 
associated  with  the  wave  motion.  u„  =  ic  (where  the  u  index  stands  for  wave-.  Th* 
wave  density  field  can  be  easily  derived  front; 

36u. 

— r—  =  -lw'0u.  ~  >t^U’  (3) 

at 

with  +  pkl)  /  {kjj  +  k^).  The  facts  that  the  wave  field  has  no  potential 

vorticity  and  also  that  the  velocity  field  is  non-divergent  lead  to: 

d'^w  f  2  c>^tn  f  a^Ou, 

dzdx  A"^  dzdy  ’  dzdy  m  dzdx  ^  ’ 


V^u„, 


These  expressions  were  previously  derived  by  Muller  et  al.  (1986)  and  belong  (1990). 

Notice  that  for  /  =  0,  one  recovers  the  classical  decomposition  of  the  horizontal 
velocity  field  into  rotational  and  divergent  components.  It  is  equivalent  to  Craya’s  (1958) 
decomposition,  which  has  been  used  t(j  discriminate  between  stratified  turbulence  and 
intern^  gravity  waves  (Riley  <!f  al.,  1981;  Metals  and  Herring  1989).  Subsequently,  we 
call  vortical  mode  the  rotational  component  of  the  horizontal  velocity  field: 


d^p 

]  "^V 

oy 


dip 

dx 


with  u>z  ~  —  V^i/) 


where  is  the  vertical  vorticity  coniponent. 


(5) 


Numerical  Simulations 

For  the  present  runs,  the  flow  is  forced  at  small  scale;  the  forcing  is  random  in  space 
and  Markovian  in  time,  and  acts  on  a  wavenumber  band  (kg  =  10  <  fc  <  12  =  kr)- 
We  define  k/  ~  [kjj  +  kT]/2  to  be  the  centroid  of  the  lorcing  wavenumber  band.  These 
conditions  are  analogous  to  those  chosen  by  Herring  and  Metals  (1989).  The  forcing;  is 
three-dimensional  and  acts  equally  on  the  three  velocity  components  u,v,w  (no  density 


forcing).  The  intensity  of  buoyancy  and  rotation  effects  will  be  characterized  by  a 
Proude  number  Fr,  and  a  Rossby  number  respectively  defined  as: 


Fr- - - ,  Ro-—j—  (6) 

where  and  ijj„  axe  the  relative  vorticity  components,  and  the  angular  brackets 

stand  for  a  spatial  average.  Q  and  the  mean  stratification  are  both  oriented  along 
the  vertical  direcin-ii.  We  here  focus  on  the  small  Froude  number  regime  when  the 
Rossby  number  ranges  from  large  (slow  rotation)  to  small  (rapid  rotation)  values.  We 
concentrate  on  the  energy  transfer  from  the  injection  scales  to  the  large  scales. 


Fig.l.  Three-dimensional  wavenumber  spectrum  of  the  vortical  kinetic  energy  for  various 
values  of  Q.  and  N. 

In  Figure  la,  we  display,  for  vaxious  cases,  the  three-dimensional  wavenumber  spec¬ 
trum  of  the  vortical  kinetic  energy  when  the  system  has  reached  an  equilibrium.  In  the 
absence  of  rotation  and  stratification,  for  k  smaller  than  the  forcing  wavenumber  the 
energy  is  equipartitioned  between  the  modes:  this  yields  a  spectrum.  One  may  notice 
that,  for  k  >  kj,  the  spectral  shape  closely  corresponds  '  a  k~''’^^  Kolmogorov  energy 
cascade.  In  the  non-rotating  strongly-stratified  case  (fi  =  0;  fV  =  47r;  F,-  sc.  0.2),  the  vor¬ 
tical  energy  transfer  towards  the  lai'ge  scales  is  more  efficient  than  in  the  non-stratified 
case  and  the  spectrum  is  shallower  than  k^.  The  buoyancy  effects  arc  still  dominant 
when  a  wealc  rotation  (ft  —  27r/10;  N/f  =  10,  Ro  ^  1)  is  imposed:  the  spectral  be¬ 
haviour  remains  almost  unchanged.  A  complete  change  is  observed  for  strong  rotation 
(ft  =  2ir;  N/f  —  1,  Ro  ^  0.1):  the  spectrum  now  follows  a  law  for  k  <  kj  and 

the  spectral  slope  is  increased  for  k  >  kf. 

As  pointed  out  by  Charney  (1971),  for  geostrophic  turbulence,  both  the  total  en¬ 
ergy,  and  the  potential  enstrophy  are  conserved  by  the  non-linear  terms  of  the  equations. 
One  can  write: 

<»00  y'OO 

Eg=  /  Eik)dk]Dp^  /  k^E{k)dk  ,  (7) 

Jo  Jo 


This  double  conservation  property  is  analogous  to  two-dimensional  turbulence,  the  dif¬ 
ference  being  that  E{k)  is  here  a  three-dimensional  spectrum.  Furthermore,  the  energy 
possesses  three  components:  two  kinetic  and  one  potential.  Nevertheless,  this  constraint 
should  prevent  the  energy  injected  at  a  wave- number  kf  from  cascading  towards  larger 
k  and  it  should  be  uniformly  transferred  to  lower  wavenumbers  along  a  spectrum 

simil-ar  to  the  two-dimensional  turbulence  energy  cascade  proposed  by  Kraichnan  ( 1967). 
The  numerically  observed  behaviour  for  small  k  could  therefore  be  a  manifesta¬ 

tion  of  geostrophic  turbulence  dynamics.  This  will  be  confirmed  by  the  subsequently 
presented  results. 


Fig. 2.  fi  =  27r;  N  —  47r:  a)  three-dimensional  wave-number  spectrum  of  the  total  kinetic 
energy  (KEtotal)  '-o  the  analogous  spectra  tor  the  geostrophic  kinetic  energy  {KE,jco  —  E(;  + 
Eq)  and  the  inertio-gravity  wave  kinetic  energy  {KEwave)  ;  b)  three-dimensional  spectra  of 
the  geostrophy  energy  components  E^,  Eq  and  Eq. 

Figure  lb  is  the  analogue  of  Figure  la.  Here,  the  vortical  kinetic,  energy  spectra  of 
the  isotropic  (no  rotation,  no  stratification)  and  the  strongly-stratified,  rapidly-rotating 
cases  me  compared  to  the  one  obtained  v/hen  only  fast  rotation  is  applied  without  any 
stratification  (f2  —  27r;  N  =  0).  We  have  checked  that  the  large-scale  liow  exhibits 
quasi-two-dirnerisioiial  'vortices  composed  of  both  cyclones  and  anticycloires  are  present. 
However,  although  the  fiow  contains  the.se  highly-anisotropic  structures,  the  slope  of  the 
vortical  kinetic  energy  spectrum  for  small  k  remains  close  to  the  isotropic  s]jectruin 
(see  Figure  lb). 

A  particular  attention  is  now  given  to  the  strongly-stratified,  rapidly-rotating  regime. 
Due  to  the  nature  of  the  forcing,  energy  is  injected  in  the  inertio-gravity  wave  as  well  as 
in  the  geostrophic  part  of  the  motion.  Figure  2a  compai'es  the  three-dimensional  wave 
numbei  spectrum  of  the  total  kinetic  energy  {KEioiai)  to  the  analogous  spectra  for  t  he 
geostrophic  Idnetic  energy  {KEg^^a  --  Eq  -f-  Eq)  and  the  inertio  gravity  wave  kinetic 
energy  {KEu,„ve)  constructed  with  the  velocity  field  Uu,,Vw  and  w,„  defined  by  (G).  Due 
to  the  combined  effects  of  rotation  t-md  stratification,  the  two  kinds  of  motions  iin  sci',- 
regated:  the  geostrophic  energy  dominates  the  inv<'rse  ea.sr.-ule  and  reaehe.s  l.u  pvr 


and  larger  scales.  By  contrast,  the  wave  energy  cascades  towards  the  scales  smaller  than 
the  injection  scales  and  is  therefore  submitted  to  a  strong  dissipation.  A  similar  picture 
can  be  drawn  for  the  geostrophic  and  wave  part  of  the  available  potential  energy. 

Cheirney  (1971)  concentrated  on  the  potential  enstrophy  cascade  and  argued  that 
the  dynamics  of  quasi-geostrophic  flow  lead,  at  small  settles,  to  an  equipartition  of  energy 
among  the  x  and  y  components  of  the  kinetic  energy  and  the  available  potential  energy. 
Here,  the  geostrophy  energy  is  equipartitioned  among  its  three  components  Eq, 
tmd  E^  over  tJmost  the  whole  spectrum  including  in  the  large-scale  inverse  cascade  (see 
Figure  2b). 

DECAYING-TURBULENCE  SIMULATIONS 

Decay  simulations  were  then  integrated  to  explore  the  tendency  of  the  flow  to 
approach  geostrophy.  Fully-developed  turbulent  isotropic  initial  conditions  were  used 
with  the  buoyancy  field  set  to  zero.  The  initial  Rossby  and  Froude  numbers  were  unity 
with  Nj  f  ^  0.6.  The  simtilation  was  integrated  for  over  200  initial  large-scale  turnover 
times.  Over  this  period  Rg  and  JFV  decreased  by  a  factor  of  ten. 

In  this  case,  the  normal  modes  of  the  equations  lineairized  about  a  state  of  rest 
were  used  to  separate  geostrophic  from  ageostrophic  motion.  To  express  the  energy 
decomposition,  it  is  useful  to  introdtice  three  sets  of  wavevectors:  the  bmotropic  set 
Bk  =  {  k  \  kx  —  ky  =  0),  the  set  with  only  vertical  variability  V*  =  {k|  kx  =  ky  =  0} 
and  the  remaining  baroclinic  vectors  iZit  =  {  k  |  ^  0  and  0}.  If  the  energy 

is 

k  k 

where  GEu.  and  AEi^  represent  geostrophic  and  ageostrophic  energy,  respectively,  then 

f  |4®)|2,  ifkeiZt; 

-I- IflkP,  ifkeB*; 
lo,  ifkeVt, 

and 

ifkGiZ,; 

AEk  -  <  \wk\^  -f  |&kP/iV2,  jf 

(Uk,  ifkeFfc, 

where 

(0)  _  N'^Ck  +  ifkzbk  _  PVk 

^  Nakk  Nakk  ’ 

j(±)  _  ^^fkxCk  ~H  (^kk^Sk  T  k^kxbk 

2^P-<7kkki{kx  ’ 

Ck  is  the  verticeil  vorticity,  (5k  is  the  horizontal  divergence  and  <7k  =  {N'^ k^j p  / k 
is  the  linear  wave  frequency. 

In  Figure  3  we  present  both  the  geostrophic  and  ageostrophic  contributions  to 
the  energy  spectrum.  After  a  few  large-scale  turnover  times  a  monotonic  approach  to 
quasi-geo-strophy  was  observed,  with  the  geostrophic  energj'  decreasing  from  its  initial 
value  by  a  factor  of  1.9,  while  the  ageostrophic  energy  decreased  by  a  factor  of  38.9. 
As  in  the  forced  case,  an  inverse  energy  cascade  was  manifested  by  a  translation  of 
the  geostrophic-energy  spectral  maximum  to  smaller  wavenumbers.  The  large  scales 
became  increasingly  barotropic  while  the  vertical  vorticity  kurtosis  grew  to  6.4  as  quasi 
2D  coherent  vortices  began  to  emerge.  These  wer  e  not  as  apparent  as  in  the  simulations 
with  initial  Rg  =  1  and  Fr  —  oo  of  Bartello  ei  al.  (1994),  implying  considerable 
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Fig.3.  a)  Geostrophic  energy  specta  (reference  slopes  correspond  to  —5/3  and  —3)  and 
b)  ageostrophic  energy  spectra  (reference  slopes  correspond  to  —5/3  and  —1)  as  a  function  of 
time  for  the  rotating-stratified  simlation  with  unit  initial  Rossby  and  Froude  numbers.  Curves 
are  labbeled  with  their  corresponding  times. 

disruption  of  phase  coherence  by  the  stratification.  By  the  end  of  the  run  the  geostrophic 
energy  spectrum  was  steeper  than  k~^  in  the  small  scales,  while  the  ageostrophic  energy 
was  much  more  shallow 

CONCLUDING  REMARKS 

We  have  performed  three-dimensional  numerical  simulations  in  a  cubic  domain  of 
forced  and  freely-decaying,  strongly-stratified,  rotating  turbulence.  These  have  shown 
that,  for  small  Rossby  numbers,  the  lairgest  scales  are  dominated  by  upscale-propagating 
geostrophic  turbulence.  In  the  forced  case,  even  if  substantial  inertial-gravity  wave  en¬ 
ergy  is  injected  into  the  system,  the  flow  exhibits  a  well  defined  three-dimensional 
inverse  cascade  of  geostrophic  turbulence,  while  the  wave  energy  propagates  towar  ds  the 
smallest  scales  where  it  is  dissipated.  Furthermore,  as  suggested  by  Charney  (1971), 
the  energy  in  the  inverse  cascade  is  equally  partitioned  between  its  three  components 
(kinetic  and  potential). 

The  observed  atmospheric  mesoscale  spectra  (see  Gage  and  Nastrom  1986,  for  a 
review)  exhibit  several  features  in  common  with  the  present  numerical  results:  in¬ 

verse  cascades  for  both  velocity  and  temperature  spectra  with  equipartitioning  between 
each  of  the  two  components  of  horizontrd  and  potential  energy.  These  striking  similari¬ 
ties  lee.d  us  to  believe  that  the  mesoscale  spectra  do  correspond  to  geostrophic  turbulence 
propagating  towards  the  large  scales.  One  can  extrsu:t  a  turbulent  Rossby  number  from 
the  atmospheric  spectra  presented  by  Gage  and  Nastrom  (1986),  Ro  =  \/kE{k)/Lnf, 
where  i,  E{k)  and  Lh  are  respectively  the  wavenumber,  energy  spectrum  and  horizontal 
wavelength.  For  Lh  —  lOOfcm,  kE{k)  «  lms“*  yields  Ro  w  0.1.  The  Rossby  numbers 
in  the  inverse  casc^e  of  our  rapidly-rotating  simulations  are  of  the  same  order. 

As  previously  noticed  by  Metals  and  Herring  (1989),  the  presence  of  stratifica¬ 
tion  yields  the  formation  of  very  strong  vertical  veiriability  wb'  's  to  c'  stroy  the 


% 


vortices  vertical  coherence.  In  the  present  simulations,  the  two-dimensionalizing  effect 
of  rapid  rotation  does  not  seem  to  be  sufficient  to  restore  this  coherence.  In  stably- 
stratified,  rotating  flows,  quasi-two-dimensional  organized  vorticity  structures  are  only 
observed  in  the  presence  of  a  well-defined  horizontal  density  (temperature)  front  leading 
to  beiroclinic  instability. 


Fig.4.  Cyclonic  isovorticity  surface  resulting  from  a.  frontal  instability;  Ro  =  1  and  Fr  = 
0.5 


This  is  illustrated  on  Figure  4  which  shows  the  vorticity  generation  in  baroclinic 
flows.  On  the  basis  of  the  three-dimensional  Navier-Stokes  equations  (non-hydrostatic, 
Boussinesq  flow),  we  have  numerically  investigated  through  direct  numerical  simulations 
the  formation  of  briroclinic  eddies.  The  basic  initial  state  consists  in  an  horizontal 
density  front  associated  with  an  hyperbolic  tangent  profile.  The  corresponding  mean 
velocity  profile  is  a  vertically  sheared  jet  satisfying  the  thermal  wind  equation.  Mere, 
the  Rossby  number  {Ro)  and  the  Froude  number  (Fr)  are  respectively  based  upon  the 
vertical  and  horizontal  initial  vorticity  associated  with  the  basic  velocity  profile.  Here, 
Ro  =  1  and  Fr  =  0.5,  with  96  x  96  x  20  grid  points.  A  strong  amplification  of  the 
cyclonic  vorticity  is  observed  yielding  the  formation  of  long-lived  quasi-two-dimensional 
cyclones.  By  contrast,  the  anticyclonic  vorticity  is  quickly  dissipated. 
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Nonlinear  effects  in  the  unsteady,  critical  withdrawal  of  a  stratified  fiuid. 
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The  evolution  of  the  withdrawal  through  a  line  sink  of  an  initially  qmescent,  stratified 
fiuid  in  a  semi-infinite,  horizontal  duct  is  investigated  in  the  invisdd,  nondifiusive  limit.  A 
weakly  nonlinear,  long-wave  formulation  of  the  problem  of  critical  withdrawcd  is  presented, 
which  is  then  used  to  study  the  critical  withdrawal  of  a  two-layer  fiuid  from  a  sink  at  the 
base  of  the  duct.  Solutions  for  the  evolution  of  the  interfadal  shear  front  are  presented 
and  related  to  the  steady  solutions  for  the  critical  withdrawal  of  a  two-layer  fiuid. 


1  Introduction. 

When  fiuid  is  withdrawn  from  a  vertically  stratified  water  body  it  is  found  that  at  sufiS- 
ciently  low  Proude  numbers  the  withdrawn  fluid  comes  from  a  narrow  layer  adjacent  to 
the  level  of  the  sink.  This  process,  known  as  selective  withdrawal,  has  widespread  appli¬ 
cation  in  the  management  of  reservoirs.  The  density  stratification  of  a  reservoir  typically 
consists  of  a  well  mixed  layer  near  the  surface,  a  rapid  increase  in  the  density  over  a  few 
metres  in  the  thermocline  and  then  a  more  gradual  increase  in  density  in  the  hypolimnion. 
To  model  a  complex  stratification  such  as  this  would  be  very  difficult,  and  also,  of  limited 
use.  Therefore  research  in  this  field  has  concentrated  on  two  alternative,  models  of  the 
fiuid  dynamics.  In  one  case  the  reservoir  is  modelled  as  a  two-layer  fluid,  and  in  the 
alternative  case,  as  a  linearly  stratified  fluid.  For  the  two-layer  model  it  is  of  interest  to 
determine  whether  fluid  is  withdrawn  from  the  upper  layer.  In  particular  the  flow  rate 
at  which  the  upper  layer  is  just  drawn  down  into  the  sink  is  required,  this  is  termed  the 
point  of  criticaJ  withdrawal.  For  flow  rates  greater  than  this  imiform  withdrawal  of  the 
fluid  will  occur,  while  for  smaller  flow  rates  selective  wdthdrawal  of  the  lower  layer  fluid 
will  occur.  Here  our  interest  is  with  this  problem  for  the  withdrawal  from  a  semi-infinite 
horizontal  duct  through  a  line  sink  when  visccsity  and  diffusivity  are  negligible.  For  a 
comprehensive  review  of  the  general  topic  of  selective  withdrawal  the  reader  is  referred  to 
Imberger  &  Patterson  (1990). 

It  is  now  well  known  that  selective  withdrawal  is  established  by  shear  ffonts,  which 
are  waves  of  zero  frequency  that  propagate  horizontally  away  from  the  sink  with  the 
long- wave  speed  and  leave  a  permanently  modified  velocity  and  density  structure  in  their 
wake.  For  a  linearly  stratified  fluid  Pao  &  Kao  (1974)  demonstrated  that  an  infinite  series 
of  shear  fronts  would  be  generated  when  the  sink  was  started.  These  sheisr  fronts  were 
shown  to  have  permanent  vertical  form  and  horizontal  form  of  a  slowly  dispersing  step 
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function.  Pao  &  Kao  (1974)  stated  that  the  thickness  of  the  withdrawal  laj^er  could  be 
deduced  by  noting  that  the  mode  could  only  propagate  into  the  duct  if  its  long-wave 
speed  is  greater  than  the  average  velocity  in  the  duct.  The  withdrawal  layer  thickness 
will  then  be  equal  to  the  vertical  wavelength  of  the  last  mode  able  to  propagate  into  the 
duct.  For  a  linearly  stratified  fluid  with  constant  buoyancy  frequency  JV ,  the  densimetric 
Froude  number  is  defined  as 


F  = 


(1) 


where  q  and  h  are  the  flow  rate  per  unit  width  into  the  sink  and  the  height  of  the  duct 
respectively.  Therefore  the  average  velocity  in  the  duct  is  q/h.  Defining  the  withdrawal 
layer  thickness  as  hS,  it  was  proposed  by  Pao  &  Kao  (1974)  that  as  the  mode  has 
long- wave  speed  Nh/rnr  and  vertical  wavelength  h/n  the  withdrawal  layer  thickness  will 
be 


6  «  nF.  (2) 

This  gives  a  critical  Proude  number  of  Fc  =  ,  which  is  in  agreement  with  the  steady- 

state  theory  of  Yih  (19S8),  who  showed  that  in  these  circumstances  as  F  — tt"^  uniform 
withdrawal  w'ill  no  longer  occur.  This  was  confirmed  experimentally  by  Debler  (1959) 
and  using  steady-state  theories  by  Kao  (1970)  and  Imberger  (1972),  who  all  showed  that 
for  F  <  selective  withdrawal  will  occur,  where,  adjacent  to  the  sink  is  a  region  of 
potential  flow,  and  immediately  upstream  of  this  a  constant  width  withdrawal  layer  will 
form  resulting  from  a  balance  between  inertial  and  buoyancy  forces.  This  layer  will  have 
thickness 

6  «  (7(F)i.  (3) 


Therefore,  the  argument  of  Pao  &  Kao  (1974)  incorrectly  predicts  6.  Imberger  st  al. 
(1976)  modified  this  argument  by  proposing  that  the  n**  mode  could  only  propagate  into 
the  duct  if  its  long-wave  speed  was  greater  that  the  average  velocity  in  the  withdrawal 
layer,  q/h6.  Using  this  argument  gives  the  correct  steady-state  withdrawal  thickness  (3). 

Kao  (1976)  proposed  withdrawal  criteria  for  nonlinear  stratifications  based  on  a  similar 
approach  to  that  used  by  Pao  &  Kao  (1974).  He  made  the  long-wave  approximation  and 
showed  that  when  the  sink  is  started,  shear  fronts  would  be  generated  which  will  propagate 
into  the  fluid.  It  was  proposed  that  the  withdrawal  layer  thickness  can  be  deduced  &om 
the  wavelength  of  the  last  mode  with  long-wave  speed  greater  than  the  average  velocity  in 
the  duct.  As  shown  above  this  approach  fails  for  linear  stratifications,  thus  we  would  not 
expect  that  It  could  be  applied  to  nonlinear  stratificatio'  j.  However,  it  should  be  able  to 
be  used  to  determine  the  point  of  critical  withdraw'al  jr  nonlinear  stratifications.  It  is 
therefore  of  interest  to  apply  the  criteria  of  Kao  (1976)  to  the  withdrawal  a  two-layer  fluid 

WaxAN/uj^aa  ca  ixaxw  oaxaia.  bixv  UUiU  ixaS  irUbOi  UC^l>U  tlj  Vlbii  l&yCT  UCpOU  .  1  ilC 

density  of  the  upper  and  lower  layers  are  po  and  po  -f  Ap  respectively,  thus  the  reduced 
gravity  is  /  =  Ap  gjpot  where  g  is  the  magnitude  of  gravity.  The  flow  rate  per  unit 
width  into  the  sink  is  q ,  therefore  we  can  define  the  densimetric  Froude  number  based  on 
the  lower  layer  depth 


F} 


X. 

g'hl' 


(4) 


The  long-wave  speed  of  the  interfadal  mode  is  {g'hziil  -  xi))*,  where  zi  =  hi/h,  while 
the  average  velocity  in  the  duct  due  to  the  potential  flow  when  the  sink  is  turned  on  is  q/h. 
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The  point  of  critical  withdrawal  will  occur  when  these  two  velocities  are  equal,  therefore 
the  critical  Froude  number  at  which  fluid  from  the  upper  layer  would  be  expected  to  be 
just  drawn  down  into  the  sink  is 


Note  that  this  value  is  independent  of  the  height  of  the  sink  above  the  base  of  the  duct. 

The  critical  Froude  number  ranges  from  Fu  =  0  for  zi  =  1  to  Fie  =  1-41  for  zi  =  ^  to 
Fie  — >  oc  for  zi  — >  0.  These  values  can  be  compared  against  studies  of  the  steady  critical 
withdrawal  of  a  two-layer  fluid  through  a  line  sink  at  the  base  of  the  duct,  for  which  limited 
results  axe  available.  Huber  (1960)  used  approximate  methods  to  show  that  when  zi  —  ^ 
the  critical  Froude  number  is  Fie  =  1.66,  which  is  in  reasonable  agreement  with  (6).  When 
the  upper  layer  is  infinite,  or  equivalently  zj  ^  0  while  hi  remains  finite,  the  average 
velocity  qfh  approaches  zero.  In  this  limit  Hocking  (1991a)  used  an  integral  equation 
approach  which  suggested  that  the  critical  Froude  number  was  F^  =  0.42.  This  was 
supported  by  experimental  evidence  from  Hocking  (1991b)  of  a  value  of  Fu  =  0.38.  The 
hypothesis  here,  is  that  in  this  limit  (5)  fails  due  to  the  neglect  of  nonlinear  effects.  This 
is  apparent  if  it  is  noted  that  for  a  linearly  stratified  fluid  with  constant  upstream  energy 
Long  (1953)  showed  that  the  full  nonlinear  steady  problem  reduces  to  a  linear  equation 
for  the  perturbation  streamfunction.  Therefore,  the  linear  model  of  Pao  &  Kao  (1974)  is 
able  to  predict  the  point  of  critical  withdrawal,  since  nonlinear  effects  axe  insignificant. 
However,  for  general  stratifications  nonlinear  effects  are  important  and  cannot  be  ignored. 

Our  intention  here  is  to  use  weakly  nonlinear,  long-wave  theory  to  study  the  effect  of 
nonlinearity  on  critical  withdrawal.  In  §2  the  appropriate  equations  are  outlined,  and  in 
§3  these  are  used  to  study  the  specific  problem  of  the  critical  withdrawal  of  a  two-layer 
fluid  from  a  line  sink  at  the  base  of  the  duct. 


2  Critical  withdrawal  in  the  long,  weakly  nonlinear  limit. 

It  is  apparent  from  the  discussion  of  §1  that  the  problem  of  critical  withdrawal  is 
dependent  on  the  behaviour  of  the  first  mode,  as  this  is  the  fastest-propagating  mode.  If 
the  first  mode  can  propagate  upstream  then  selective  withdrawal  will  occur,  if  not,  then 
uniform  withdrawal  will  occur.  The  behavioiur  of  this  mode  will  be  dependent  on  the 
forcing  at  the  boundary  and  the  potential  flow  in  the  interior  of  the  duct.  As  no  other 
modes  propagate  ahead  of  it,  the  first  mode  can  be  considered  in  isolation  from  the  other 
modes  and,  also,  the  upstream  flow  is  imiform  over  the  height  of  the  duct.  To  examine  the 
effect  of  nonlinearity  on  critical  withdrawal  we  will  assume  that  the  first  mode  is  weakly 
nonlinear  and  of  long  wavelength,  which  allows  the  behaviour  to  be  studied  analytically. 
The  limitations  of  this  approach,  are  that  firstly  we  are  restricted  to  small  amplitudes, 
and  secondly,  as  the  flow  in  the  vicinity  of  the  sink  is  radial,  rather  than  horizontal, 
the  solutions  will  not  accurately  describe  the  behaviour  in  this  region.  We  will  refer  to 
the  amplitude  near  the  boundary,  however  it  must  be  remembered  that  the  solutions  are 
invalid  in  this  region. 

To  derive  the  governing  equations  for  the  first  mode  shear  front  we  consider  a  two- 
dimensional,  incompressible,  stratified  fluid  contained  in  a  duct  of  constant  depth  h,  for 
which  viscosity  and  diffusivity  are  negligible.  A  Cartesian  co-ordinate  system  (hr,  hz)  is 
defined,  where  x  is  the  horizontal  direction  and  z  is  the  vertical  direction,  vrith  z  =  0 


3 
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being  the  base  of  the  duct  and  z  =  1  the  undisturbed  height  of  the  fluid.  The  undisturbed 
density,  p(z) ,  is  used  to  define  the  buoyancy  &equency 


This,  in  turn,  is  used  to  define  the  Boussinesq  parameter 


(6) 


/3  = 


(7) 


where  JV  is  a  characteristic  value  of  N.  As  the  fluid  is  weaJdy  stratified  ^  The 

time  is  defined  as  N~H  and  the  undisturbed  horizontal  velocity  of  the  fluid  is  Nhu,  It 
has  been  shown  by  many  researchers  that  weakly  nonlinear,  long  internal  waves  in  this 
environment  will  satisfy  the  Korteweg-de  Vries  (KdV)  equation.  Following  Grimahaw 
(1984),  for  waves  with  amplitude  0(e)  and  horizontal  wavelength  where  e  is  a 

small  parameter,  it  can  be  shown  that  the  density  p  and  horizontal  velocity  u  will  satisfy 


p(x,  a,  t)  =  p(z  -  A(x,  t)<i>(z)  +  0(^)),  u(x,  z,  t)  ~  Nh(u  +  +  0{e^)),  (8) 

where  U  is  the  long-wave  speed  in  a  quiescent  fluid,  A  is  the  amplitude  of  the  wave  and 
^  is  its  permanent  vertical  stucture.  lu  the  limit  yS  — ♦  0,  and  satisfy'  the  vertical 
eigenvalue  problem 

AT* 

+  =  (9) 


with  ^  =s  0  on  z  0, 1. 

The  amplitude  can  then  be  shown  to  satisfy  the  KdV  equation 


Ax  -H  c/i*  -I-  rAAx  +  sA^sx  ~  0, 


(iO) 


where 


c  =  (7  d-  u. 


2fo<^ldz  ’ 


_Uln<i>^dz 

2So<f>ldz 


In  critical  withdrawal  the  velocity  in  the  duct  is 


(11) 


where  F  is  the  Froude  number.  In  the  long,  weakly  nonlinear  limit  of  this  problem  the 
motion  of  fluid  in  the  durt  will  be  described  by  (8)-(10),  where  A  and  <j>  are  respectively 
the  amplitude  and  verticcil  structure  of  the  first  mode  shear  firont.  However,  to  fully 
describe  the  behaviour  we  must  define  initial  and  boundary  conditions  for  the  shear  fronts. 
The  initial  condition  throughout  the  duct  and  the  boundary  condition  at  the  semi-infinite 
end  of  the  duct  are  both  that  the  amplitude  is  zero.  The  boundary  condition  at  z  =  0 
is  found  by  considering  the  velocity  at  this  point.  For  a  continuous  stratification  the 
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eigenvalue  problem  (9)  will  have  an  infinite  set  of  solutions,  Un  and  <^„ .  The  amplitude 
at  the  boundary,  A,  can  be  estimated  by  assuming  that  the  velocity  is  the  sum  of  these 
modes  and  the  initial  flow.  At  r  =  0  the  fluid  must  flow  out  of  a  line  sinlc  at  height 
=  2q  ,  therefore  the  amplitudes  satisfy 


Nh 


-F  +  V  I  =  -f  d(2  -  2o), 
^  J  ^ 


(12) 


where  6{)  is  the  Dirac  delta  function.  Integrating  this  equation  once  and  using  the 
orthogonality  condition  for  the  modes  gives  the  amplitude  of  the  mode; 


F  N^(z  ~  Hjz  -  zo))4>ndz 

VuS^N^ldz 


(13) 


where  H{)  is  the  Heaviside  step  function.  Kcnce,  the  initial  and  boundary  conditions  for 
(10)  are 


A(x,  0)  =  0  X  >  Q, 

A(0,t)  =  Ai  lira  A,  A*  =  0,  t  >  0, 


(14) 


3  Critical  withdrawal  of  &  two-iayer  fluid. 

We  now  consider  the  application  of  the  general  formulation  for  critical  withdrawal  of 
§2  to  the  withdrawal  of  a  two-layer  fluid  through  a  line  oink  at  the  base  of  the  duct.  In 
this  case  xo  =  0  and  the  thermodiae  is  at  2  =  21,  therefore,  the  buoyskucy  frequency  is 

iV*  =  )^*d(2-2i).  (15) 


This  is  simply  the  limit  as  e  — ♦  0  of  the  continuous  stratification 


iV2  = 


2e 


sech^ 


(16) 


Since  only  the  iveakiy  nonlinear  limit  is  being  considered,  the  following  results  will  only 
be  valid  for  j2o  —  2i|  -C  1.  We  will  limit  our  discussion  to  2i  <  5,  however,  the  upper 
limit  of  this  is  not  strictly  valid.  For  the  stratification  (15)  it  can  be  shown  that  the  modal 
structure  is 


2^1(1  -  2)/(l  -  2l)  2  >  2i, 

2  2  <  21, 


(17) 


and  the  free  long-wave  speed  is  (2i(i  —  s'l))^^*.  Thus  the  long-wave  speed  is 


C  =  (2,(1  -2i))3  -  R 
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(18) 
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The  nonlinear  and  dispersive  coefficients  for  the  KdV  equation  are 


s  =  i(zi(l-^i))t,  (19) 

and  the  amplitude  of  the  shear  front  is 

=  (20) 

where  Fi  is  defined  by  (4).  Note  that  this  amplitude  can  also  be  derived  by  assuming 
that  if  the  shear  front  can  propagate  away  from  the  sink,  it  will  adjust  the  uniform  fiow 
over  the  height  of  the  duct  to  a  uniform  flow  over  the  height  of  the  lower  layer,  with  a 
stagnant  upper  layer.  For  the  two-layer  fluid  this  is  a  more  realistic  formulation  than  the 
formulation  for  a  continuous  stratification  of  §2. 

The  solution  of  (10)  and  (14)  is  primarily  dependent  on  the  sign  of  rAi .  For  rAi  <  0 , 
as  is  the  case  when  Zi  <  the  nonlinear  effect  is  negative  and  solutions  have  been 
presented  by  Marchant  &  Smyth  (1991).  If  c>  — rAi  they  showed  that  for  large  t  linear 
dispersion  will  not  be  important,  and  therefore,  the  solution  of  (10)  is  well  approximated 
by  the  solution  to  hydraulic  approximation  to  (10)  (i.e.  the  term  Axxx  is  neglected), 
which  is 

0  x>  ct, 

-  (c  +  rAi)t  <x  <  ct,  (21) 

ri  r 

rAi  a;  <  (c-f  rAi)t. 

When  c  <  0  Marchant  &  Smyth  (1991)  showed  that  as  waves  cannot  propagate  away 

from  the  boundary,  the  solution  v/ill  rapidly  become  steady,  and  is  given  by 


A  =  ^  cosech*  *  (a;  -b  xo). 


(22) 


•I 

I 


f 


where 


In  the  range  0  <  c  <  — rAi  no  solution  was  found,  however  an  approximate  solution  can 
be  constructed.  Away  from  the  boundary  nonlinear  dispersion  will  again  dominate  for 
large  t,  therefore  the  solution  will  be  (21),  however  this  will  not  satisfy  the  boundary 
condition  at  x  =  Q,  where  linear  dispersion  must  be  reintroduced.  Since  (21)  is  only  valid 
for  large  t,  we  can  assiune  that  the  solution  in  the  boundary  region  will  be  steady.  Hence, 
we  can  write 

(23) 


A  =  A'{x)  -b 


0 


x>  ct, 


X  c 

— - X  <ct. 

rt  r 
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Figure  1;  Two  solutions  of  (10)  and  (I4)  for  c  =  3,  r  =  —6,  5  =  1,  Ai  =  1  and  t  =  5. 
The  solid  line  is  the  approximate  solution  given  by  (2S)  and  (25),  while  the  dashed 
line  is  the  numerical  solution  of  the  full  equations. 

Near  the  boundary  this  second  part  of  A  will  be  approximately  equeii  to  — c/r ,  in  which 
case,  to  leading  order,  A'  satisfies 


with 

A'(0)  =  Ai  +  -,  hniA',A;  =  0 

r  x~-*oQ 

This  has  the  solution 


(1  +  (— ra/12s)3a:p’ 

where  q  =  Ai  + 

r 

An  example  of  this  approximate  solution  to  (10)  is  shown  in  figure  1,  together  with  the 
equivalent  numerical  solution  of  (10).  The  numerical  solution  is  obtained  using  the  finite- 
difference  method  of  Chu  et  ai.  (1983).  The  discrepency  between  the  two  solutions  at 
large  x  in  the  region  of  the  front  is  due  to  the  fact  that  hneax  dispersion  is  ignored  away 
from  the  boundary  in  the  approximate  solution.  As  time  increases  the  front  propagates 
further  away  from  the  boundary,  and  thus  for  very  large  t  the  solution  A  will  consist  of 
a  constant  level  away  from  the  boundary  of  height  —c/r,  with  a  dispersive  solution  near 
the  boundary  to  match  this  to  the  boundary  condition. 


(24) 


(25) 
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With  the  problem  of  two-layer  withdrawal  this  intermediate  solution  can  be  thought 
of  as  a  partial  shear  front,  as  it  will  modify  the  uniform  upstream  flow,  but  will  not  lead 
to  selective  withdrawal  from  the  lower  layer.  The  final  solution,  which  has  greater  velocity 
in  the  lower  layer  than  the  upper  layer,  we  will  term  partial  withdrawal.  Therefore,  there 
are  three  withdrawsd  regimes:  for  c  <  0  uniform  withdrawal  occurs,  for  0  <  c  <  —rAi 
partial  withdrawal  will  occur,  and  for  c  >  — rAi,  when  the  full  shear  front  can  propagate 
upstream,  selective  withdrawal  will  occur.  It  can  be  shown  that  for  the  geometry  being 
considered  here,  pctrtial  withdrawal  will  occur  when  the  Froude  number  satisfies' 


2(1 -^i)"  .  „ 


(26) 


It  can  be  seen  that  the  upper  limit  for  is  equal  to  (5),  the  value  found  using  the  criteria 
of  Kao  (1976).  When  =  |  the  upper  and  lower  limit  are  equeJ  and,  therefore,  the  point 
of  critical  withdrawal  is  Fi  «  1.41 ,  in  agreement  with  Kao  (1976).  This  is  due  to  the  fact 
that  r  =  0  and,  hence,  nonlinear  effects  are  insignificant.  'WTien  ►  0  the  lower  limit, 
which  is  the  point  of  critical  withdrav-'a!,  is  Fi  =  | ,  which  is  now  in  reasonable  agreement 
with  the  results  of  Hocking  (1991a,b). 
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Abstract 

Previous  analyses  of  density  intrusions  indicate  that  only  relatively  thin 
intrusions  are  allowed  in  order  to  satisfy  a  momentum  balance  at  the  current  head. 
These  constraints  can  be  relaxed  somewhat  by  various  modifications  to  the  basic 
theory,  but  are  inconsistent  with  experiment^  observations  indicating  intrusions 
that  occupy  nearly  the  entire  fiow  depth  can  be  produced.  An  alternate  theory  of 
density  current  propagation  does  not  possess  these  restrictions  on  intrusion  layer 
thickness  and  provides  a  more  satisfactory  explanation  of  experimental 
observations.  New  experimental  results  Eire  presented  to  corroborate  this 
interpretation. 

Intnodudiesi 

The  propagation  of  density  intrusions  has  been  previously  analyzed  with  a 
variety  of  one-dimensional  analyses  which  predict  the  propagation  velocity  as  a 
function  of  the  layer  thickness  and  density  difference.  Most  are  based  on  the  work  of 
Benjamin  (1968),  who  formulated  a  momentum  balaiice  in  a  frame  of  reference 
moving  mth  the  front.  He  showed  that  energy  dissipation  must  generally  be 
present  at  the  density  current  head  and  assumed  that  it  was  confined  to  the 
continuous  layer  above  the  density  current.  Benjamin  also  showed  that  the 
requirement  for  no  energy  gain  in  direction  of  the  flow  limited  the  intrusion 
thickness  to  no  more  than  one-half  the  total  flow  depth.  He  also  suggested  a  more 
restrictive  criterion  that  the  relative  thickness  could  not  exceed  0.S47;  this  was  later 
shown  by  Kranenburg  (1978)  as  a  necessary  condition  for  maintenance  of  tiie 
discontinuity  (shock)  at  the  density  current  firont.  Wright  (1986)  observed  density 
currents  with  thicknesses  considerably  in  excess  of  either  one  of  these  limits.  The 
analysis  by  Kranenburg  (1978)  also  considered  the  possibility  of  energy  loss  within 
the  density  current  bead;  this  allows  for  a  greater  intrusion  thickness  while  still 
retaining  the  requirement  for  maintenance  of  the  shock.  Wright,  et  al  (1990) 
showed  that  a  large  variation  in  Kraneisburg's  energy  loss  coefficient  is  necessary  to 
explain  experimental  observations.  Subsequently,  Kranenburg  (1993)  proposed  a 
revision  to  his  original  model  and  suggested  tiiat  a  constant  loss  coefficient  would  be 
adequate  to  describe  most  observations.  It  can  be  shown  that  Krauenburg's  revised 
model  also  requires  a  nonconstant  loss  coefficient  both  for  original  experiments 
by  Wright  (1986)  and  in  additional  experiments  conducted  since  that  time.  It  is  also 
found  that  the  condition  for  maintenance  of  the  shock  does  not  hold  for  some  of  the 
recent  experimental  results.  These  results  are,  however,  consistent  with  the 
minimum  energy  model  proposed  by  Wri^t,  et  al  (1990). 
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Expciunental  Beeutts 

Most  previous  studies  have  ouly  reported  visual  layer  thicknesses  and 
observed  front  speeds.  The  present  experiment;^]  rosultj?  include  measurement  of 
the  vertical  density  profile  behind  the  current  head  in  addition  to  observed  frontal 
speeds.  Figure  1  presents  a  general  schematic  of  a  density  current.  Uf  is  the  front 
speed,  hi  is  the  intrusion  thif.ltneRg  behind  the  currer.c  head  and  H  is  the  total  depth. 
Velocities  relative  to  the  current  head  are  required  since  previous  models  analyze 
the  flow  in  a  frame  of  reference  moving  vrith  the  intruaion.  Ci  is  the  approach 
velocity  when  the  current  head  is  brought  to  rest,  whi'u  C2  is  the  upper  layer  velocity 
in  the  gamp  frame  of  reference.  Prom  Fig.  1,  Ci=  Uf  -  o/H  and  =  Uf  -  C|2/h2  with  q 
=  qi  +  q2i  qi  tlie  intrusion  discharge,  and  qs  the  flow  in  the  continuous  layer  above 
the  intrusion  (positive  if  in  the  same  direction  as  the  density  current).  Additional 
parameters  used  in  the  discussion  below  are  the  discharge  ratio  Qr  =  q2/Qi  ai^d  the 
relative  intrusion  thickness  q  =bi/H.  The  following  definitions  for  the  layer 
properties  are  made  from  the  measured  experimental  data; 

H 

g’hf  =  Jg^<iy  (1) 

0 

0 

qi=  Ufhf  (3) 

q2  =  q  •  qi  (4) 

Here  is  the  deiisity  difierence  between  the  intruding  and  ambient  fluids  and  y  is 
distance  from  the  botmdary  along  which  the  intrusion  propagates. 


Figure  1.  Schematic  of  Density  Current. 

Experimental  results  for  density  currents  were  presented  by  Wright  (1986)  for 
both  counter-flows  (qr  <  0)  and  co-flows  (qr  >  0).  This  investigation  focused  on  mixing 
in  dense,  horizontal  disc^ges  and  the  density  currents  resulted  from  initiation  of 
the  dense  discharge  along  the  horizontal  channel  bottom.  The  density  fsxcess  was 
created  by  chilling  salt  water;  racks  of  thermistor  probes  at  selected  locations  along 
the  channel  provided  continuous  recoz*^  of  vertic^  density  distribution  with  time. 
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The  channel  configuration  involved  an  overflow  weir  at  the  downstream  end  to 
maintain  a  constant  depth  so  there  was  a  net  throughflow  in  all  experiments. 
However,  the  mixing  in  the  source  discharge  produced  an  upstream  flow  in  the 
ambient  fluid  to  satisfy  the  entrainment  demand.  Later  experiments  included  an 
ambient  fluid  flow  created  with  a  redrculating  pump;  the  near  source  mixing  s^ 
resulted  in  a  net  upstream  flow  in  many  of  thie^  experiments.  The  experimental 
design  did  not  allow  for  large  variations  in  qr  but  many  of  these  experiments 
involved  quite  large  values  of  q,  up  to  a  mpTiTnim'  of  0.8. 

Upon  analysis  of  this  original  sot  of  data,  it  became  dear  that  more  useful 
results  could  be  obtained  by  minimising  the  near-source  mixiug  and  varying  qr  over 
a  wider  range.  An  additio^  series  of  experiments  were  performed  with  smt  water 
intrusions  in  a  10  m  long  flume  equipped  with  a  pump  to  circulate  the  fluid  in  the 
upper  layer.  An  overflow  weir  at  one  end  of  the  flume  was  used  to  control  the  water 
levd.  By  locating  the  salt  water  discharge  at  one  or  the  other  end  of  the  flume,  both 
co-flows  or  counter-flows  could  be  establi^ed.  The  qr  ratio  could  be  easily  controlled 
with  thia  experimental  configuration.  Zero  recirculating  pump  discharge  resulted 
in  the  commonly  studied  cases  of  starting  flow  (qr  =  0)  and  lock  exchange  flow  (qr  = 
-1)  vdth  the  discharge  gate  at  the  opposite  or  same  end  of  the  channel  as  the 
overflow  weir.  Density  profiles  were  measured  approximately  1  m  behind  the 
density  current  head  at  a  location  4-5  meters  downstream  &om  the  discharge  gate; 
there  the  density  current  was  well  defined  and  the  influence  of  ^e  large  stor^g 
vortex  formed  as  the  flow  was  initiated  was  no  longer  apparent.  Results  from  th^ 
experiments  were  previously  reported  by  Wright,  et  al  (1990).  Li  general,  it  was 
difficult  to  produce  large  values  of  q  with  this  experimental  configuration. 

A  final  set  of  experiments  similar  to  these  is  now  underway  in  which  the 
discharge  gate  has  been  modified  in  an  attempt  to  produce  larger  values  of  q. 
Preliminary  results  have  been  obtained  for  starting  and  lock  exchange  flows  wi^ 
future  experiments  to  be  performed  with  the  recirculating  pump  in  order  to  vary  qr 
over  a  wider  range.  It  has  still  been  difficult  to  produce  large  density  current 
thicknesses  without  also  allowing  near  source  mixiug,  so  future  experiments  may 
also  require  this  additional  modification. 

Backgrauod 

Kraneuburg's  (1978)  modification  of  Beqjamin's  (1968)  analysis  gives  the 
density  current  speed  as  a  function  of  the  fractional  layer  thickness  as 

q(l-q)(2-q) 

■  Vl+q+k(l-q) 

where  k  is  a  loss  coefEicient  estimated  by  Kranenburg  to  have  a  magniutude  of  0.6. 
Eq.  (5)  is  derived  from  a  momentum  balance  in  the  relative  frame  of  reference 
moving  with  the  current  head  and  with  the  assumption  that  the  nose  of  the  density 
current  at  the  channel  bottom  is  a  stagnation  point.  It  also  requires  the  assumption 
that  energy  dissipation  at  the  densify  current  head  witl^  ^  intruding  layer  is 
given  by  kpCi^/Z.  Kranenburg  (1993)  modified  the  dissipaticn  term  by  adding  an 
additional  term  which  be  deduced  to  take  the  form 


AE  =  |[^k  Ci2  +  {1+k)Ci  g-j 


(6) 
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so  long  as  the  boundary  layer  effects  for  flow  over  the  boundary  along  which  the 
intrusion  propagates  can  be  neglected.  Regardless  of  which  expression  is  used,  the 
effect  is  to  predict  a  slower,  thicker  density  current  for  a  given  source  condition. 
This  is  consistent  with  experimental  observations  in  that  Bem'amin’s  analysis 
predicts  larger  than  observed  propagation  velocities  for  misdble  intrusions. 

In  order  to  completely  analyze  density  current  propagation,  Kim  and  Wright 
(1987)  attempted  to  define  limits  on  physic^y  admissible  ^utions;  an  example  is 
the  constraint  by  Beitjamin  (1968)  that  the  requirement  of  no  energy  gain  in  the 
direction  of  flow  limits  solutions  to  p  £  0.5.  Kranenburg  (1978)  developed  a  criterion 
that  requires  the  flow  in  the  layer  above  the  density  current  to  be  subcritical,  or  at 
most  criticel  with  respect  to  the  density  current  itself: 


^  _(Uf  -U2)2  . 
g’hz  g'h2  ^  ^ 


(7) 


Eq.  (7)  is  necessary  in  order  to  maintain  a  sharp  intrusion  front.  Benjamin's 
solution,  Eq.  (6)  with  k  =  0,  satisfies  Eq.  (7)  so  long  as  is  less  than  0.S47.  Choosing 
a  positive  value  for  k  in  either  Eq.  (5)  or  (6)  results  in  a  larger  admissible  value  of  q. 
However,  Wright  (1986)  showed  that  steady  density  currents  with  q  far  in  excess  of 
0.347  coiild  be  produced  (a  maximum  value  of  0.8  was  obtained  in  those  experiments 
and  this  was  apparently  only  limited  by  the  experimental  conditions  selected). 
Kranenburg  (1993)  suggested  a  value  for  loss  coefficient  k  of  0.6  and  presented  a 
comparison  with  the  data  from  Wright  (1986)  to  partially  justify  this  choice. 
Howevei',  the  manner  in  which  the  comparison  was  made  was  misleading  in  that 
his  resulting  expression  for  Ci  was  used  to  solve  for  the  intrusion  thickness  q  while 
substitutij^  observed  intrusion  thicknesses  for  some  terms  in  the  solution.  Leaving 
the  intrusion  thickness  as  a  computed  variable  in  all  terms  results  in  mudi  less 
satisfactory  agreement  between  observed  and  predicted  layer  tbii-lmoHBaB  Solving 
Kranenburg's  expression  for  individual  values  of  k  for  each  experiment  (using 
observed  fiiwt  velocities  and  layer  thicknesses)  resulted  in  one  value  in  excess  of  100 
for  an  experiment  that  was  considered  to  be  verification  of  the  analysis;  several 
other  experiments  indicate  k  values  an  order  of  magnitude  greater  than  0.6.  A 
presentation  of  the  k  values  estimated  from  Eq.  (5)  for  Iho  data  (^Wright,  et  al  (1990) 
is  presented  in  Fig.  2  as  a  function  of  qr  while  the  k  values  considering  the  energy 
loss  as  given  by  Eq.  (6)  are  presented  in  Fig.  3.  This  large  and  apparently  systematic 
variation  in  the  loss  coefficient  raises  the  possibility  that  either  an  alternate 
expression  for  the  energy  loss  is  required  or  that  the  density  current  propagation  is 
controlled  by  some  other  principle. 

These  approaches  fail  to  adequately  describe  the  observed  density  current 
propagation  for  cases  of  relatively  strong  co>flow  as  experimental  observations 
indicate  that  density  cmtents  propagate  much  more  slowly  than  predicted  by 
Beqjamin's  theory  and  a  large  loss  coefficient  is  necessary  to  describe  the 
experimental  results.  Also,  large  q  experiments  tend  to  require  larger  loss 
coefficients.  This  finding  led  Wright,  et  al  (1987)  to  forsake  the  momentum  balance 
at  the  density  current  head  and  to  suggest  that  the  density  current  propagation 
v^odty  is  constrained  to  be  no  greater  than  the  long  wave  speed  of  an  intenadal 
disturbance.  The  notion  behind  this  concept  requires  that  enei^  dissipation  at  the 
current  head  adjusts  to  the  level  necessary  to  satisfy  this  conmtion,  in  which  case 
the  loss  coefficient  must  vary  consistently  with  qr  and  q.  However  further 
investigation  for  the  strong  co-flow  results  indicated  t^t  the  density  currents  were 
supercritical  in  an  absolute  firame  of  reference  although  not  nearly  as  much  as 
required  by  Eq.  (5)  or  the  equivalent  modification  utilizing  Eq.  (6).  This  observation 
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led  to  an  alternate  derivation  of  a  "critical''  flow  state  by  minimizing  the  total  energy 
flux  in  the  two  layer  flow  subject  to  the  requirement  that  the  total  depth  remain 
constant  across  the  intrusion  firont  (Wright,  et  al,  1990).  In  terms  of  the  density 
current  propagation  speed  Ci,  this  analysis  yidds 


[l-(l+qr)Tl] 


V 


(1  -11)3  -qr3tl3 


(8) 


Eq.  (8)  has  been  found  to  describe  experimental  results  for  intrusions  in  miscible 
fluids  and  has  the  advantage  that  no  empirical  coefficients  are  required  to  fit 
observations.  In  particular,  the  need  for  a  highly  variable  loss  coefficient  as 
indicated  in  Figs.  2  and  3  is  obviated.  Wright  (1986)  suggested  that  Eq.  (7)  could  be 
appUed  as  a  general  constraint  without  regard  to  the  application  of  the  momentum 
balance.  £q.  (7)  (satisfying  the  equality)  can  be  rewritten  in  terms  of  Ci  as 


-Qi , , 
Va'H 


>/(l-q)3 


0) 


Wright,  et  al  (1990)  suggested  that  whichevei-  of  Eqs.  (5),  (8),  or  (9)  predicts  the  most 
severe  constraint  on  dra^ty  current  propagation  (i.e.  the  slowest  propagation  speed) 
would  prescribe  the  intrusion  characteristics.  However,  the  data  from  Wright 
(1986),  particularly  for  co-flows  and  large  q  appear  to  contradict  this  assumption. 
There  is,  however,  considerable  scatter  in  ^  experimental  results  and  this  led  to 
the  current  round  of  experimentation  in  an  attempt  to  resolve  this  issue. 

Initial  data  were  collected  in  a  starting  flow  (qr  =  0)  configuration  with 
an  attempt  to  collect  data  that  be  constrained  by  Eq.  (9).  Kranraiburg  (1993) 
suggested  that  density  currents  with  a  thickness  greater  than  that  prescribe  by  Eq. 
(9)  would  be  unsteady  and  subsequently  collapse  to  a  smaller  q  in  order  to  attain  a 
steady  fiontal  condition.  However,  this  was  not  observed  in  the  experiments  and  the 
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Figure  2.  Loss  coefGdent  vs.  qr  for  Kronenburg's  (1978)  model  computed  fiom  data 
from  Wright,  et  al  (1990). 
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qr 


Figure  3.  Loss  coeMdent  vs.  qr  for  Kranenburg's  (1993)  model  computod  from  data 
from  Wright,  et  al  (1990). 

propagation  conditions  were  more  or  less  constant  along  the  length  of  the  channel. 
All  density  currents  are  subject  to  bottom  and  interfadal  shear  and  thus  slow  down 
as  they  propagate  alotig  a  horizontal  channel.  Although  this  eifect  is  relatively 
small,  it  does  complicate  the  interpretation  of  whether  a  density  current  would  be 
steady  in  the  absence  of  shear  effects.  However,  the  presentation  of  distance  vs.  time 
observations  in  Fig.  4  for  typical  intrusions  that  are  supposedly  constrained  by  Eq. 
(9)  compared  to  those  that  are  not  indicates  that  the  two  situations  are  not 
discemibly  different  with  regard  to  the  unsteadiness  of  the  flow. 

Another  way  of  examining  the  results  is  in  terms  of  the  uou-dimensional 

propagation  velocity  Ci/Vg'H  .  The  predictions  of  Eqs.  (5)  (with  k  *0),  (8),  and  (9) 
are  presented  in  Fig.  5  along  with  the  data  from  Wright,  et  al  (1990)  and  the  mirrent 
experimental  results  for  both  qr  =  0  and  -1.  Using  the  d^initions  of  qi  And  q2  in 
Eqs.  (3)  and  (4)  makes  the  starting  flow  qr  valiies  subtly  less  than  zero  and  not  the 
same  in  all  experiments  while  the  lock  exchange  flow  data  are  for  qr  exactly  equal 
to  -1  with  this  definition.  These  results  indicate  that  the  density  current  propagation 
speed  is  not  independent  of  the  ambient  velocity  as  required  by  Eq.  (5).  Although  the 
expression  of  the  energy  loss  by  Eq.  (6)  mnlmB  Ci  dependent  on  the  ambient  v^odty, 
the  presentation  in  Fig.  3  indicates  that  a  variable  loss  coefficient  is  required  to 
describe  the  experimental  results.  The  general  trends  predicts  by  Eq.  (S)  are  quite 
well  indicated  by  these  data,  especially  considering  the  uncertainties  introduced  by 
the  non-uniform  velocity  and  density  profiles.  An  additional  finding  from  the 
present  experiments  is  that  Eq.  (9)  apparently  does  not  provide  a  constraint  on 
density  current  propagation  as  initially  hypothesized.  Hiis  conclusion  is 
preliminary  due  to  tim  limited  range  of  experimental  conditions  investigated,  but 
the  expeximental  results  do  follow  tire  predictions  of  Eq.  (8)  beyond  the  limits  of  ti 
imposed  by  Eq.  (9).  A  sunilar  conclusion  was  obtained  by  Wright  and  Paez- 
Hivadeueira  (1994)  in  a  re-anrlysis  of  the  data  by  Wright  (1986).  That  interpretation, 
however,  was  hampered  by  tue  scatter  in  l^t  data  set.  The  cizrrent  data  are  for  a 
much  more  limited  range  of  Qr  and  q  values  but  are  for  more  carefully  controlled 
discharge  conditions. 
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Figure  4.  Typical  density  current  propagation  histories  for  starting  flows:  a.)  p 
greater  than  Eq.  (9)  prediction;  b.)  n  less  than  Eq.  (9)  prediction. 


Figure  5.  Experimental  data  for  non-dimensional  density  ctirrent  propagation 
speed  compared  to  various  tinalyses. 

The  data  in  Fig.  6  do  indicate  that  Eq.  (5)  may  be  valid  when  it  predicts  a 
slower  propagation  speed  than  Eq.  (9).  This  is  reasonable  since  the  faster 
propagation  speeds  pr^cted  by  Eq.  (9)  would  require  a  negative  loss  coefficient  or 
an  energy  gain  at  the  intrusion  front.  Since  this  would  not  be  physically  possible,  it 
appears  that  Eq.  (5),  possibly  with  a  small  loss  coefficient  should  describe  the  de^ty 
current  propagation.  Because  of  some  uncertainties  in  the  experiments  of  Wright, 
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et  al  (1990),  additional  experiments  will  be  performed  for  strong  counter-flows  to 
more  clearly  delineate  tins  issue. 

The  experimental  results  presented  in  this  paper  serve  to  confirm  that 
Benjamin's  (1968)  momentum  balance  is  not  generally  a  usefiil  model  for  analyzing 
density  current  propagation.  In  particular,  density  currents  with  thickness  in 
excess  of  the  limits  proposed  by  I^njamin  can  be  created.  Although  Bepjamin's 
imalysis  can  be  modified  by  consideration  of  energy  dissipation  at  the  density 
current  head,  this  formulation  requires  a  variable  loss  coefficient  in  order  to 
reproduce  experimental  results.  Aim,  the  constraint  on  the  maximum  intrusion 
thiclcwftfta  suggested  by  Bjranenburg  (1978)  appears  not  to  govern  density  current 
propagation  for  moderate  co-flows  and  counter-flows.  On  the  other  hand,  a 
formulation  based  on  minimum  energy  principles  describes  the  present  as  well  as 
previous  experimental  results.  The  o^y  exception  appears  to  be  for  strong  counter¬ 
flows  in  which  Benjamin's  momentum  balance  prescribes  a  slow  propagation 
velocity  than  the  minimum  energy  formulation.  Additional  experimentation  is 
underway  to  more  thoroughly  investigate  this  issue. 
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Abstract 

The  experimental  and  numerical  analyses  of  fiow  development  caused  by  the  in¬ 
jection  and  withdrawal  of  multiple  fluid  layers  in  a  stratifled  environment  are 
presented.  The  injection  of  positively,  neutral  and  negatively  buoyant  fluid  lay¬ 
ers  was  studied  experimentally  ai7.d  an  analytical  approach  was  developed  which 
considers  temperature-stratified,  salinity-stratified  and  doubly-stratified  environ¬ 
ments.  A  comparison  of  experimental  and  numerical  data  ohowed  good  agreement. 
The  present  experimental  and  numerical  analyses  demonstrate  the  feasibility  of 
injecting  and  withdrawing  several  buoyant  layers  while  preserving  stable  density 
stratification  in  a  double-diffusion  environment,  such  as  would  be  found  in  a  solar 
pond. 

I.  Introduction 

Laminar  or  transitional  (from  laminar  to  turbulent)  jets  have  not  been  investigated 
widely  because  flows  inside  and  around  a  jet  are  usually  tm'brdent.  However,  in 
a  few  particular  cases  laminar  flow  is  needed  in  order  to  provide  desirable  fiow 
conditions  and  maintain  ambient  fluid  stratification  (e.g.,  Kaghozchi,  1988).  One 
particular  application  is  the  injection  of  a  laminar  jet  or  system  of  laminar'  jets 
as  proposed  for  advanced  solar  pond  (ASP)  technology  (e.g.  Osdor,  1984;  Rubin 
auu  oeuipurtwi,  rifo'j)  in  oruer  lo  increase  solar  pona  emciency.  Creaiion  ana 
maintensmee  of  a  so-called  stratified  flowing  layer  (SFL)  in  the  bottom  part  of 
the  solar  pond  gradient  zone  requires  the  simultaneous  injection  of  several  flowing 
layers  of  different  temperature  and  salinity. 

Only  a  few  experimental  studies  are  available  on  laminar  jet  injection  and  these  sure 
concerned  with  a  salinity  stratified  environment  (Manias,  1976;  Maxworthy,  1972). 
Flow  visualization  from  these  studies  shows  that  jets  with  moderate  Reynolds 
numbers  ( J?c  =  U d/ v)  propagate  without  significant  vertical  spreading,  which  is 
obviously  suppressed  by  the  stratification.  Therefore,  ambient  fluid  entrainment 
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into  the  jet  body  is  low  and  molecular  diffusion  is  the  basic  phenomenon  whicli 
characterizes  the  transport  of  properties  across  the  jet  boundary.  Tests  were  not 
conducted  for  temperature  or  double-diffusive  (D-D)  stratification.  In  particular, 
the  SFL  of  an  ASP  has  ’’diffusive”  D-D  stratification  and  phenomena  associated 
with  this  condition  should  be  considered.  In  suidition,  the  injection  and  simultane¬ 
ous  withdrawal  of  a  system  of  laminar  layers  has  not  been  investigated  sufficiently 
and  it  is  not  clear  a  priori  how  this  type  of  system  should  operate. 

In  the  present  research  an  experimental  study  was  conducted  to  evaluate  the  be¬ 
havior  of  a  laminar  two-dimensional  horizontal  jet  or  system  of  several  jets.  It 
was  desired  to  determine  the  influence  of  buoyancy  force,  double-diffusive  effects 
and  simultaneous  operation  of  (horizontal)  injection  and  withdrawal  procedures 
on  jet  flow  in  single  (temperature  or  salinity)  and  D-D  stratified  environments.  A 
numerical  model  based  on  a  Lagrangian  approach  was  also  developed  and  tested 
in  order  to  simulate  the  propagation  of  the  jet  front.  Some  results  from  this  study, 
particularly  related  to  single  jets,  are  described  by  Priven  (1993)  and  Priven  et 
al.  (1994a,  1994b).  Results  relevant  to  the  present  paper  may  be  summarized  as 
follows: 

a)  a  stable  flowing  laminar  neutrally  buoyant  (with  respect  to  ambient  strati¬ 
fication  at  the  injection/witbdrawal  level)  layer  can  be  created  and  maintained 
without  significant  mixing  between  the  layer  and  ambient  fluid; 

b)  any  difference  between  injected  and  ambient  fluid  properties  (at  the  iiyection 
level)  leads  to  vertical  movement  of  the  jet,  causing  flow  to  the  withdrawal  port 
to  be  limited  to  a  relatively  restricted  re^on  above  and  below  its  location;  as  a 
result,  the  thickness  of  the  jet  increases  due  to  nrixing  with  surrotmding  fluid  and 
ambient  stratification  may  be  affected; 

c)  horizontal  injection  of  a  neutrally  buoyant  D-D  jet  into  a  D-D  stratified  envi¬ 
ronment  will  exhibit  vertical  motion  unless  the  jet  properties  are  the  same  as  the 
corresponding  properties  of  the  .surrounding  fluid;  the  jet  deviation  (from  horizon¬ 
tal)  in  this  case  has  a  double-diffusive  nature  and  depends  on  the  magnitude  of 
the  salinity  or  temperature  deficit;  and 

d)  the  Lagrangian  approach  provides  a  simple  and  effective  means  for  calculating 
jet  trajectory. 

The  present  study  extends  the  analyses  of  Priven  et  al.  (1994a,  1994b)  to  exam¬ 
ine  multiple  layer  injection.  The  single-jet  results  indicated  that  the  withdrawal 
procedure  was  a  critical  factor  in  determining  resulting  flow  patterns.  This  was 
particularly  true  for  D-D  jets.  In  the  present  study  multiple  laminar  jet  injection 
into  a  salinity-stratified  environment  is  examined.  Flow  observations  are  reported 
in  Section  3  and  the  applicability  of  the  numerical  model  to  the  multi-injection 
system  is  discussed  in  Section  4. 


2.  Experimental  Set-up  and  Procedure 

The  laboratory  set-up  consisted  of  a  flume  whose  length,  width  and  depth  were 
320  cm,  60  cm  and  100  cm,  respectively.  The  entrance  unit  contained  a  aeries 
of  outlet  ports,  or  slots.  Each  slot  was  56.0  cm  wide  and  2.0  cm  high,  and  flows 
to  each  slot  were  monitored  with  a  system  of  flowmeters.  The  main  withdrawal 
port,  6.0  cm  high  and  v/ith  the  same  width  as  the  entrance  slots,  was  positioned 
at  the  downstream  end  of  the  flume.  The  vertical  dimensions  of  the  outlets  were 
calculated  on  the  basis  of  Imberger’s  (1972)  experimental  study  of  two-dimensional 
sink  flow.  The  system  was  operated  in  such  a  v/ay  that  the  the  total  outlet  flow 
was  always  equal  to  the  total  inlet  flow. 

A  linear  ambient  gradient  was  set  up  by  slowly  flUing  the  tank  in  a  series  of 
thin  layers  in  which  different  salinities  (and  temperatures,  if  a  D-D  gradient  was 
desired)  were  determined  by  controlling  the  discharges  from  tanks  with  different 
concentrations  (and  temperatures).  Density  gradients  were  measured  by  slowly 
withdrawing  fluid  samples  at  a  given  height  and  measuring  specific  grarity  with  a 
hydrometer.  The  experimental  uncertainty  in  the  density  measrirements  was  1.0 
kgm~^.  The  injection  and  filling  discharges  were  measured  by  flowmeters  with 
an  estimated  ewcuracy  of  2%.  Temperature  profiles  were  measured  by  using  16 
thermocouples  fastened  on  a  fiberglass  bar  and  connected  to  a  data  logging  unit. 
Calibration  of  temperature  measurement  showed  that  the  expected  accuracy  is  ± 
O-S^C.  Rirther  details  of  the  experimental  set-up  and  procedures  may  be  found 
in  Priven  (1993). 


3.  Experimental  Observation 

For  purposes  of  illustration  of  the  essential  features  of  the  observed  flows,  two 
representative  tests  are  chosen,  termed  MJS2  and  MJS3.  Table  1  presents  the 
main  characteristics  for  each  of  these  experiments.  In  this  Table  Ap  =  Pa,i  —  Pj 
{kgm~^)  is  the  difference  for  each  sublayer  between  the  injected  fluid  density  (pj) 
and  the  density  of  the  ambient  fluid  at  the  iiyection  level  (p«,j),  Gp  (kgm~^)  is 
the  density  gradient,  Vj  (cmscc“^)  is  the  injection  velocity  for  each  sublayer,  t'r 
and  Re  are  the  Ftoude  and  the  Reynolds  numbers  for  each  sublayer,  respectively. 

Experiment  MJS2  was  characterized  by  injection  of  two  neutrally  buoyant  fluid 
layers  (1  and  3),  with  equal  flowrates.  The  injection  was  performed  from  the  upper 
and  the  lower  slots;  no  fluid  was  discharged  through  the  middle  slot.  Figure  la 
illustrates  the  propagation  of  both  jets  with  time.  Initially  the  two  fluid  layers 
flowed  with  the  same  velocity,  and  propagated  into  the  tank  at  the  same  distance. 
Later,  the  upper  fluid  layer  accelerated  and  started  to  move  more  rapidly  than 
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Slug  lengft  (cm) 


Table  1:  Said  layer  and  ambient  fiuid  properties 
the  lower  layer.  This  zicceleratioii  was  accompanied  with  a  corresponding  decreeise 
in  thickness  (about  2  cm,  compared  with  about  4  cm  for  the  lower  ’’slug”),  as  deter¬ 
mined  from  photographs  of  the  flow.  Therefcre,  although  both  fluid  layers  were  in¬ 
jected  into  the  same  stratified  environment  with  the  same  velocities,  both  with  neu¬ 
tral  buoyancy,  the  characteristics  of  the  fluid  propagation  for  the  two  jets  were  dif¬ 
ferent.  I'his  behavior  is  assumed  to  be  a  direct  result  of  the  selective  nature  of  the 
withdrawal  procedure. 


Elapsed  time  (sec)  Elapsed  time  (sec) 


Fig.  L  Slug  length  versus  elapsed  time  for  MJS  experiments,  a)  MJS2;  b)  MJS3 

Similar  results  are  shown  in  Figure  lb  for  experiment  MJS3,  where  the  velocity  of 
the  upper  fluid  layer  was  kept  smallei-  than  the  velocity  of  the  lower  layer  (0.5  cm/s 
<uid  0.6  cm/s,  respectively).  Fiuid  was  discharged  in  the  .same  manner  as  in  the 
previous  experiment.  The  upper  layer  had  neutreil  buoyancy,  while  the  lower 
layer  density  was  somewhat  smaller  than  the  ambient  density;  this  modification 
was  introduced  to  force  the  jets  to  flow  parallel  and  as  close  to  each  other  as 
possible.  Both  figures  show  the  development  of  slug  length  consistent  v/ith  a  result 
by  Maxworthy  (1972),  which  correlates  laminar  slug  length  with  time  as  I  =  t^^^. 
Our  experiments  show  that  this  prediction  is  cojTect  at  least  in  the  region  where 
jet  flow  is  not  influenced  by  the  end  wall  and  withdrawal  port.  After  that  point 
the  slug  propagation  is  slower.  Figure  2a  shows  flow  visualization  for  experiment 

4 


I 

! 

f 


! 

1 


ynw 


Fig.  2.  Flow  visuaIiza.tioB  for  experiment  MJS3.  &)  dye  trace  movement  during 
injection  (region  close  to  the  entrance  unit);  b)  jets  close  to  the  withdrawal  port. 

MJS3  in  the  region  close  to  the  entrance  port.  Here,  two  sharp  velocity  profiles 
indicate  that  the  layers  were  not  mixed.  F^om  Figure  2b  it  is  apparent  that  the 
jets  flow  without  any  mixing  at  the  region  close  to  tbs  withdrawal  port  (at  right 
edge  of  photo).  As  in  the  previous  experimental  run,  after  about  83.0  seconds 
the  lower  layer  has  moved  about  100.0  cm,  while  the  upper  layer  has  moved  about 
80.0  cm  (see  Fig.  lb).  It  may  be  interesting  to  note  that  the  thidaress  of  the  upper 
layer  was  about  2.0  cm,  while  the  lower  layer  thickness  changed  from  2.0  cm  at  the 
injection  to  about  3.0  cm  at  the  end  of  the  iiyection  process.  Comparison  with  the 
experiments  for  single  jet  injection  and  withdrawal  indicates  that  the  upper  layer 
essentially  behaved  as  a  neutrally  buoyant  fluid  injection  (Priven  et  al.,  1994b). 
Instead,  the  lower  layer  behaved  like  a  fluid  layer  of  negative  buoyancy  which  could 
not  leave  the  tank  and  as  a  result  its  thickness  increased.  Therefore,  even  if  the 
upper  layer  had  a  lower  initial  velocity,  it  accelerated  and  this  may  be  explained 
by  existing  conditions  at  the  withdrawal  port. 
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4.  Numerical  Model 

A  mathematical  model  was  developed  earlier  (Piiven,  ( 1993),  Priven  et  al.,  (i994a)) 
to  analyze  the  general  behavior  of  a  low  Re,  two-dimensi''uai  buoyant  jet  in  a  strat¬ 
ified  water  body.  The  model  routes  the  injected  flrnd  layer  through  the  domain 
of  interest  by  solving,  in  a  local  reference  firame,  the  equations  of  conservation  of 
mass  flux,  momentum  flux,  beat  and  salinity  flux.  The  model  assumes  pressui’e 
variations  from  hydrostatic  to  be  negligible,  and  includes  entrainment,  diffusion 
and  dissipation  terms.  In  this  framework  the  equations  expressing  conservation  of 
mass  flux,  momentum  flux,  heat  and  salinity  fluxes  are: 


mass  (continuity) 


^(ed|v|)  =  2a^a|v| 


(1) 


momentum 

-^[&d\v\v^]  =  -2^CD\vf~ 

■^[ed\v\vy]  =  -2^(70 1 +  9  dg 
heat  and  solute  transport 

^igd\v\T)  =  2ag,MT,  - 

~(gd\v\C)  =  2ccga\v\Ca  -  2g,Kc^^  ^  — 


(2a  -  6) 


(3a  -  b) 


were  ^  is  the  axis  of  the  local  reference  system,  kx  and  ks  are  the  thermal  and 
solute  diffusivities,  g  is  density,  d  is  jet  thickness,  a  is  an  entrainment  coefficient. 
The  set  of  equations  (1-3)  is  completed  by  the  following  equation  of  state: 


ff(T,  C)  ^go[l-  lh{T  -  To)  +  0c{C  -  C*.)]  (4) 


where  /Sr  and  /3c  are  the  thermjil  and  solutal  expansion  coefficients,  respectively, 
and  subscript  o  refers  to  a  reference  state.  Eqs.  (1-3),  together  with  eq.  (4), 
represent  a  nonlinear  system  of  six  equations  in  the  six  unknowns  Vx,  Vy,  d,  T 
and  C.  The  fluid  layer  is  discharged  at  vertical  position  Yj ,  with  jet  width  dj ,  initial 
velocity  Vj,  temperatrure  Tj  and  solute  concentration  Cj.  The  fluid  is  injected 
into  an  ambient  environment  with  linear  temperature  and  solute  concentration 
gradients  Gt  and  Gc,  respectively. 

The  numerical  model  was  validated  with  results  obtained  from  experiments  on 
single  laminar  jet  injections  into  temperature,  salinity  or  D-D  stratified  environ¬ 
ments.  Comparison  of  numerical  and  experimental  results  demonstrated  the  ca¬ 
pability  of  the  numerical  model  to  correctly  simulate  the  jet  trajectory  (Priven, 
1993).  However  this  model  does  not  simulate  an  ambient  flow.  Figure  3  shows 
the  Jet  trajectory  and  density  development  for  an  initially  nonbuoyant  jet  injected 
into  D-D  stratified  environment.  The  injected  fluid  had  lower  temperature  and 
salinity  concentration  than  the  ambient  fluid,  though  the  jet  was  initially  at  the 
same  density  as  the  ambient  environment.  Therefore,  entraimnent  should  not 
be  important  immediately  after  injection,  however,  some  vertical  deviation  is  ex¬ 
pected  due  to  diffusive  effects.  As  seen  in  Figure  3a,  the  jet  starts  to  deviate 
at  a  distance  of  about  1.0  m  and  at  the  same  distance  density  decreased  due  to 
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heat  flux  across  the  jet  boundary.  At  a  distance  of  100.0  rn  the  jet  trajectory  and 
density  variations  were  stabilized.  In  the  case  of  a  system  of  layers  turbulent  mix¬ 
ing  between  the  layers  should  not  occur  except  perhaps  in  the  region  close  to  the 
injection  slot,  where  momentum  flux  is  important.  Downstream,  only  D-D  effects 
should  influence  the  jet  flow.  Therefore,  it  is  suggested  that  in  the  case  of  initially 
nonbuoyant  jets  the  current  model  developed  for  single  discharges  may  be  used 
to  simulate  the  system  of  multiple  injection  by  simply  running  the  model  concur¬ 
rently  for  each  jet.  Several  simulations  of  this  type  have  been  run  for  three  parallel 
neutrally  buoyant  jets,  but  further  work  is  needed  to  investigate  buoyancy  effect. 


Dist&ncft  (cm) 


Fig.  3.  Numerical  simulation  of  initially  nonbuoyant  iaminax  D-D  jet  injected 
into  D-D  stratified  environment,  a)  Jet  trajectory;  b)  density  variation 

5.  Conclusions 

The  experiments  have  shown  that  a  system  of  multiple  laminar  flowing  fluid  layers 
can  be  created  and  maintained  in  a  stratifled  environment  without  significant 
mixing  between  the  layers.  Some  mixing  may  be  expected  near  the  entrance  when 
the  injected  fluid  is  not  at  the  same  density  as  the  ambient  fluid,  due  to  buoyancy. 
In  the  case  of  double-diffusive  stratification  some  vertical  movement  and  mixing 
is  expected  at  some  distance  d  wnstream  of  the  entrance,  due  primarily  to  the 
relatively  fast  diffusion  of  heat.  The  initial  propagation  of  the  injected  layers 
follows  t®/®,  as  first  suggested  by  Maxworthy  (1972).  However,  the  propagation 
speed  decreases  as  the  flow  approaches  the  far  wall  and  here,  the  .specific  location 
of  the  withdrawal  slot  has  an  important  effect  on  the  downstream  flow’  patterns. 

It  was  found  that  the  flow  pattern  of  the  multiple  injection  system  was  basically 
similar  to  that  of  single  layer  injection.  Therefore,  the  numerical  model  developed 
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for  single  jets,  based  on  the  Lagrangian  approach  for  routing  the  leading  front 
of  the  discharge,  should  be  applicable  for  multiple  injection,  by  solving  the  model 
concurrently  for  each  individual  discharge.  This  is  useful  for  design  and  simulation 
of  ASP  operations.  Optimal  control  of  the  multiselective  injection  procedure  re¬ 
quires  that  the  withdrawal  port  should  be  designed  so  that  fluid  may  be  withdrawn 
from  any  depth  within  the  stratified  flowing  layer.  This  characteristic  will  proba¬ 
bly  have  to  be  accomplished  bj'  providing  each  layer  with  a  separate  withdrawal 
port  and  a  separate  pumping  system. 
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AXlSYMMETRiC  INTRUSION  IN  A  STRATIFIED  FLUID 
Nikolas  E.  Kotsovinos 
Democritus  University  of  Thrace, 

67100  Xanthi, Greece 

1.  INTRODUCTION 

A  number  of  environmental  flows  can  be  approximated  by  the  flow  of  a 
buoyant  plume  in  stratified  environment,  e.g.  the  flow  from  a  sewage 
outfall  in  a  stratified  sea,  or  the  flow  from  a  chimney  in  a  stratified 
atmosphere.  In  those  cases,  the  buoyant  plume  rises  as  high  as  its 
momentum  and  buoyancy  will  carry  it  and  then  It  spreads  horizontally  at 
its  neutral  level. 

Previous  experimental  studies  of  horizontal  spreading  due  to 
continuous  release  of  a  constant  flow  rate  refer  I)  to  axisymmetric 
surface  spreading  of  a  buoyant  fluid  in  homogeneous  non-moving  ambient 
fluid  (e.g.  Chen  and  List  (1976),  Lister  and  Kerr  (1989))  ii)  to  the 
spreading  of  a  heavy  fluid  on  the  bottom  of  a  light  fluid  reservoir  (e.g. 
Didden  and  Maxworthy  1982,  Britter  1979,  Huppert  1982)  iii)  to 
two-dimensional  intrusion  in  a  stratified  fluid  due  to  a  fitiite  volume 
release  at  neutral  level  (Cerasoii  1978,  Maxworthy  1972).  To  our 
Knowledge,  the  only  available  experimental  results  which  represent  the 
axisymmetric  intrusion  in  a  stratified  fluid  due  to  continuous  inflow 
are  those  of  Zatsepin  and  Shapiro  (1982),  who,  however,  study  only  the 
viscous-buoyancy  regime  of  the  intrusion. 

Theoretically, the  axisymmetric  lateral  growth  of  the  submerged 
spreading  In  a  stratified  environment  has  been  studied  by  Chen 
(1980) .Zatsepin  and  Shapiro  (1982),lvey  and  Blake  (1985), Didden  and 
Maxworthy  (1982), and  Lister  and  Kerr  (1989). 

All  these  Investigators  find  that  at  large  times  there  is  a 
balance  between  the  interfacial  \^scous  forces  and  the  buoyancy  (  or 
pressure  )  forces  and  that  at  this  regime,  the  radius  R(t)  of  the 
spreading  layer  increases  with  time  t  as  V'^.  For  smaller  times 
inertia  forces  are  important  and  therefore  there  must  bo  an  asymptotic 
regime  wfiich  Is  characterized  by  a  balance  of  the  Inertia  and  buoyancy 
forces;experimental  data  do  not  exist  for  this  r^ime  but  theoretical 
studies  predict  that  in  this  regime  R(t)  -  t*^  ,where  m»l/2 

according  to  Ivey  and  Blake  'h85),  m==2/3  according  to  Chen  (I980),and 
in»3/4  according  to  Didden  and  Maxworthy  (1982).  One  of  the 

contributions  of  this  paper  is  to  clarify  this  conflict  for  the  proper 
radial  growth  in  the  inerto-buoyancy  regime  . 

2.  ANALYSIS  OF  THE  PROBLEM 
2.1  Continuity  equation 

It  is  assumed  that  the  buoyant  plume  impinges  violently  its  neutral 
stability  level,  overshoots  and  then  descends  and  spreads  horizontally 
(see  Figure  1).  It  is  reasonable  to  distinguish  two  regions  i)  the 
impingement  region  within  the  control  volume  ABCD  where  the  flow  is  in 
general  very  turbulent  and  is  characterized  by  a  lot  of  entrainment  and 
il)  the  main  spreading  region  which  is  outside  the  control  volume  ABCD. 
On  the  average  the  entrainment  in  the  region  ABCD  is  proportional  to  the 
flowrate  Q  so  that  in  general  the  radial  (horizontal)  volume  flux  is  cQ 
where  c  is  a  constant  larger  than  one  which  depends  on  the  flow  and 
stratification  paramoters.l'his  constant  clearly  tends  to  one  whet;  the 
buoyant  plume  impinges  with  very  small  vertical  momentum  Its  neutral 


density  level  and  increases  with  increasing  the  verticai  impinging 
momentum.  The  flux  of  the  entrained  fluid  in  the  spreading  layer 
outside  the  region  ABCD  (  see  Rg.  1)  is  a  small  fraction  of  the 

flowrate  cQ  and  therefore  we  may  assume  that  to  the  first 

approximation  the  conservation  of  mass  gives: 

Volume  of  spreading  fluid  outside  the  control  volume  ABCO  =  cQt 

If  we  assume  that  the  typical  vertical  and  horizontal  extent  of  the 
intruding  fluid  are  H  and  R  respectively,  then  the  continuity  equation 

gives  Q 

-  Qt  (2.1) 

2.2  VERTICAL  MOMENTUM  EQUATION 
By  integrating  the  vertical  component  of  the  momentum  equation  over 
the  spreading  patch  and  by  neglecting  small  terms  (i.e.  change  of 

vertical  inertia)  we  obtain  the  physically  expected  result  that  the  total 

weight  of  the  slug  balances  the  total  pressure  force  vtrhich  acts  on  the 
slug  surface  S,  i.e. 

Pg  gngdV  =  p(x)n(x)  dS  (2.2a) 

■*V  "  -*3 

where  pg()^  is  the  density  at  any  point  3^  within  the  slug  and  p(3^  is 

the  pressure  at  any  point  ^  at  the  interface  of  the  slug  due  to  the 
hydrostatic  ambient  pressure  ;  n(x)  is  the  unit  vector  perpendicular 
to  the  surface, and  n2(x)  is  its  vertical  component.  Since  the 

hydrostatic  ambient  pressure  depends  on  the  ambient  density  profiie  ( 
and  the  depth),  it  is  clear  that  equation  (2.2)  imposes  a  relationship 
between  the  density  of  the  slug  and  the  ambient  density. 

Although  the  density  withh  the  slug  Is  not  known,  we  may  assume  that  to 
the  first  approximation  the  density  v^in  the  slug  varies  linearly  with 
the  depth.  It  is  assumed  also  that  the  ambient  density  varies  also 
linearly  with  the  depth,  so  that  it  is  easy  to  integrate  equation 
(2.2)  in  a  slug  of  constant  depth  H  and  radius  R  (see  Rgure  2)  to  find 
the  following  relationship  between  the  ambient  and  slug  densities: 

Pau  Pat  =  Pu  +  P|  <2.3a) 

where  and  p^i  are  respectively  the  densities  of  the  ambient  fluid 

at  ti-ie  upper  and  lower  interfadai  layer  of  slug,  and  p^  and  P|  are 

respectively  the  densities  at  the  upper  and  lower  interfadai  layer 
within  the  slug.  Similar  equations  to  equation  (2.3a)  can  be  found  for 
various  combinations  of  ambient  and  slug  density  profiles.For  example 
assuming  that  the  density  of  the  fluid  in  the  slug  is  constant  and 
equal  to  and  linear  ambient  st'’aWfication  .then  it  is  easy  to 

find  that 

Ps  Pu  “P|  ’^Pai'^Pau  (2.3b) 

it  is  interesting  to  notice  that  equation  (2.3a)  implies 
that 

Pal’PrPu'Pau  Pal^Pi  Py^Pau 

i.8.  the  upper  region  withiti  the  slug  has  a  density  smaller  than  the 
density  of  the  ambient  fluid.  This  is  interesting  because  it  Indicates 
that  the  upper  region  of  the  slug  is  locally  In  unstable  stratification 
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i.e.  the  gradient  Richardson  number  is  negative, but  the  lower  region 
is  in  stable  stratification.  Probably  this  explains  why  visual 

observations  indicate  that  the  lower  region  of  the  slug  is  smoother 
than  the  upper  region. 

Following  Barenblatt  (1978)  and  assuming  linear  densities 
profiles  within  the  slug  and  in  the  ambient  fluid  ,  it  is  easy  to 
calculate  the  pressure  distribution  inside  and  outside  the  slug  and  the 
excess  horizontal  pressure  force  witich  drives  the  spreading  : 

Fp~  p-gH^R  (2.4) 

where  p'  »  (p^^  -  Pg^]/  6  (2.5a) 

The  horizontal  pressure  force  F^  which  drives  the  intrusion  is 

usually  called  ‘buoyancy  *  force  .and  it  is  due  to  the  ‘squeezing* 
vertical  forces  exerted  on  the  upper  and  lower  horizontal  surfaces  of 
the  slug. 

Assuming  linear  ambient  density  stratification  but  constant 

density  p.  within  the  slug, then  tiie  driving  buoyancy  force  is 

given  again  by  equation  2.4  with 
P’“(Pa|-Pau  (  2.5b) 

2.3.  HORIZONTAl.  MOMENTUM  EQUATiON-SCAUNQ  ANALYSIS 

The  methodology  that  we  will  follow  to  find  the  asymptotic 
growth  rate  of  the  radius  R(t)  with  time  Is  based  on  the  balance  of  the 
forces,  'which  drive  and  retard  the  flow.  Similar  methodology  has  bean 
used  previously  by  Chen  and  List  (1976)  and  Oidden  and  Maxwoilhy 
(1978)  . 

The  forces  which  drive  the  flow  are  two:  the  Initial  radial 
momentum  Mp  flux  out  of  the  control  volume  ABCD  (see  Fig.1)  and  the 

pressure  force  Fp.The  forces,  which  retard  the  flow  aie  also 

two:the  inertia  of  the  slug  fluid  and  the  Intertaclai  drag  which  is 
exerted  by  the  ambient  fluid  on  the  intruding  fluid. 

Subsequently  we  find  tlie  scaling  of  the  above  mentioned  forces, 
where  the  continuity  equation  (2.1)  has  been  considered  and  where  the 
typical  horizontal  velocity  U  within  the  intrusion  Is  given  by  R/t, where 
t  is  the  time  .We  assume  that  t-0  vrhen  the  vertical  plume  reaches  its 
neutral  density  level. 

F|  »  rate  of  change  of  the  inertia  of  the  fluid  within  the 
slug  -0(p„R^Ht'^-0(p,.RQf^)  (2,5) 

S  3 

Fp  -  pressure  force  =  0(p’gH^R)=  0(p’gQ^R'®t^  (2.6) 

-  laminar  interfacial  shear  force  - 
“"0(MR^H'‘'f^)  »  0(pR^Q'^  (2.7) 

We  consider  below  the  following  four  regimes  of  the  radial  growth  R(t) 
under  the  balance  of  the  corresponding  driving  and  retarding  forces: 
i)  First  regime: 

large  radial  momentum  flux  Mp  and  small  times  t  ;in  this  regime  the 

flow  is  similar  to  the  radial  momentum  jot  and  on  dimensional  analysis  we 
find: 


R^(t)  -  ,  (2.8)  where  is  an  experimental  constant, 

ii)  Second  regime: 

balance  of  radial  momentum  flux  and  the  inertia  force  F| 
where  C2  is  an  experimental  constant 

iii) Third  regime: 

balance  of  the  pressure  (buoyancy  )  force  F^and  the  inertial 
force  Fj  :  i.e.  Fp  «  Fj,  so  that  we  obtain; 

RgCt)  -  C3  (p’gQ/Pg)^/^  t®^'^  (2.10) 

where  Cg  is  an  experimental  constant. 

iv)  Fourth  regime; 

balance  of  the  buoyancy  driving  force  Fp  and  the  retarding 
interfacial  shear  force  f=sh- 

i.e.  R4(t)  -  C4{p’ goVps  (2.11) 

where  is  an  experimental  constant. 

Therefore,  the  radial  submerged  axisymmetric  spreading  is 
characterized  by  four  regimes.  Subsequently  we  describe  experiments 
conducted  to  tost  the  above  asymptotic  laws. 

3.  EXPbTtlMENTAL  PROCEDURE 

A  well  organized  series  of  approximately  100  experiments  were 
performed  to  make  possible  the  appearance  of  all  possible  regimes  in  the 
radial  growth  history.  For  this  purpose  we  varied  considerably  the 
Initial  parameters  and  the  ambient  stratiftcation  and  we  conducted  the 
experiments  In  three  different  tanks  of  dimensions  respectively  a) 

lOOcmXIOOcm  by  30cm  deep  b)  120cmX120cm  by  60cm  deep  and  c)  270cm  by 
480an  by  200cm  deep.  Tap  water  and  commercial  salt  was  used  to 
stratify  the  tank,  in  such  away  that  the  stratified  fluid  essentially 
consisted  of  throe  layers:a  top  layer  and  a  bottom  layer  with 

oonstant  densities  p.^  and  pg  respacUvely  and  an  intermediate 

pycnollne  layer  in  which  the  density  increased  linearly  with  the 
depth  from  p.|  to  .  The  intrusion  was  produced  by 

discharging  colored  tap  water  of  density  «  1gr/cm^  at  constant  volume 

flux  (measured  using  a  calibrated  flowmeter)  at  the  bottom  of  the  tank 
through  a  pipe  of  dii^eter  D,  which  varied  between  0.2  crn  to  1 .25  cm.  The 
constant  input  volume  flux  varied  from  0.2  to  65  cm'^/sec  (i.e.  almost 

three  orders  of  magnitude)  and  the  Initial  Reynolds  number  from  63  to 
6800.  The  initial  densimetric  Froude  number  varied  from  1.5  to  200. 

The  spread  of  the  buoyant  plume  at  its  neutral  level  was  monitored 
using  a  video  camera.  The  time  from  a  large  digital  watch  was  also 
recorded.  For  small  Reynolds  numbers,  tiie  spreading  interface  was 
smooth,  although  not  always  axisymmetric.  For  larger  Reynolds  numbers 
(i.e.Re>  the  visual  appearance  of  the  intrusion  was  characterized  by 
instability  waves.We  calculated  the  area  A  within  the  contour  of  the 
spreading  patch  at  tlnrw  t  using  a  digiflzer  Interfaced  to  0  personal 
computer.  The  moan  radius  n(t)  of  the  contour  at  time  t 
was  calculated  from  the  relation 

R{t)  -  /Tin  (3.1) 


The  Brurit-Valssala  frequency  was  calculated  by  the  relation 
N  -  (■Q(P,  -  Pj  /  PyHj 

In  these  experiments  varied  N  from  0.06  to  4  sec'\ 

4.  EXPERIMENTAL  RESULTS  -DISCUSSION 

For  each  experiment  the  radius  R(t)  of  the  spreading  slug  was 
determined  using  Equ.  3.t  and  plotted  as  a  function  of  time.  Typical 
results  are  shown  In  Figures  2,3.4  showing  the  four  regimes  and  the 
transition  between  these  regimes.  It  can  be  seen  in  Figure  2  that  there 
Is  a  .^l-deflned  region  in  which  the  radius  R(Q  at  small  times  growths 
like  v'^  (regime  of  radial  jet)  and  then  the  next  regime  of  with  slope  t 
^pears.  .  '  -  ;  - 


' .  In  Fig.  3  K/jt  can  be  seen  the  transition  of  the  inertia-l^yancy 
regime  (Rg~  r'*  to  viscous-buoyancy  regime  (R^-  \ In  some 

experiments  the  combination  of  the  Initial  parameters  was  such  that  the 
regime  R2(f}~t  collapsed  and  the  transition  occurred  from  the  radial 

let  regime  (R.|~  to  inertia  -  buoyancy  regime  (Rg-  t®^^,  as  is 

indicated  in  Rgure4-  If  Is  also  pointed  out  that  for  ‘small*  Reynolds 
numbers  at  the  jet  exit  (or  for  small  input  volume  fluxes)  the  radial 
momentum  Is  negligible  and  the  regimes  R^,  Rg  and  Rg  could  not  be 

observed;  In  ti^caee  the  only  observed  regime  Is  the  viscous-buoyancy 
regime  R^-  v'^,  as  indicated  in  Figure  6.  All  the  experiments  of 

Zatsepin  and  Shapiro  (1982)  clearly  belong  to  this  regime. 

The  driving  horizontal  radial  momentum  is  larger  than  the  driving 

buoyancy  force  when 


M  f 

M  >  p’gH^R  or  for  t^  <  t  /e 


It  is  therefore  apparent  that  when  the  (driving)  radial  momentum  is 
small  the  first  two  regimes  R^  and  Rg  can  not  be  observed.  For  t>t.j  the 

dominant  driving  force  Is  the  pressure  force  F^  ,and  the  balance  of 

forces  gives  either  the  regime  Rg~  t®^**  or  the  regime  R^-  t^^^. 

The  length  R^  and  time  T^  scales  which  separate  the  inertia-buoyant 

regime  Rg  from  the  viscous-buoyant  regime  R^are  given  respectively  by 


R  .  \  V 

n  ~  Q 

L  {p'oav'*/Pg)j 


.  (p’gQv/Pg), 
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Abstract 

Standing  internal  waves,  so-called  seiches,  are  ubiquitous  in  reservoirs  and  lakes. 

While  the  stratihcation  in  such  basin  is  often  continuous,  the  modeling  of  seiches 
has  been  confined  mostly  to  two-layer  models.  Such  models  arc  unable  to  give 
reliable  insights  about  the  vertical  structure  of  the  seiches,  which  might  be  crucial 
for  the  understanding  of  vertical  mixing  in  natural  water  basin.  To  obtain  this  knd 
of  informations  a  2-dim.  computer  model  has  been  developed,  which  takes  both  the 
continuous  stratification  and  the  bottom  topography  into  account.  The  results  of 
this  model  are  presented.  The  computed  seiche  modes  reveal  that 

i.  several  large  scale  modes  can  exist  with  similar  eigenfrequencies; 

ii.  the  modes  have  a  tendency  to  develop  narrow  jets; 

ill.  only  the  lowest  modes  are  strongly  influenced  by  the  bottom  topography. 

1  Introduction 

Standing  internal  waves,  so-called  internal  seiches,  are  nearly  omnipresent  in  reservoirs 
and  lakes.  Most  of  these  are  gravity  waves,  for  which  gravity,  or  more  specifically  buoyancy 
is  acting  as  the  restoring  force.  For  a  medium  sized  lake  internal  seiches  have  typically 
periods  of  hours  and  amplitudes  of  several  meters. 

Due  to  the  large  amplitudes,  internal  seiches  axe  important  for  various  processes  in 
lakes.  They  cause  a  periodic  vertical  displacement  of  the  suspended  biomass  and  thus  a 
periodic  variation  in  the  light  intensity  to  which  algal  cells  are  exposed  (Gaedke  and  Schim- 
mele  [2]).  The  bottom  currents  associated  with  internal  seiches  can  enhance  dissolution 
and  remobilization  of  nutrients  by  transporting  the  products  of  bacterial  decomposition 
away  from  the  sediment-water  interface  into  the  bulk  water.  The  shear  field  associated 
with  bottom  currents  can  lead  to  small-scale  turbulence,  which  is  able  to  resuspend  ma¬ 
terial  from  the  sediment  (Gloor  et  al.  [4]). 

To  study  the  influence  of  bottom  topography  on  the  vertical  structure  of  internal 
seiches  in  lakes  a  two-dimensional  numerical  model  has  been  developed.  The  vertical 
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structure  of  seiches  is  well  known  for  lakes  with  constant  depth,  i.e.,  lakes  with  a  rect¬ 
angular  cross-section.  In  this  case  the  vertical  shape  of  the  seiche  is  easily  computed  by 
separating  the  horizontal  and  vertical  coordinates.  If  the  depth  varies,  as  is  always  the 
case  in  nature,  such  a  separation  of  horizontal  and  vertical  structure  is  no  longer  possible. 

There  are  indications  that  the  influence  of  bottom  topography  on  the  seiche  modes 
is  substantial.  As  internal  seiches  are  a  special  form  of  internal  gravity  waves  they  are 
obliged  to  the  same  reflection  laws  as  internal  gravity  waves.  Now  the  reflection  of  internal 
gravity  waves  off  a  sloping  boundary  is  quite  peculiar.  It  is  not  the  angle  between  the 
incident  wave  and  the  lake  bottom  which  is  conserved  upon  reflection,  but  the  angle 
between  the  wave  number  vector  and  the  vertical.  Furthermore,  neither  the  modulus  of 
the  wavenumber  nor  the  amplitude  of  the  wave  is  conserved.  If  the  slope  angle  of  the 
bottom  is  close  to  the  angle  between  the  wave  number  vector  of  the  reflected  wave  and 
the  horizontal,  both  the  wave  number  and  the  amplitude  of  the  wave  undergo  strong 
amplification.  This  increased  amplitude  of  the  reflected  wave  increases  the  probability 
of  its  breaking.  Such  brealdng  of  internal  waves  is  believed  to  play  a  key  role  in  vertical 
mixing  processes  in  the  ocean  (Garrett  [3]). 

In  view  of  the  reflection  laws  of  internal  gravity  waves  what  is  the  shape  of  the  their 
standing  modes  in  a  basin  with  sloping  bottoms?  Bringing  some  light  to  bear  on  this 
question  has  been  a  major  motivation  for  the  present  study. 


2  The  model 


In  two  dimensions  (one  vertical,  one  horizontal)  the  governing  equation  for  a  stream 
function  0  of  free,  infinitesimal  internal  gravity  waves  in  a  hydrostatic  Boussinesq  fluid  is 


I 

dt^dz^  5x2 


-0. 


(1) 


Here  N  =  N{z),  t,  x  and  z,  denote  Brunt-Vaisala  frequency,  time  and  the  horizontal  and 
vertical  coordinates,  respectively.  Employing  the  rigid  lid  condition  eliminates  the  surface 
waves.  Then,  assuming  no  outflow,  the  boundary  conditions  for  V'  can  be  combined  to 


V'  =  0  at  the  boundary. 


(2) 


For  seiches  the  time  dependence  is  sinusoidal  ip  =  4>{x,z)  sin(wt),  which  yields  the  follow¬ 
ing  eigenvalue  problem  in  w  for  the  spatial  structure  of  the  stream  function: 


d^<p  w*  d^<p  _ 


with  =  0  at  the  boundary.  Note  the  hyperbolic  form  of  (3).  The  dispersion  relation 
following  from  (3)  is 


(4) 


with  k  =  {kx,  ky)  as  the  wave  number  vector.  In  a  rectangular  basin  the  waves  number 
vectors,  which  fulfill  the  boundary  condition  (2)  are  {kx,  A:,)  =  [ILn,  mDic)-,  l,m=  1,2,.... 
Inserting  this  in  the  dispersion  relation  yields  for  the  frequencies  of  the  seiche  modes 


(5) 
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This  shows  that  each  eigenfrequency  is  infinitely  degenerate,  because  (Jt}fnt,nm)  — 
any  n  —  1,2, —  Furthermore,  and  even  more  remarkable,  the  spectrum  is  dense  (in 
the  mathematical  sense)  on  the  positive  real  axis,  because  each  rational  number  can  be 
written  as  l/m  for  suitable  I  and  m.  The  frequencies  connected  with  large  scale  motion, 
i.e.  small  I  and  m  are  surrounded  by  small  scale  motion,  i.e.  large  I  and  m.  This  forms 
a  major  difficulty  to  find  the  desired  frequencies  of  modes  with  large  scale  motions.  The 
properties  of  the  eigenvalue  problem  (3)  prevents  the  usage  of  any  of  the  usual  numerical 
methods  to  solve  such  problems. 

We  discretized  the  domain  using  finite  differences  on  a  rectangular  grid,  which  was 
adjusted  to  the  stratification.  The  discretization  itself  filters  all  wavelengths  shorter  than 
twice  the  grid  spacing.  As  the  numerical  to  solve  (3)  we  either  used  the  QZ-algorithm 
(Moler  and  Stewart  [5])  or  the  Schur-Raleigh-Ritz  (SRR)  variant  of  inverse  vector  iteration 
(Stewart  [7]).  For  low  resolution  all  eigenvectors  were  computed  using  the  Q!2- Algorithm. 
The  eigeumodes  were  sorted  by  the  overall  shear  of  the  connected  flow  field.  This  way 
only  the  modes  with  the  largest  scale  motion  were  selected.  For  finer  resolution  and  to 
test  the  independence  of  the  eigenfraquencies  and  mode  structures  from  the  spatial  grid 
used  the  SRR  technique  was  used  toe  compute  the  eigenvectors  in  a  narrow  frequency 
interval.  For  more  information  see  Miinnich  [6]. 


3  Model  results 


3.1  Paraboiically  shaped  lake 

As  one  type  of  lake  with  non-constant  bottom  topography  we  choose  two  differently  scaled 
parts  of  a  parabola  to  model  a  typical  “bathtub-shaped"  basin.  Usually  the  thalweg  of  a 
lake  is  not  symmetric,  and  it  is  interesting  to  .investigate  how  this  as3'-mmetry  influences 
the  form  of  the  seiches.  The  different  scalings  of  the  sections  of  a  parabolas  are  used  to 
obtain  such  a  asymmetric  basin  and  to  allow  a  change  the  degree  of  the  asymmetry.  More 
specifically,  the  following  one-parameter  family  depth  function  Da{x)  is  used 


D,{x) 


-1  +  for  0  <  a:  <  a; 

-1  +  for  a  <  x  <  1. 


(6) 


Here  the  free  parameter  a  determines  the  asymmetry  of  the  basin.  Fig.  1  shows  the  largest 
scale  mode  for  increasing  asymmetry.  The  most  striking  result  is  the  constancy  of  the 
location  of  the  maximum  of  the  stream  function,  i.e.,  the  place  of  no  motion.  It  looks  as 
if  the  streamlines  of  the  modes  are  pushed  to  this  fixed  location  by  the  boundary,  leading 
to  an  accumulation  of  these  lines  near  the  lake  bottom.  If  this  is  true  in  reality  there 
would  be  a  “hot  spot”  of  mixing  in  this  region.  Another  feature  is  the  depth  of  the  node. 
It  is  not  situated  in  the  middle  of  the  lake,  as  is  the  case  for  a  rectangular  basin,  but  is 
shifted  towards  the  deeper  region.  To  our  knowledge  this  has  not  yet  been  observed  in 
nature,  but  we  must  remember  that  a  constant  stratification  throughout  the  whole  water 
body  is  quite  unrealistic.  Usually  there  is  one  maximum  of  N  in  the  upper  region  of  the 
lake. 

In  Fig.  2  the  some  large-scale  modes  for  a  =  0.3  and  shown.  Each  mode  is  numbered 
by  its  ranking  in  size  of  overall  shear  among  all  computed  modes. 
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Figure  1:  Streamlines  of  the  first  mode  for  a  parabolic  bottom  with  increasing  asymmetry.  The 
stratification  has  a  constant  buoyancy  frequency  N.  The  periods  T  are  scaled  by  the  VlHl 
mode  in  a  rectangular  basin.  The  asymmetry  parameter  a  is  defined  in  (6).  The  grid  resolution 
is  Uss  =  20  and  =  15.  Due  to  the  finite  resolution,  the  parabola  in  /  is  cut  off  before  it  reaches 
minimum. 
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Figure  2;  Some  large-scale  modes  for  a  parabolicaliy  shaped  lake  with  coustant  buoyancy 
frequency  N.  The  modes  are  sorted  as  explained  iu  Section  4.4.  The  order  which  the  mode 
obtained  is  indicated  in  the  title.  The  period  T  is  scaled  by  the  lowest  mode  (i  =  m  =  1)  of  a 
unit  rectangular  basin  with  constant  iV  =  1  stratification.  The  number  of  grid  points  vertically 
and  horizontally  is  —  tij  =  30.  The  asymmetry  parameter  is  a  =  0.3. 


Figure  3:  Higher  modes  for  a  parabolically  shaped  lake  with  constant  buoyancy  frequency  N 
and  asymmetry  parameter  a  —  0-4.  Resolution:  =  30. 

Modes  1  (Fig.  2o)  and  2  (Fig.  26)  have  nearly  identical  periods.  A  region  of  strong 
currents  near  the  bottom  is  associated  with  both  modes,  but  mode  2  has  nearly  no  motion 
in  the  upper  left  part  of  the  lake.  Both  modes  will  become  excited  by  winds  with  periods 
around  T  =  0.755.  Mode  1  will  have  a  stronger  amplitude  if  the  wind  is  blowing  uniformly 
over  the  lake,  v;hereaa  if  there  are  some  sheltering  eSects  which  lead  to  weaker  winds  above 
the  left  part  of  the  lake,  mode  2  might  be  dominant.  In  Fig.  2e,  mode  8,  with  a  similar 
period,  is  displayed.  This  mode  appears  to  be  similar  to  mode  1,  but  with  small-scale 
noise  superimposed  on  it. 

Mode  3  (Fig.  2  c)  is  easily  identified  as  the  analog  of  the  third  vei,tical  first  horizontal 
mode  in  the  rectangular  basin.  Modes  5  (Fig.  2J)  and  10  (Fig.  2/)  seem  to  be  two 
variants  of  the  second  vertical  first  horizontal  mode.  Both  have  appropriate  periods  and 
two  (large-scale)  extrema  in  their  stream  functions.  Mode  10  shows  some  small  scale 
noise,  as  does  mode  8. 

In  Fig.  3  the  rest  of  the  first  10  modes  are  displayed.  All  these  modes  are  rather 
unspectacular.  There  horizontal  or  vertical  cell  size  (v^ave  length)  is  small  enough,  that 
these  mode  aie  not  very  strongly  influence  by  the  basin  topography.  Only  the  flow  cell 
adjust  to  the  local  depth.  So  only  the  low-order  modes  with  space  scales  on  the  order  of 
the  size  of  the  basin  seem  to  be  strongly  influenced  by  the  bottom  topography. 

3.2  Two  basins  separated  by  a  sill 

Another  basin  form  often  found  in  nature  is  a  lake  consisting  of  two  (or  even  mors) 
basins  separated  by  sills.  As  the  deviation  of  such  a  profile  from  the  rectangu.lar  is  more 
pronounced,  we  should  also  expect  larger  differences  in  the  seiche  inodes. 

Up  until  now  we  used  a  constant  N  stratification,  whereas  the  buoyancy  frequence 
profiles  in  natural  reservoirs  usually  have  a  tharmocline,  i.e.,  a  pronounced  maximum  N 
in  the  upper  region.  For  this  reason  a  stratification  as  shown  in  Fig.  4  is  used  in  the 
following. 

For  the  bottom  topography  we  use  a  fourth-order  polynomial.  To  be  more  specific, 
we  use  the  one-parameter  family  of  depth  functions 
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Figure  4:  Stratification  used  in  the  following  seiche  calculations. 

and  choose  a  —  0.6,  which  gives  a  medium-sized  sill.  Fig.  5  shows  the  first  few  modes 
ordered  by  our  sorting  routine.  Whereas  the  first  three  modes  shown  in  Fig.  5  a  -  c  axe 
higher  modes,  it  is  the  4th  mode  which  we  tend  to  interpret  as  the  first  basin  mode.  This 
mode  has  some  interesting  features.  The  streamlines  accumulate  at  the  boundaries,  while 
the  interior  is  relatively  quiet.  At  the  two  ends  of  the  lake  the  streamlines  bend  into  the 
interior  at  a  depth  of  about  z  =  —0.3.  To  a  lesser  degree,  a  similar  bending  is  also  seen 
in  the  middle  of  the  uppermost  streamlines.  The  mode  is  quite  noisy,  and  one  might  tend 
to  believe  that  this  is  just  due  to  computational  flaws.  Even  though  we  do  not  think  that 
the  streamlines  are  reliable  in  all  details,  the  overall  pattern  was  found  for  different  grid 
resolutions  (see  below)  and  for  all  topographies  with  small  and  medium-sized  sills.  We 
therefore  believe  that  the  general  pattern  is  reliable. 

Mode  6  again  is  a  higher  vertical  mode.  The  last  mode  displayed  in  Fig.  5f,  mode  10, 
has  a  similar  period  as  mode  4.  It  can  be  interpreted  as  another  first  basin  mode.  In  this 
mode  we  see  again  that  the  streamlines  have  moved  together.  Like  mode  4  this  mode  is 
quite  noisy  but  here  the  tendency  of  the  streamlines  to  bend  into  the  interior  of  the  lake 
appears  to  be  stronger. 

In  Fig.  6  a  few  other  modes  and  their  shear  ranking  ace  presented.  As  we  have  already 
seen  in  Fig.  3,  for  such  higher  modes  the  structure  is  not  particularly  dependent  on  the 
form  of  the  topography.  Again  only  the  current  cells  adjust  their  size  to  the  local  width 
and  height. 


4  Conclusions 

Motivated  by  the  peculiarities  of  internal  waves  in  continuously  stratified  waters  and  by 
the  dominance  of  large  scale  standing  internal  waves,  i.e.,  seiches,  among  the  internal 
waves  in  lakes,  we  studied  the  influence  of  bottom  topography  on  the  vertical  structure 
of  internal  seiches. 

We  established  that  the  mode  spectrum  of  a  lake  with  continuous  stratification  is  dense 
for  a  rectangular  basin,  which  implies  that  such  a  lake  can  oscillate,  at  least  in  principle,  at 
any  frequency  whatsoever.  The  reasons  why  lakes  still  show  distinct  resonant  frequencies 
due  to  seiche  motion  are  presumably  two-fold.  Firstly,  most  of  these  seiches  are  small- 
scale  motions  which  are  not  directly  excited  by  the  basically  homogeneous  wind  stress. 
Secondly,  the  shear  stress  associated  with  such  modes  is  higher,  and  therefore  these  seiches 
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are  more  strongly  damped. 

A  linear,  inviscid,  two-dimensional  numerical  model  was  developed  to  compute  the 
seiche  structures  and  periods  in  lakes  with  any  given  morphometry  and  stratification. 
Using  a  stream  function  it  was  possible  to  use  the  exact  boundary  conditions  for  the 
seiche  motion  at  the  sloping  bottom.  The  main  numerical  problem  remaining  was  the 
density  of  the  eigenvalues.  As  we  were  interested  in  pure  modes,  we  did  not  build  any 
friction  or  forcing  into  our  model,  and  consequently  the  seiche  spectrum  remained  dense. 

Discretization  was  used  to  filter  out  most  of  the  higher  frequency  seiches.  Any  finite 
difference  model  can  only  resolve  structure  on  a  scale  similar  to  or  larger  than  the  grid 
size,  so  that  modes  with  a  finer  structure  are  not  represented. 

The  model  was  applied  to  two  kinds  of  lake  prototj^pe:  a  “bathtub-shaped”  lake 
constructed  of  parabolas,  and  a  lake  consisting  of  two  basins  separated  by  a  sill. 

In  a  bathtub-shaped  lake  with  constant  stratification  (buoyancy  frequency  N  =  constant), 
the  model  predicted  a  region  of  strong  currents  in  the  hypolimnion  near  the  gentle  slopes 
at  the  lake  bottom.  Often  two  or  even  three  kinds  of  large  scale  seiche  modes  were  com¬ 
puted  with  similar  periods  but  distinct  mode  structures.  For  higher  modes  with  .spatial 
scales  smaller  than  the  spatial  scales  of  the  variation  of  the  thalweg,  this  variation  was  pre¬ 
dicted  to  have  only  a  moderate  influence.  These  modes  adjust  smoothly  to  the  changing 
depth. 

For  a  lake  with  a  sill,  the  laxgest-scale  mode  was  predicted  to  result  in  strong  currents 
above  the  sill.  For  some  parameter  values  for  the  height  and  position  of  the  sill,  these 
currents  spread  out  throughout  the  whole  water  column  to  form  a  closed,  jet  -like  structure. 
Such  a  region  of  strong  currents  is  consistent  with  the  prediction  made  by  Baines  [1]  of 
increased  seiche  wave  amplitudes  above  convex  bottoms.  Again  the  small-scale  modes 
adjusted  smoothly  to  changing  depth. 
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ABSTRACT 

The  stability  of  a  two  layer  exchange  flow  through  a  contraction  is  investigated  experimentally  and  analytically. 
Experiments  validated  the  prediclioos  of  hydraulic  theory  £rora  cases  with  no  net  baroiropic  flowrates  to  wedge 
flows  with  high  baiotropic  flowrates.  Instabilities  which  dqtend  on  the  shear  layer  Reynolds  number  and  the 
local  Richardson  number  exist  at  various  scales.  Linear  stability  analysis  of  a  tanh  velocity  and  density  proftlo 
with  varying  thickness  ratio  and  boundaries  imposed  at  arbitrary  distances  shows  the  existeiKC  of  several  modes 
of  instabilities  iitcluding  Holmboe  and  Taylor  modes.  The  stability  properties  of  exchange  flows  are  described 
bated  on  tliis  model 


INTRODUCTION 

Two  layer  exchange  flow  thiough  a  contraction  of  slowly  varying  geometry  is  described  by  the  internal 
hydraulics  model  oiuliited  by  Armi  and  Fanner  (1986).  The  exchange  is  controlled  at  locations  where  the  flow 
is  critical  with  tespect  to  uitemal  waves;  at  the  narrowest  section  and  at  a  second,  'virtual'  control.  For  flows 
with  no  barotmpic  component  these  control  locations  coincide  at  the  narrows.  Addition  of  a  moderate  baroiropic 
net  flow  cieaies  a  subctitical  region  between  the  two  cootrols  and  changes  the  imcdace  level  at  the  nairows  from 
half  dqrth.  Strong  net  baiotropic  flow  arrests  one  layer  and  as  the  baroiropic  flowrate  is  increased,  wedge  or 
box'  flows  are  established. 

The  assumptions  used  in  the  formulation  of  a  hydraulics  model  for  the  exetrange  flow  allow  only  long  wave 
solutions.  Attention  to  the  subiliiy  of  these  flows  has  therefore  been  limited  to  iiinnitely  kmg  waves.  Long 
(19S6)  obtained  the  criteria  for  stability  of  infinitely  loig  waves  in  a  bounded  shear  flow.  Defining  the  stability 
Froude  number  by  ,  where  g'  is  the  reduced  gravitational  acceleration  and  b  is  the  total  depth, 

Long's  criteria  is  ^  1,  for  stability. 

Armi  and  Farmer  considered  long  wave  stability  at  the  contiol  locations.  Flows  with  no  baroin^ic  component 
were  found  to  be  marginally  stable  whereas  addition  of  net  baixiiropic  flow  stabilized  the  flow  at  the  controls 
with  respect  to  long  waves.  Lawrence  (1990)  further  studied  flic  long  wave  stability  of  barotropic  flows 
throughout  the  channel  and  found  that  a  net  barotropic  flow  caused  shear  to  decrease  upstream  with  respect  to  the 
net  flow  and  to  increase  downstream.  As  a  result  these  flows  become  unstable  at  a  locadon  downstream  of  the 
narrowest  section,  where  the  interface  level  is  at  half  the  total  depth  and  beyond  which  >1. 

Our  laboratory  experiments  show  that  exchange  flows  are  predicted  well  by  hydraulic  theory  and  that 
Lawrence's  stability  analysis  for  baiotropic  flows  can  give  a  general  description  of  stability  properties  of  a  real 
flow  over  a  range  of  Reynolds  numbers.  Flows  are  inileed  found  to  be  unstable  to  long  waves  following 
hydraulic  analysis.  However,  we  also  find  that  exchange  flows  are  unstable,  in  many  ca-ses,  to  smaller 
wavelength  distuibsoces  while  long  waves  may  be  stable.  Figure  1  shows  low  and  high  Reyixilds  number 
exchanges  with  no  net  barotropic  flow  illustratiag  the  variation  of  stability. 

The  phenomena  obcerved  in  the  laboratory  were  also  investigated  analytically  by  considering  the  linear 
stability  of  a  finite  thickness  shear  layer  bounded  above  and  below  by  rigid  boundaries. 
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FiaURB  2.  («)  ExparintenUl  MUip  (b)  Exchange  flaw  pUn  tml  aide  viewi 
EXPERIMENTS 

The  experimental  iacility  consisted  of  a  plexiglas  flat-boitomed,  convergent-divergent  channel  connecting  two 
reservoirs  (Hguie  2).  Bach  reservoir  is  123cm  x  246cin  x  24cm.  The  contraction  portion  of  the  chanitel  is 
1 1 2cm  long.  4  cm  wide  at  the  naiiowest  section  and  10.2  cm  wide  at  the  ends.  One  end  of  the  contraction  has  a 
61cm  long  section  attached,  of  constant,  10.2cm  width.  Mexpenuienttvverecoiiducted  with  the  reservoirs  and 
channels  filled  to  20cm.  Density  differences  were  obtained  using  salt  and  the  fluid  was  dyed  vnth  food  coloring 
to  distinguish  the  layers. 

Videotapes  were  used  to  obtain  quantitative  flow  data.  Potassium  pennaiiganate  crystals  dropped  in  the  channel 
left  sharp  vertical  streaks,  the  timing  of  which  was  used  to  measure  flow  velocities.  With  average  interface 
heights  and  velocities,  flowrates  and  Froude  numbers  were  computed  for  selected  locations.  Errors  in  velocities 
of  order  10%  are  due  to  measurement  accuracy,  boundary  layen  and  the  finite  thickness  sliear  layer. 


FiauH£  3.  Stibility  Frouda  numba,  and  cotnpoaibe  Ivoude  number,  «t  nondimwitifiinl  width,  hA)w 


Forcing  insuhiiitu-.t  along  the  interface  was  attempted  by  various  techniques,  the  most  successful  employing  a 
iat«  membrane  attached  to  a  sidewall  and  inienniucntly  inflated  with  fluid.  This  reduced  the  width  of  charmcl 
and  caused  the  interface  height  to  change.  Tlie  resulting  disturbance  would  then  bo  convocted  with  the  flow. 
This  device  was  installed  just  downstream,  with  lespea  to  the  net  barotropic  flow,  of  the  narrowest  secdon. 
Figure  3  shows  composite  Fioude  number,  G^,  and  the  stability  Froude  number,  Fa^>  for  a  flow  with 
nondimeuskwal  barotropic  component,  Uo  -0.21  (see  Aimi  and  Farmer.  1936).  This  data  demonstrates  that 
the  flow  becomes  supercritical  downstream  of  the  narrows.  The  data  for  shows  that  shear  increases 
downstream,  destabiluing  the  flow.  The  effect  of  fliction  in  the  exchange  is  evident  in  lower  values  of  and 
Fa^  than  those  predicted  by  inviscid  hydraulic  theory.  For  example,  at  t^bow  1,  theory  ptedicu  G^»  1  and 
Fa^  0.96  for  this  flow.  The  influence  of  friction  can  be  undentood  by  fint  considering  a  single  laya  flow. 
Ttw  growth  of  boundary  layers  along  the  sidewalls  will  lead  to  an  eflectivdy  kiarrowcr  channel  with  the  control 
existing  downstream  of  tlio  physical  contraction,  lire  related  case  of  single  laya  flow  ova  a  sill  was 
investigated  by  Pratt  (1986).  FOr  the  two  laya  exchange,  the  rwt  result  is  the  introduction  of  a  subcritical 
region  at  the  narrows  for  the  case  of  no  barotropic  flow,  or,  in  exchanges  with  net  barotropk;  flow,  an  increase 
in  the  length  of  the  subcritical  region.  This  results  in  decreased  flowrates  and  Iowa  Froude  numbers.  Taldng 
these  effects  into  account,  laboratory  expenments  validated  the  predictions  of  hydraulic  theory  for  exchange 
flows  with  and  without  na  barotropic  flow. 

Reynolds  numba  ctfects  were  found  to  be  significant  in  the  stability  of  oxchanxe  flows.  A  finite  velocity 
interface  develops  between  the  two  layers  as  a  result  of  viscous  diffusion,  the  thicloress  of  which  is  a  function 
of  the  shear,  AU,  and  the  length  of  the  chaunei,  L;  expressed  in  terms  of  cliaimel  Reynolds  numba, 
SfL  ~  Re**'’.  The  shear  layer  Fteyuolds  numba  is  given  by;  Rc^  -  Re^'^’.  Below  a  critical  Re^  flows  arc 


stable  to  all  wavenuraba  disturbances.  At  higher  Rc^,  the  interface  eventually  becomes  unstable  to 
disturfaanixs  which  scale  with  the  shear  laya  thickness.  This  is  ditqrlayed  in  figure  1,  for  two  exchange  flows 
with  no  barotropic  component  With  small  density  differences  (Ap/p  »  0.0004)  velocities  were  iow  and  the 
flows  were  laminar  and  stable  everywhere.  With  higha  stratifraiion  (Ap/p  -  0.004),  the  interface  is  unstable  to 
high  wavenumber  instabilities  asai  a  turbulent  tnixirig  lay«  ue'ir6iup.s.  For  flows  with  a  net  barotropic 
component  Re ^  increases  downstream  due  to  changes  in  6  and  AU.  Moderate  Reynolds  number  cases  were 
chosen  for  more  detailed  study  since,  in  these  flows,  the  interface  is  distinct  while  tlioe  are  significant  regions  of 
instability. 

For  the  cases  with  no  na  barcMropic  flow,  the  dqxh  at  the  narrows  generally  remained  at  half  depth  as  predicted 
by  hydraulic  theory,  with  intermittent  periods  of  instability  occurring  on  eitha  side.  Finite  amplitude  waves 
would  grow  and  break  as  they  wae  swept  outward  from  the  cenia.  As  barotropic  flow  is  introduced,  the 
inraface  height  at  the  narrows  follows  hydraulic  theory  aud  the  upstream  portion  of  the  flow  becomes  noticeably 
inoie  stable.  Disturbances  travel  upsaeam  (with  respect  to  tiie  net  barotropic  flow),  but  generally  damp  out 

Figure  4  shows  images  of  a  sales  of  locations  in  the  flow  referred  to  in  flgure  3.  Tire  upstream  portion  is 
completely  stable  through  the  narrowest  section.  Just  downstream  of  the  narrows,  disturbances  begin  to  appear 
on  the  interface  as  the  Iowa  laya  accelerates.  Furtha  downstream  these  have  grown  to  finite  amplitude 


FlOUlOt  S.  Wedge  flow,  g'>0.4  F|GUK£  6.  Ontend  velocity  md  dcniity  profile 

overtuming  and  bteaking  waves.  Far  downstream,  the  fluid  is  considerably  mixed,  witli  entraining  vortices 
distinguishable  along  the  interface. 

As  the  net  barotropic  flow  is  increased  beyond  the  rate  at  which  one  layer  is  arrested,  a  wedge  flow  is 
established.  Inviscid  hydraulic  theory  teouires  that  the  flow  be  inteinaUy  critical  at  the  narrowest  section.  Since 
one  layer  is  arrested  this  requires;  m  u'/g'y  ■  1  for  the  flowing  layer  at  the  narrowest  section.  From  this  we 
see  that  as  long  as  the  leading  edge  of  the  wedge  remains  upstream  of  the  narrows,  the  flow  will  remain  stable  to 
long  waves  on  the  upstream  side,  since  ‘‘(y/^^)F^  <  As  the  flowing  layer  is  accelerated  downsueam, 
shear  increases  and  the  flow  becomes  unstable  to  long  waves  downstream  of  the  narrowest  section.  Figure  S 
shows  a  wedge  flow  in  which  the  lower  layer  is  flowing.  The  net  teuxtbopic  flow  is  from  left  to  right  Here  the 
lower  layer  plunges  at  the  narrowest  section  and  growing  and  breaking  waves  are  seen  to  be  convected 
downstream.  Ihe  growth  and  subsequent  pairing  of  these  instabilities  could  be  observed  until  tiie  vortices  were 
of  the  scale  of  the  total  dqtth  of  the  flow. 


ANALYSIS 

We  now  consider  a  finite  thickness  shear  layer  and  pursue  a  one  dimensional  inviscid  analysis  to  obtain 
stability  properties  at  a  selected  flow  location.  Hie  exchange  is  represented  by  imposing  rigid  boundaries  at 
arbitrary  distances  firotit  the  interface  corresponding  to  the  charuKl  bottom  and  flee  surface. 

Hazel  (1972)  perfonnod  a  numerical  study  of  hyperbolic  tangent  velocity  and  density  profiles  with  variations  in 
thickness  ratios,  R.  He  studied  the  effect  of  equidistant  boundaries  on  flows  with  equal  thickness  scales  (R-l) 
and  found  these  destabilized  long  wavelengths  at  distances  much  larger  than  the  layer  thickness.  Moving  the 
boundaries  neater  eventually  stabilized  the  flow  to  all  wavelengths.  For  unbounded  flows,  a  sharper  density 
interface  (R>1)  introduced  an  unstable  region,  corresponding  to  the  Holmboc  mode  (c.f.  Holmboe,  1962),  for  aU 
a  and  J.  Lawrence,  Lasheras  and  Browand  (1987)  further  investigated  this  problem  analytically  and 


experimentally,  but  fur  piecewise  continuous,  linear  velocity  and  density  profiles  with  varying  scales  and 
displaced  centers.  Again,  variation  of  scales  was  found  to  produce  a  region  of  Holmboe  instabilities. 
Displacing  proriles  resulted  in  a  third  mote  unstable  mode,  also  existing  at  all  ot  and  J,  which  they  called  the 
'hybrid'  mode.  More  recently,  raniBrid  (1994)  studied  analytically  a  linear  shear  layer  with  an  iniezmediate 
constant  density  layer  separating  the  two  homogeneous  regions.  Several  unstable  modes  were  found  to  exist 
including  the  Kolmboe  mode,  a  T  mode,  after  Taylor  (1931)  who  suidied  the  conespoadiug  instability  in  equal 
scale  stratified  shear,  and  an  additional  mode  called  die  'R'  mode,  cortespondiiig  to  a  resonance  of  Rayleigh  waves 


at  low  wavenumbers. 

lire  snvti^g  discussed  above  form  a !«««  for  the  consideration  of  finite  thickness  shear  layers  in  exchange 
flows.  An  iiiftaiiTwi  general  shear  iaya  ntodel  is  shown  in  figure  6.  Tire  stability  of  small  disturbances  in  an 
inviscid,  incompressible,  stratified  shear  flow  is  governed  by  the  Taylor-Goldstcin  equation,  which,  for 
Boussinesq  flow,  in  dimensionless  fonn  is: 


r+ 


JK. 


— — -cr*  /-O 


^(u-c)  u-c 

where  f(y)  is  the  nondimensioiaal  vertical  disturivuice  velocity,  c  is  the  complex  pliase  speed,  u(y)  is  the  basic 
velocity  profile.  J  is  the  Richardson  number  at  the  origin,  p'  is  the  nondimeiuional  density  gradient  and  a  is  the 
nundimensional  wave  number.  All  velocities  ate  rmiidimensionalixed  by  half  of  the  overall  shear,  AU  ■  Ui  -  U2 
and  the  length  scale  is  one  quarter  of  the  shear  layer  thickness,  S.  Using  the  Boussinesq  approximation,  wc 
defuiePas: 


with  p  .scaled  so  that  P' »  1  at  y  ■  lip.  We  then  use  the  profile: 

^(y).i.tailhi^.V-^j 

and  velocity  profile:  “(>")  “  l»nh(y) 

to  obtain  a  general  veiocity  profile  of  thickness  8  with  a  density  profile  of  tliickness  5p  >  S/R,  offitet  by  T)p, 
given  by: 

p  =  a^e 

The  shear  layer  tliickness  is  deflued  as  tlie  distance  between  the  two  points  having  0.964  of  the  freestieam 
velocity  (tanh  2  -  0.964).  As  R  -i  *•,  the  density  interface  tends  to  a  step.  The  Richardson  number  at  the 
origin,  J,  is  then  given  by:  J  =•  Kg'S/2&U^ . 

By  using  (lie  appropriate  boundary  conditions  and  the  background  flow  at  a  location  of  interest  in  an  exchange 
flow,  the  problem  is  posed  as  an  eigenvalue  problem  for  tite  complex  phase  speed,  c.  The  no-slip  condidon  at 
the  free  surface  and  at  the  cluuinel  bottom  require  f>i0  at  these  locations.  For  a  slowly  varying  channel,  the 
background  flow  can  be  obtained  from  hydraulic  theory  or  from  experimenu)  data.  Solving  this  problem,  we 
can  obtain  stability  data  from  the  model. 

For  our  experiments,  shear  layer  thicknesses  were  measured  from  video  recordings  of  dye  traces.  Density  layer 
thicknesses  were  difficult  to  obtain  precisely  but  from  rough  numerical  analyses  and  consideration  of  the 
Schmidt  number  for  salt,  we  estimate  that  the  density  interface  is  10  timcc  thinner  than  the  velocity  interface. 
Laboratory  experiments  show  a  vciy  sharp  interface  between  the  layers  at  moderate  Reynolds  numbers  (for 
example  see  figure  4^. 

Eigenvalues  for  the  Taylor-Goldstein  equation  above  were  obtained  using  a  finite  difference  appioxhnation. 
employing  a  two  dimensional  shooting  method,  with  the  no-slip  condition  on  the  boundary  nearer  to  the 
interface  as  a  target  Given  flow  conditions,  including  density  difference,  layer  velocities  and  depths,  and  shtrar 
and  density  interface  thicknesses,  the  complex  phase  speed  is  computed  for  a  range  of  wave  numbers  at  the 
lesulting  Richardson  number,  J. 


Fiourb  7.  (t)Effect  of  tiKid  baun(Uri«*  on  wnh  then  Uyc:  for  R"!.  (tOLong  w»ve  limit  for  R=l,  h/5=l0. 
(c)  Subility  boundwies  for  R<«10,  h/8-10  (<l)Um$,  w»v«  limit  for  R«10,  WS-IO. 
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FlOUKB  8.  ShB«r  layer  for  (a)  -lao  net  barotropic  flow,  (b)  moderate  net  baiotropic  flow. 

STABILITY  PROPERTIii^S  OF  TANK  PROFILES 
Our  problem  is  complicated  by  the  various  mechanisms  for  instability  and  their  corresponding  scales,  llie 
stability  of  disturbances  which  scale  with  the  depth  is  dependent  on  the  conflict  between  destabilizing  pressure 
field  variations  and  stabilizing  stratification.  The  stability  of  disturbances  which  scale  with  6  is  dependent  on 
the  balance  between  shear  and  stratification.  In  addition,  Holmboe  instabilities  may  exist,  which  result  from  an 
un.<itable  phase  coupling  between  disturbances  on  the  velocity  and  den.sity  interfaces.  For  some  ranges  of 
wavenumbers  all  of  these  mechanisms  have  an  effect  on  stability. 

Tile  J-a  planes  for  some  of  the  cases  considered  are  sketched  in  figure  7.  For  the  case  of  R=l,  we  obtain  an  l 


I 
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unstable  region  conespondiiig  to  the  Taylor  mode,  unstable  cmly  for  a  range  of  a  and  for  J<0.2S.  This  mode  is 
characterized  by  zero  phase  velocity  and  most  unstable  wavenumbers  of  about  0.3-O.S.  When  R>1,  this  mode 
with  Cr^  includes  a  larger  poition  of  the  J-a  plane  and  a  Holmboc  region  appears,  characterized  by  a  nonzero 
propagating  velocity  and  existing  at  all  J. 

Hie  effect  of  imposing  boundaries  on  the  tanh  profile  is  to  destabilize  the  lower  wavenumbers.  Higher 
wavenumbers  are  generally  unaffected  by  the  presence  of  the  boundaries,  excq)t  at  very  low  Reynolds  numbers 
where  the  sliear  layer  thicloness  may  be  of  the  order  of  the  laym:  depth.  The  variations  in  relative  layer  dqiths 
also  affect  the  lower  wavenumber  stability.  Changing  the  ratio  of  layer  depths  results  in  the  addition  of  a  real 
component  in  the  phase  speed  in  the  direction  of  the  velocity  of  the  thinner  layer. 

VARIATION  OF  STABILITY  PARAMETERS  IN  AN  EXCHANGE  FLOW 

In  general,  the  inviscid  stability  of  a  sliear  flow  depends  on  g‘,  S,  AU,  R,  rip,  yj,  y2  and  L.  Iw  an  exchange 
flow  with  a  given  density  difference,  these  parameters  are  a  function  of  chamicl  geometry  and  net  barotropic 
flowrate.  The  effect  of  viscosity  will  be  to  stabilize  wavenumbers  of  scales  less  than  0(5). 

With  zero  net  barooopic  flow,  the  shear,  AU,  was  found  to  be  constant  throughout  the  channel  (Lawrence, 
1990).  The  density  and  velocity  interface  thicknesses  are  functions  only  of  the  length  of  the  chaiuiel .  This  can 
be  seen  by  considering  boundary  layers  on  cither  side  of  the  interface  growing  in  opposite  directions  as  shown  in 
figure  8a.  At  a  given  location  the  shear  layer  thickness  is  equal  to  tlie  sum  of  the  individual  boundary  layers. 
Layer  depths  arc  determined  by  charmcl  width  and  energy  difference  between  the  two  layers.  The  Richardson 
number,  J,  is  then  constant  for  an  exchange  with  no  barotropic  flow  and  variations  in  stability  are  due  only  to 
changes  in  layer  depths. 

For  exchanges  witli  net  barotropic  flow,  shear  is  increasing  in  the  direction  of  the  net  flow.  As  a  result  the 
shear  interface  thickness  is  no  longer  constant  This  is  illustrated  in  figure  8b.  Moderate  barotropic  flow  will 
result  m  slight  variation  in  5,  with  J  decreasing  downstream  as  AU  increases.  The  range  of  }  for  a  given 
stratification  is  limited  by  the  variations  in  AU,  8  and  the  net  barotropic  flowrate.  For  the  flow  in  figure  4, 
measured  values  of  J  range  from  O.S  at  10cm  upstream  (figure  4a)  to  0.37,  2Scm  downsueam  (figure  4b). 
Further  downstream,  mixing  duo  to  the  instabilities  causes  J  to  increase  once  again. 

For  strong  barotropic  flowrates,  in  addition  to  a  growing  sliear  layer  and  increasing  AU,  changes  ui  the  depth 
of  the  non-flowing  layer  from  zero  to  0(5)  to  0(h)  lead  to  varying  scales  for  the  instabilities.  At  the  leading 
edge  of  a  wedge  flow,  stability  is  dominated  initially  by  viscosity  and  by  the  presence  of  the  near  boundary. 

We  have  not  yet  determined  the  variation  of  the  density  interface  offset,  T|p,  fa  exchange  flows.  If  we  follow 
the  model  having  two  giowing  boundary  layers  on  either  side  of  the  density  interface,  then  tip  will  be  such  that 
the  intafacc  is  at  the  location  of  zero  convective  velocity.  By  looking  at  the  interface  in  a  local  liame  of 
reference,  however,  it  seems  there  is  nothing  to  suggest  that  momentum  should  diffuse  more  readily  into  one 
layer  than  the  other.  Hie  cases  referred  to  here  then  only  consider  Rp^'O. 

THE  LONG  WAVE  LIMIT  AND  LONG'S  CRITERIA 

Lung's  criteria  for  long  wave  stability  can  be  obtained  from  hydraulic  analysis  of  two  homogeneous  layers  of 
arbitrary  relative  dcplh.'i  with  constant  velocity  profiles.  The  flow  is  found  to  be  unstable  to  infinitely  long 
waves,  Le.  imaginary  characteristics  exist,  for  >  1. 

For  an  unbounded  shear  flow,  the  stability  boundary  in  the  J-a  plarre,  shown  in  figure  7a,  intersects  with  the 
origin.  When  equidistairt  rigid  boundaries  are  imposed,  this  intersection  point  moves  up  the  J  axis  reflecting  the 
destabilizing  of  long  waves  at  low  Richardson  number.  As  the  boundaries  are  brought  in  closer,  this  effect 
increases  until  the  depth  of  the  flow  is  0(5),  whe>e  the  intersection  point  again  moves  down  the  axis  as  all 
wavelengths  become  stable.  Hie  location  of  this  intersection  point  can  be  interpreted  in  terms  of  Long's  criteria 
if  we  relate  J  to  •  We  can  rewrite  J  as: 

,  R  I  6 

Examining  the  limit  of  numerically  (figure  7b),  we  find  that  the  location  of  the  intersection  point  for  R»1 
and  5/h«l ,  is  predicted  by  Long's  criteria: 


For  shear  flows  with  R>1,  in  the  limit  of  a-»0  (flguie  ?d),  the  intersection  is  not  predicted  exactly  by  Long's 
criteria,  due  to  the  presence  of  the  Holmboe  mode.  For  J  =  and  5/h«l  the  flow  remains  unstable  to 
infinitely  long  Holmboe  waves. 

Using  inviscid  hydraulic  theory,  Lawrence  (1990)  obtained  the  result  that  e7.change  flows  with  no  net 
barouopic  flow  are  marginally  stable  to  long  waves,  satisfying  Long's  ciiisria  identically  throughout  the 
channel.  From  this  analysis  we  And  then  that  these  exchange  flows  will  be  unstable  to  long  Holmboe  waves  at 
the  narrows  since  R>1,  even  though  Fl=l.  Ihe  stability  of  this  mode  is  dependent  on  the  relative  depth  of 
the  layers,  since  it  is  a  function  of  phase  si<etd,  which  depends  on  layer  depths.  As  relative  layer  depths  vary, 
the  flow  becomes  more  unstable,  until  the  deptl:  of  one  layer  is  0(S). 

CONCLUDING  DEMARKS 

Ifie  inviscid  linear  aiuilysis  of  the  bounded  tanh  velocity  and  density  pi'ofile  shows  that  various  modes  of 
instabilities  may  exist.  For  the  case  of  r)p=0  tliese  include  the  Taylor  and  Holmboe  modes.  The  mode  mat 
results  at  a  selected  location  in  an  exchange  flow  then  depends  on  the  local  Richardson  number.  For  R.L:'iO, 
analysis  shows  that  the  most  unstable  mode  for  J<0.6  will  be  the  Taylor  mode.  The  effect  of  boundaries  is 
significant  at  low  wavenumbers,  but  for  S/h«l  the  effect  on  die  fastest  growing  waves  will  be  small. 

The  stability  analysis  agrees  well  with  experimental  observations.  Using  flow  parameters  measured  15ci. 
downstream  of  the  narrowest  section  for  the  flow  in  figure  4.  the  shear  layer  model  with  R=ir>  predicts  a  most 
unstable  wavelen'ih  of  approximately  6cm,  roughly  the  distance  from  core  to  core  of  the  instabilities  seen  in 
figure  4b. 

For  exchange  flows  with  no  net  barotropic  flow  and  S/li«l.  J  will  be  small  throughout  the  channel  and  the 
instabilities  will  be  within  the  Taylor  mode  region.  For  flows  with  a  net  barotronic  component,  1  varies 
through  the  channel.  For  S/h«i,  the  unstable  mode  will  most  likely  be  the  Taylor  mode  in  the  downstream 
tegicn,  where  Fl-l.  For  sottre  exchanges,  ii  is  possible  that  insud^ilities  in  the  upstream  region,  where  f4<l , 
may  lie  within  ihe  Holmboe  region.  The  nature  of  titese  waves  will  rcituire  fuitlier  investigation. 
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Constricted  flows  from  the  PadGc  to  the  Indian  Ocean 


by 

Doron  Nofi 


Abstract 

The  question  of  iiov;  light  water  flows  from  one  ocean  to  another  through  connecting 
passages  is  addressed  with  the  aid  of  a  nonlinear  analytical  model.  The  focus  is  on  the 
Indonesian  passages,  which  are  too  broad  to  be  influenced  by  the  so-called  "hydraulic 
coiitrol"  and  yet  too  narrow  to  allow  free  flow  through  them.  The  "choked"  flows  through  the 
passage.^  are  driveii  by  tlie  sea-  level  difference  between  the  two  adjacent  oceans  which,  in 
turn,  is  deiennined  by  "tlie  wind  .sti-ess. 

We  coitsider  two  rectaiigular  oceanic  basins  (each  of  which  contains  a  light  upper  layer 
overlying  a  slightly  heavier  deep  lower  layer)  .separated  by  a  tlnn  meridional  wall.  The  wall 
coutain.?  a  gap  which  is  initially  blocked  by  a  gate;  westward  winds  are  allowed  to  blow  over 
the  two  oceans  creating  western  boundary  currents  aiid  a  sea-level  difference  between  the 
basins.  The  conceptual  gate  is  removed  and  the  resulting  nonlinear  flow  from  the  intense 
western  bontidary  currents  in  the  l-'aciflc  basin  to  the  sluggish  eastern  Indian  basin  is 
computed.  The  final  steady  suite  is  taken  to  be  analogous  to  the  actual  oceanic  situation. 

The  analytical  calcukdons  are  based  on  a  simple  wind-diiver.  general  circulation  model 
and  a  nonlinear  integrated  momentum  constraint.  Tlie  momentum  integral  allows  both 
determination  of  the  resulting  currents  and  computation  of  the  mass  flux  through  the  gap. 
Two  classes  of  choked  solutions  are  constructed.  One  mode  corresponds  to  a  situation  where 
the  flow  through  die  gap  originates  from  the  right  hand  side  (looking  upstream  toward  the 
inner  Pacific  ba.«in  from  the  center  of  the  gap)  and  the  other  mode  to  a  situation  where  the 
flow  originates  from  die  left  hand  side. 

A  simple  gap  formula  which  enables  one  to  compuis.  trie  transports  via  the  gaps  is 
derived.  Numerical  simuladons  (using  an  isopycnie  model  for  the  first  mode)  illustrate  that, 
al  ter  an  initial  period  of  oscillations,  the  thecretitaily  predicted  .steady  state  is  indeed  reached. 
Similarly,  qualitative  "kitchen-type”  laboratory  experiments  widi  a  smtified  fluid  on  a 
rotating  table  deraonsU'ste  the  exstablishmeat  of  the  predicted  cuiTena. 

It  is  suggested  that  the  acturJ  liiJcncsian  throughflew  is  composed  of  both  cla.sses  of 
fliiws,  i.e.,  die  throughflow  corresponds  to  an  exchange  via  ovo  adjacent  gaps  radier  than  one 
gap.  The  first  gap  (the  soutliem  passage)  corresponds  to  Soudi  Pacifle  wa?er  entering  the 
passages  whereas  the  second  gap  (the  northern  passage)  con't'.sponds  to  North  Pacme  water 
entering  the  passages. 


‘Dfif armieai  of  Ocenaography  .1048  and  the  Geophysical  Hiiid  Dj'naraics  Insiinne,  The  Flcrida  State 
University,  Tallahassee,  Florida  32306-3048  U.S.A. 


1.  Introduction 


The  exchange  of  water  between  oceans  5^  an  interesting  fluid  dynamics  problem.  Of 
pardcular  importance  is  the  exchange  between  the  warns  Pacific  Ocean  and  the  relatively  cold 
Indian  Ocean  (via  the  Indonesian  passages)  because  of  its  potentially  unique  relationship  to  El 
Nino  and  the  "Great  Global  Conveyor  Belt"  (see  Fig.  1).  In  this  article  the  question  of  i?,ow 
much  water  flows  through  the  Indonesian  passages  and  the  origin  of  these  waters  will  be 
addressed  theoretically  using  nonlineai'  dynamics. 

Our  approach  is  to  consider  tv/o  idealized  oceans  separated  by  a  meridional  wall  that 
contains  a  gap  (Fig.  2).  The  eastern  (inner)  basin  corresponds  to  the  Pacific  and  the  western 
(outer)  basin  corresponds  to  the  Indian  Ocean.  The  actual  connecting  flow  between  the  two 
oceans  begins  in  the  northern  hemisphere  where  the  Pacific  water  enters;  it  then  crosses  the 
equator  and  exits  in  tlie  southern  hemisphere  (Fig.  1).  Since  we  are  mainly  interested  in  the 
composition  and  origin  of  the  throughflow,  we  shall  consider  most  of  the  area  within  the 
Indonesian  Archipelago  to  be  a  part  of  the  Indian  Ocean.  Consequently,  the  location  of  our 
gap  corresponds  to  the  eastern  edge  of  the  Archipelago  which  is  located  in  the  northern 
hemisphere,  several  degrees  north  of  the  equator. 

Both  of  our  conceptual  oceans  consist  of  a  thb  upper  layer  (and  a  passive  infinitely 
deep  lower  layer)  and  are  subject  to  westward  Winds  which  raise  the  sea  level  along  the  west¬ 
ern  boundaries  and  depress  the  sea  level  along  the  eastern  boundaries.  Initially,  a  conceptual 
gate  is  placed  across  the  upper  layer  in  the  gap  (Fig.  2)  so  tiiat  the  pressure  difference  between 
die  basins  is  not  causing  any  flow.  In  this  iintid  state  both  basins  contain  a  closed  wind- 
driven  circulation  consisting  of  a  western  boundary  current  and  an  interior  Sverdrup  flow. 

The  .sea-level  difference  can  be  easily  computed  frotn  the  familiar  vertically  integrated  x 
momentum  equation. 


where,  f  is  the  Coriolis  parameter,  V  the  (northward)  vertically  integrated  tranjmort  (i.e.,  it. 
the  y  direction),  g'  the  reduced  gravity  (g  Ap/pw).  it  the  upper  layer  depth,  Ts^*^the  surface 
wind  stress  in  the  x  direction  (i.e.,  eastward),  and  pw  is  the  water  density.  Eq.  (1.1)  holds 
both  in  thf  sluggish  ocean  interior  away  from  the  boundaries  and  in  the  intense  western 
boundary  current  where  the  flow  is  geostrophic  in  the  cross-stream  direcdon. 

Integration  of  (1.1)  from  the  western  to  the  eastern  boundary  gives  the  desired  (square 
of  the)  sea-level  difference, 
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where,  the  subscripts  "we"  and  "ea"  denote  a.-sociatior.  with  the  western  and  eastern 
boundaries,  L  is  the  basin's  length,  and  it  has  been  assumed  that  there  is  no  net  transport 
within  the  cross-section  (i.e.,  tlse  boundary  current  transport  cancels  the  Sverdrup  transport). 

The  associated  western  boundary  current  speed  can  be  estiirated  from  the  curl  of  the 
wind  stress.  To  do  so,  consider  the  linearised  y  momentum  equation. 


(1.3) 


Fig.  1.  The  flow  pattem  in  tbc  Indonesian  passages  (adapted  from  Ffield  and  Gordon  1992).  The  North 
Equatorial  curent  (NQBC)  and  the  resitlling  Mindanao  Current  (MC)  approach  the  passages  from  the 
north,  whereas  the  South  Equatorial  Current  (SEC)  approaches  the  passages  from  the  south.  The 
North  Equatorial  Counter  Current  (NECC)  canies  water  to  the  east. 


where  R  is  tiie  coefficient  of  interfacial  friction  (i.e.,  R  »  pw,  where  w  is  the  width  of  the 
boundary  current).  Elimination  of  the  pressure  temn  between  (1.1)  and  (1.3)  gives. 


pv=- 


pw  57" 


+  RVx 


which,  upon  integrating  across  the  basin  and  neglecting  the  transport  along  the  eastern 
boundary,  yields, 


V 


w 


(1.3a) 


where  is  the  vertically  integrated  meridional  speed  near  the  western  wall.  We  shall  see 
that,  with  this  information,  it  is  possible  to  determine  the  transport  through  the  gap. 

This  article  is  organized  as  follows.  The  problem  is  lomiulated  in  Section  2,  the 
constraints  and  solution  are  given  in  Sectioti  3,  and  laboratory  and  numerical  experiments  are 
described  in  Section  4.  The  study  is  summarized  in  Section  5. 


2.  Fonnulation 

Consider  again  the  idealization  shown  in  Fig.  2.  As  mentioned,  the  wind  field  is  only 
important  as  far  as  sciting  up  the  pressure  difference  across  the  gap  via  the  establishment  of  a 
western  boundary  current  in  the  Pacific  and  a  weak  Sverdrup  flow  in  the  eastern  Indian 
Ocean.  The  direct  effect  of  the  wind  on  the  area  in  the  immediate  vicinity  of  the  gap  (i.e.,  the 
region  within  a  few  deformation  radii  away  from  the  gap)  is  neglected  due  to  its  smallness 
compared  to  that  associated  with  the  entire  Pacific  and  Indian  Oceans.  Namely,  as  far  as  the 
gap's  nonlinear  dynamics  are  concerned,  we  consider  an  inviscid  model  where  both  the  Pacific 
and  Indian  basins  extend  to  infinity. 
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With  the  above  formulation,  the  complicated  problem  of  exchange  between  two 
adjacent  oceans  with  nonlinear  circulation  and  wind  stress  above  (Fig.  2)  has  been  reduced  to 
the  inertial  exchange  of  two  oceans  with  no  wind  suess  above.  Ctae  of  these  oceans  (the 
ludiaii)  is  stagnant  and  the  other  (the  Pacific)  contains  a  boundary  current  All  the  variables 
prior  to  the  removal  of  the  gate  are  now  known  (in  terms  of  the  wind  field)  and  the  problem 
has  been  simplified  to  a  highly  nonlinear  adjustment  problem. 


Fic.  2.  A  schematic  three-dimensional  view  of  the  sitnplifted  conceptual  mode)  for  the  Indonesian 
tbroughllow.  The  two  oceans  ate  subject  to  westward  winds  which  raise  the  sea  level  along  the 
western  boundary,  create  boundary  cunents,  and  depress  the  sea  level  along  the  eastern  boundary. 
The  Iiidoucsian  Seas  arc  taken  to  be  part  of  the  (conceptual)  Indiati  Ocean  so  that  the  gap 
corresponds  to  the  castenunust  passages  (located  in  the  northern  hemisphere).  The  southern  and 
northern  panels  of  the  boxes  correspond  to  regions  with  a  zero  wind-stress  curl  rather  than  solid 
walls.  An  imaginary  gate  set»arate$  initially  the  two  basins.  The  steady  adjusted  state  reached  after 
the  removal  of  the  gate  is  taken  to  be  analogous  to  the  avetage  oceanic  situation. 


At  t  -  0  the  gate  is  lifted  and,  subsequently,  light  fluid  starts  penctraung  from  the  Pacific 
to  the  Indian  Ocean.  After  some  time  of  0(f ‘)  a  steady  state  will  be  reached  and  it  is  this 
state  that  we  shall  focus  on.  It  is  assumed  here  dial  information  generated  in  the  gap  area  can 
reach  all  the  upstream  and  downstream  regions  via  either  Kelvin  waves,  Rossby 
waves,  or  eddies  interacting  with  the  walls  [i.e.,  anticyclones  and  cyclones  which  translate 
due  to  the  so-called  image  effect  (Slii  and  Nof  1993,  1994)  and  can  transmit  information  to 
the  left  or  right  (looking  off-shore)]. 

We  shall  see  that  the  exchange  process  has  two  modes  (Fig.  3).  The  first  corresponds  to 
a  situation  where  Hp  >  Hj,  (Le.,  tlie  off- wall  depth  in  tiie  Pacific  Hp  is  greater  than  the  depth  in 
the  Indian  Hn)  and  die  western  boundary  current  near  wall  depth  in  the  Pacific  is  also  greater 
than  H„.  Under  such  condiUons,  the  throughfiow  originates  in  the  South  Pacific  and 
penetrates  into  the  nortlieni  part  of  the  Indian  Ocean.  The  second  mode,  on  the  other  hand, 
corresponds  to  a  situation  where  Hp  is  smaller  titan  !!«  (Hp  <  Hn)  but  the  western  boundary 
current  near  wall  depth  in  the  Pacific  is  still  larger  than  H,,.  Under  such  conditions,  the 
throughfiow  originates  in  the  Noith  Pacific  and  penetrates  into  the  southern  part  of  the  Indian 
Ocean.  It  will  be  later  argued  that  the  actual  throughfiow  corresponds  to  a  combination  of 
these  two  modes. 
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3.  The  integrated  momentum  constraints  for  a  stratined  rotating  fluid 

As  mentioned,  exact  nonlinear  solutions  will  be  obtained  using  tlie  integrated 
momentum.  Consider  a  region  S  bounded  by  the  dashed  line  for  either  mode  one  or  mode 
two  (Fig.  3).  Multiplication  of  the  y  momentum  equation  by  h  and  integration  over  S  gives, 

|j  f  J  fouiidxdy +^J  j  ^(h^)dxdy  =  0  , 

s  ^  s  s 

which,  by  using  the  continuity  equation  and  streamfunction  \|/  (defined  by  d^/dy  =  -uh;  D\|//3x 
=  vh)  can  be  reduced  to, 

J  J  -J  j  2  J  j  ^^dxdysO  .  (3.2) 

S  S  S 

Application  of  Stokes'  theorem  to  (3.2)  gives, 

^huvdy-  ^^hv^  +  ^^-fot|/jdx  =  0  ,  (3.3) 

<(>  4* 

where  <t)  is  the  boundary  of  S. 

By  defining  \|r  such  that  along  the  free  bounding  streamline  \j/  =  g'Hn^/2fo,  and  taking 
into  account  that  away  from  the  gap  Uie  flow  is  geostrophic,  one  ultimately  finds,. 


Hg.  3.  A  diagram  ot  U>e  iiuegtation  area  for  modes  I  and  2.  Mode  1  conc'iponds  to  water  originating  on 
the  right  band  side  of  the  inna  basin  (looking  mward  the  inner  basin  from  the  center  of  the  gai>) 
and  mode  2  corresponds  to  water  originating  on  the  lefL  Mode  1  corresponds  to  a  Pacific 
offshore  depth  (Hn)  that  is  greater  than  the  Indian  offshore  depth  (Hn)  and  is  relatively  simple. 
Mode  2,  on  the  othei'  hand,  ooirespouds  to  Hn  <  Hn  and  is  harder  to  understand  because  one  gels 
the  initial  impression  that  water  should  flow  irom  t^  outer  to  the  inner  basin  rather  than  firom  the 
inner  to  the  outer  basin.  This  is  not  the  case  because  of  the  (negative)  western  boundary  current 
which  raises  the  sea  level  along  the  wall,  lu  the  outer  basin,  the  integration  area  is  bounded  by 
the  wall,  the  free  streamline  (h  =  Hn>  V  =*  0)  and  a  section  across  region  3.  In  the  inner  basin,  the 
integration  area  extends  well  beyond  the  expected  decay  region  (i.e.,  DE  is  located  several 
deformation  radii  away  from  the  walls).  It  is  bounded  by  sections  across  region  2  and  1,  the 
walls  and  the  line  DH  which  is  parallel  to  the  walls. 
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(3.4) 


It  is  important  to  note  that,  even  though  the  (uniform)  Coriolis  parameter  fo  does  not 
explicitly  appear  in  this  integrated  momentum  constraint,  there  is  an  important  fundamental 
difference  between  tlte  rotating  and  the  nonrotating  constraint.  The  difference  is  that  in  the 
noiuotating  case  (fo  =  0)  the  pressure  term  g‘hV2  does  not  drop  out  of  the  equation  (because  fg 
is  not  present)  so  that  instead  of  (3.5)  one  obtains  the  familiar  relationship, 

J*"  l^hivi^  +  J  J  jdx  =  0  ;  fo  =  0  . 

0  oo  0 


Using  the  constraint  mentioned  above  and  other  known  constraints  such  a  Bernoulli, 
potential  vorticity  and  linear  momentum,  the  transports  arc  ultimately  found  to  be, 

2fo 

Tj  =  {  1  -  [l  -  (1  -  }  (3.5) 

Ta  =  {  [l  -  (1  ••  Hn/Hple^i* ^ Y  -  (Hn/Hp)^}  , 


4,  Laboratory  and  numerical  experiments 

To  examine  the  validity  of  the  foregoing  theory  a  set  of  qualitative  "kitchen-type" 
laboratory  experiments  and  a  set  of  numerical  experiments  were  performed  for  a  special  case 
of  Mode  1  where  there  is  no  initial  current  in  the  inner  basin  and  no  light  water  in  the  outer 
basin  (i.e.,  Hn  =  0). 

For  this  special  case  the  analytically  predicted  transport  which  approaches  the  gap  (from 
the  right)  is  g'HV2fo.  The  nonlinear  transport  through  the  gap  is  0.3996  g'HV2fo  implying  tiiat 
about  60%  of  the  transport  never  enters  the  gap.  The  laboratory  experiments  show  in  a 
qualitative  manner  that  indeed  such  a  current  system  is  clearly  established  (Fig.  4). 

In  addition,  quantitative  process-oriented  numerical  experiments  using  the  Bleck  and 
Boudra  reduced  gravity  isopycnic  model  agree  very  well  with  the  theoretical  predictions  (Fig. 
5).  For  this  numerical  experiment  we  used  a  closed  inner  basin  of  1200  x  3400  km  and  a 
closed  outer  basin  of  3400  x  3400  km.  The  upper  layer  undisturbed  depth  in  the  inner  basin 
was  150  ra,  die  "reduced  gravity"  was  lO'^m  sec’^  and  the  Coriolis  paiameter  was  2.5  x  10"^ 
sec:'.  These  give  a  Rossby  radius  of  about  50  km  and  we  used  a  gap  that  is  250  km  broad. 
The  horizontal  eddy  viscosity  was  2  x  10^  m^  sec  ',  the  grid  spacing  was  6  km  (in  both  the  x 
and  the  y  direction)  and  the  time  step  was  360  sec.  The  boundaries  were  slippery  and,  as  is 
frequently  done,  the  vorticity  w'as  taken  to  be  zero  next  to  the  walls.  It  is  important  to  note 
that  the  adjustment  process  involves  a  considerable  amount  of  energy  loss.  In  the  analytical 
model,  the  loss  is  removed  by  the  radiation  of  waves  but  the  loss  cannot  be  removed  in  the 
numerical  model.  This  causes  the  oscillations  that  are  present  in  the  runs. 
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Fig.  4.  Subsequent  photographs  of  a  typical  experiment  for  the  one  gap  problem.  There  is 
no  initial  current  in  tiie  (dyed)  inner  basin  and  no  upper  layer  ui  ilie  outer  basin.  The 
dyed  light  fluid  starts  penetrating  into  the  outer  basin  when  the  gate  is  lifted.  The 
white  nng  is  an  (unavoidable)  retlcction  of  the  fluorescent  light  sninmg  from  above. 
At  t  =  0  the  wiute  ring  is  still  distorted  due  to  gravity  waves  generated  by  the 
removal  of  the  gate.  Such  waves  disperse  and  change  into  Kelvin  waves  within  a 
few  seconds.  It  is  clear  that,  as  the  theory  predicts,  a  counter-clockwise  flow  pattern 
is  establislied  in  the  inner  basin  even  though  the  basin  was  initially  at  rest.  This  can 
be  easily  seen  by  following  the  clusters  of  aluminum  particles  surrounded  by  the 
marked  (small  and  large)  circles,  and  the  marked  open  square.  Physical  constants: 
f  =  1.26  sec  *;  Ap/p  =  0.01. 
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Fig.  5.  A  comparison  bciwcon  the  analyticaJ  and  numerical  solution  for  the  one  gap  pioblcm  with  no 
inidal  boundary  cunenL  The  numerically  calculated  transports  in  the  various  regions  are  shown  as 
a  function  of  lime,  llie  model  used  is  the  I V2  layer  Block  and  Boudia  isopycnic  model  (sec  text 
for  detalLs).  The  initial  delay  with  the  establishment  of  the  cuttents  reflects  the  time  tlut 

it  look  for  the  information  to  reach  the  various  regions  in  the  model.  Note  that,  given  the  simplicity 
of  the  analytical  model  and  the  lack  of  a  mechanism  to  remove  excess  energy  from  the  numerical 
model,  the  agreement  is  cxcellenL  This  indicates  that  neither  friction  nor  the  time  dependent 
osdlh^ons  ate  essentia!  for  understanding  the  processes  ht  question. 


5.  Summary 

Our  findings  arc: 

1.  An  exact  nonlinear  analytical  solution  to  the  exchange  process  (Fig.  1)  can  be 
constructed.  In  terras  of  the  undisturbed  upirer  layer  depths  in  the  two  adjacent 
oceans  (set  up  by  the  wind  field),  the  transports  are  given  by  (4.1).  The  transports 
can  also  be  directly  related  to  the  wind  stress  and  the  curl  of  the  wind  stress  via 
(1.2)  and  (1.3a).  Detailed  computations  are  given  in  Nof  (1994a,b). 

2.  The  above  relationships  are  associated  with  two  modes  of  exchange  ffig.  3).  Tlic 
first  mode  corresponds  to  water  originating  on  the  right  hand  side  (looking 
toward  the  inner  basin  from  tlie  center  of  the  gap)  whereas  the  second  corresponds 
to  water  originating  on  the  left.  Both  laboratory  (Fig.  4)  and  numerical 
experiments  (Fig.  5)  are  in  excellent  agreement  with  the  theoretical  results. 

3.  It  is  suggested  that  the  actual  Indonesian  throughflow  is  composed  of  flows 
through  two  (or  more)  gaps  situated  in  the  easternmost  portion  of  the  passages 
(Fig.  6).  The  southern  gap  corresponds  to  the  so-called  mode  1  and  is  associated 
with  South  Pacific  water  entering  the  passages.  The  northern  gap,  on  the  other 
hand,  corresponds  to  mode  2  which  is  associated  with  North  Pacific  water  entering 
the  passages.  Our  nonlinear  formulas  suggest  that  11  Sv  (1  Sv  =  10^  raVsec)  enter 
the  passages  from  the  North  Pacific  (mode  2)  and  1  Sv  from  the  South  Pacific 
(mode  1)  combining  to  a  total  of  12  Sv. 

This  new  (inviscid)  nonlinear  theoty  differs  markedly  from  the  linear  theory  which 
suggests  that  most  of  the  throughflow  originates  in  the  South  Pacific  rather  than  the  North 
Pacific.  Our  inviscid  nonlinear  theory  agrees  with  the  observations  (which  also  suggest  a 
.i  .odominaiitly  North  Pacific  origin)  without  invoking  an  additional  physical  process.  Linear 
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Fig.  6.  A  schematic  three-dimensional  view  of  the  theoreticaliy  proposed  circulation  via  two  adjttcent 
gaps  in  the  easternmost  part  of  the  Indonesian  Aichipelago  (compare  to  Fig.  1). 


theory,  on  the  other  hand,  must  invoke  intense  mixing  activity  to  explain  the  presence  of 
North  Pacific  water  within  the  throughflow.  Readers  who  desire  more  detailed  information 
are  refeited  to  Nof  (1994a,b). 
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ABSTRACT 


We  have  performed  theoretical  and  laboratory  studies  of  the  exchange  of  two  fluids  of  slightly 
different  density  through  a  straight  channel  with  an  underwater  sill.  This  exchange  prcxress  is 
controll^  at  locations  where  the  flow  is  internally  critical,  called  controls.  The  position  of 
these  controls  is  shifted  by  frictional  and  non-hydrostatic  forces.  When  internal  hydraulic 
theory  is  extended  to  incorporate  these  effects  the  comparison  with  experimental  results  is 
much  improved.  Both  Kelvin-Helmholtz  and  Holmb^  instabilities  are  observed  in  the 
experiments.  Measurements  of  the  wave  length  and  speed  of  the  Holmboe  instabilities  agree 
with  the  theotetiesd  predictions  of  Lawrence  et  al  (1991). 

1.  INTRODUCTION 


This  paper  considers  steady,  two-layer  exchange  flow  over  a  two-dimensional  obstacle  in  a 
natrow  channel  (Fig.  1).  The  study  was  motivated  in  part  by  the  exchange  of  Meditenanean 
and  Atlantic  water  through  the  Strait  of  Gibraltar,  and  by  the  exchange  flow  through  the 
Burlington  ship  canal  comcecting  the  heavily  polluted  Hamilton  Harbor  with  Lake  Ontario. 
Exchange  flows  were  first  studied  by  Stommcl  &  Fanner  (1953),  and  later  by  many 
researchers,  including  Armi  and  Farmer  (1986),  and  Farmer  and  Armi  (1986)  assuming 
inviscid,  hydrastaric  flow. 

Fiiaional  effects  may  be  impoitant  in  exchange  flows.  Dalziel  (1988)  found  that  the  inviscid 
predictions  always  over-estimate  the  flow  rate.  Bormans  and  Garrett  (1989)  included 
inteifacial  and  bt^om  Action  to  study  the  role  of  briction  in  the  exchange  flow  through  the 
Strait  of  Gibraltar.  Friction  was  found  to  shift  the  control  at  the  sill  eastwards.  Cheung  and 
Lawrence  (1991)  studied  the  exchange  flow  through  a  channel  of  constant  depth,  and  obtained 
estimates  of  the  inteifacial  frictional  factor  from  th^  experimental  measurements. 

Non-hydrostatic  pressures  caused  by  streamline  curvature  above  the  obstacle  can  be  of  crucial 
importance  in  two-layer  flows  (Lawrence,  1993).  Shen  (1992)  relaxed  the  hydrostatic  equation 
in  his  study  of  two-layer  flow  over  a  very  small  sill.  Forbes  (1989)  numerically  solved  the  full 
non-linear  equations  for  a  semi-circular  sill  using  conformal  mapping.  In  the  present  study  we 
place  less  stringent  restrictions  on  the  size  and  sktpe  of  the  sill. 


For  tWO'lEyci  exchange  flCwS  strong  shear  at  tuc  intcIikCe  gcucIatcS  hyuiOCiyncuuiC 

instabilities,  most  notably  Kelvin-Helnmoltz  and  Holmboe  instabilities.  For  small  values  of 
the  bulk  Richardson  number,  J,  linear  stability  analysis  predicts  a  Kelvin-Helraiioltz  instability 
with  zero  phase  speed  with  respect  to  the  mean  flow.  For  sufficiently  large  values  of  J, 
however,  there  may  be  two  unstable  modes  traveling  in  opposite  directions.  Holmboe  (1962) 
studied  the  special  case  where  both  modes  have  equ^  gror^  rate  and  equal  but  opposite  phase 
speeds.  Li  previous  experimental  .studies  it  has  proven  difficult  to  obtain  clear  realizations  of 
Holmboe's  instability,  see  Lawrence  et  al.  (1991). 


In  the  present  paper  we  extend  internal  hydraulic  theory  to  account  for  frictional  and  non- 
hydvestatic  effects,  and  we  present  results  of  experiments  that  provide  perhaps  the  best 
realizations  of  the  Holmboe  instability  to  date. 


2.  EXPERIMENTS 


Experiments  were  conducted  in  a  channel  of  dimensions  1200  x  300  x  100  (mm)  (length  x 
height  X  width)  connecting  two  larger  reservoirs  containing  water  of  slightly  different  density, 
see  Fig.  1.  A  sill  of  the  form  h(x)  =  hniCos2(x/L)  (for  \Kll\^nl2)  was  placed  in  the  left  side 
of  the  channel,  where  hm  =  80  nun,  and  L  =  160  mm.  The  cosine  squared  function  was  chosen 
to  have  the  relatively  low  values  of  obstacle  slope  and  curvature.  The  driving  buoyancy  force 
was  obtained  by  dissolving  salt  in  the  right  reservoir.  The  position  of  the  interface  and  its 
deformation  by  flow  instabilities  were  visualized  by  dissolving  a  fluorescent  dye  into  the  lower 
layer  and  illuminating  it  with  a  thin  sheet  of  laser  light.  Flow  velocities  were  deteimined  using 
recently  developed  image  processing  techniques,  (Stevens  &  Coates,  1994),  which  allowed  us 
to  obtain  an  instantaneous  record  of  the  velocity  field. 

The  experiments  were  started  by  removing  the  gate  used  to  separate  the  two  water  bodies. 
After  an  initial  stait-up  phase  of  about  two-minutes  a  maximal-exchange  (see  Aimi  &  Farmer, 
1986)  with  one  control  at  the  sill  and  the  otlier  at  the  far  (right)  end  of  the  channel  was 
established.  After  about  4-8  minutes  the  exit  control  became  submerged  leaving  a  sub- 
maximal  exchange  with  a  single  control  near  the  crest  of  the  sill.  We  are  primarily  concerned 
with  tlie  period  of  maximal-exchange  during  which  the  fiow  was  quasi-steady. 

One  of  the  important  features  of  the  fiow  is  the  fonnation  of  Kelvin-Helmholtz  and  Holmboe 
instabilities  at  the  interface  between  the  two  layers.  The  K-H  waves  grow  to  the  left  of  the  sill 
crest,  where  the  shear  is  strong  due  to  the  high  velocity  of  the  lower  layer;  the  Holmboe  waves 
develop  in  the  right  part  of  the  channel,  where  the  shear*  is  not  as  strong.  Only  positive 
Holmboe  waves  are  observed  initially.  These  positive  waves  are  generated  near  the  sUl  crest, 
move  to  the  right  and  cusp  into  the  upper  layer.  Eventually  disturbances  idrm  at  the  right  end 
of  the  channel  and  negative,  left  moving,  waves  are  also  observed.  Fig.  1(c)  is  a  sequence  of 
photos  showing  the  motion  of  both  the  positive  and  negative  waves.  For  different  shapes  of 
the  sill  and  different  flow  velocities,  the  nature  of  the  instabilities  change.  The  Holmboe 
instabilities  are  discussed  further  in  Section  4. 

3.  EXTENDED  INTERNAL  HYDRAULIC  THEORY 

Internal  hydraulic  tlreoiy  can  be  extended  to  include  the  frictional  and  non-hydro.static  effects 
for  the  two-layer  exchange  fiow  shown  in  Fig.  1(b).  The  following  notation  is  adopted;  u  is  the 
horizontal  component  of  velocity,  y  is  the  layer  thickne.ss,  q  Ls  the  flow  rate  per  unit  channel 
width,  p  is  the  pressure,  p  is  the  density,  g  is  the  giavitatiomd  acceleration,  und  z  =  Yq,  h  +  y2, 
h  are  respectively  the  j^sitions  for  the  free  surface,  the  Interface,  and  the  bottom.  The 
subscripts  i=l,2  refer  to  the  upper  and  lower  layer,  respectively. 

We  start  by  considering  inviscid,  incompressible,  and  iriotational  flow  with  immiscible, 
layered  (constant  density  within  each  layer),  and  Boussinesq  (c  =  (p2-pi)/P2  «  U 
approximations.  Given  the  Boussinesq  approximation,  the  "rigid  lid"  free  surface  assumption 
is  valid.  We  also  assume  the  sill  Ls  smooth,  and  the  fiow  is  shallow;  i.e.,  cr  -  (H/L)^  «  1 , 
where  H  and  L  are  the  vertical  and  horizontal  characteristic  length,  respectively.  Note  that  the 
sill  in  our  study  can  be  of  finite  size,  h/H  =  0(i).  This  is  less  restrictive  iliaii  Shen's 
requirement  that  h/H  =  0(a2). 

Assuming  the  horizontal  velocity  is  constant  across  the  layer  depth,  the  vertical  velocity  can  be 
obtained  from  the  continuity  equation.  Both  the  pressure,  and  the  internal  energy  (Bernoulli 
constant)  have  second  order  of  accuracy  0(c2)  after  averaging  across  the  layer  depth.  This 
averaged  internal  energy  remains  constant  throughout  the  channel  if  frictional  effects  are 
ignored.  A  brief  outline  is  given  below,  detailed  derivations  will  be  presented  in  a  subsequent 
paper. 


Assuming 


(i=l,2) 


(1) 


We  write  the  internal  eneri  y  in  the  fotra: 

El==:Elji  +  AEI„ 

where  the  hydrostatic  component  is  given  by: 

and  the  non-hydrostatic  effects  of  flow  curvaiuie  are  given  by: 


a£/  =  +  As.  4-jt  -  ^ 

"  ff'  3^2  2y2  ^  8'^  3yi 


(2) 

(3) 

(4) 


where  g'  =  Eg,  is  the  reduced  gravitational  acceleration.  £1  should  remains  constant 
throughout  the  channel  when  frictional  effects  are  not  important.  Thus,  (2)  can  be  solved  for 
y2  (the  lower  layer  thickness)  with  the  non-hydrostaiic  effects  accounted  for. 

When  frictional  effects  are  also  important,  we  follow  classical  hydraulic  analysis  (see 
Henderson,  1966),  and  introduce  a  frictional  slope,  Sf,  where: 


dx 


Sf 


(5) 


Using  (2),  and  letting  »  d(A£.7„)  /  dx,  (5)  becomes: 


d{y2  +  ^  Sf  -Sg-Sc 

dx  1-G^ 


(6) 


•7  dh 

where  pf  =  qf  /  g'  yf,  and  +  F^.  The  topographic  slope  -So  =  ~  for  the  straight 

0A 

chaimel,  the  slope  due  to  flow  curvature  =  d(A£/^)  /  dx,  and  the  friction  slope 


Sf 


1 

g'yi 


Vl  >2 


(7) 


where  fi  and  fyv  are  the  interfacial  and  bottom  frictional  factor.  Solving  (5)  or  (6)  for 
exchange  flow  witli  both  the  flictional  and  non-hydrostatic  effects  included  is  much  more 
complicated  than  solving  for  the  frictionless  and  hydrostatic  flow.  The  procedure  used  for 
solvmg  the  latter  will  be  briefly  reviewed  first. 

For  the  frictionless  hydrostatic  flow,  the  internal  energy  remains  constant  throughout  the 
channel.  As  Sf  and  Sc  both  become  zero,  the  flow  should  be  critical,  at  the  point  where  So=  0, 
i.e.,  at  the  sill  crest.  For  maximal-exchange  flow  in  a  channel  of  constant  width,  the  flow  is 
also  critical  at  the  right  end  of  the  channel.  I  herefore,  three  equations,  0^=  1  at  the  sill  crest 
and  the  right  exit,  and  the  constant  internal  energy  can  be  used  to  solve  for  three  unknowns,  q 
(qi=q2=q  for  our  experiments),  y2  at  the  sill  crest  and  at  tire  right  exit  of  the  channel. 


For  frictional  hydrostatic  flow,  the  internal  energy  is  clianged  by  friction  and  the  control 
position  is  shifted  from  the  sill  crest.  The  bottom  fncdonal  factor  can  be  obtained  tlteoredcally 
from  the  boundary  layer  theory.  The  interfacial  frictional  factor  is  determined  indirectly  by 
matching  the  theoretical  and  measured  flow  rates. 

For  the  frictional  non-hydrostatic  flow,  we  may  either  use  the  iteration  method  starting  from 
the  frictional  hydrostatic  solution,  or  solve  (5)  as  a  boundary  value  problem.  Fig.  2(a)  shows 
die  hydrostatic  and  iion-hydrostatic  frictional  predictions  of  interfacim  posiduns  compared  with 
die  experimental  measurements.  Fig.  2(b)  shows  the  cliange  of  the  internal  energy  along  the 
channel.  The  internal  energy  is  changed  significandy  by  friction.  The  inclusion  of  the  non- 
hydrostadc  effects  is  important  in  the  sill  region  as  it  raises  the  internal  energy.  The  extended 
theory  provides  excellent  agreement  with  the  experimental  results,  with  the  bottom  and 
inteifacial  frictional  foaors  estimated  to  be  about  0.01. 

4.  INTERFAOAL  INSTABILITIES 

The  stability  of  a  two-dimensional,  inviscid,  suatified  shear  flow  depends  upon  the  veitical 
variation  of  density  p(z)  and  of  the  mean  horizontal  velocity  U(z).  For  the  piecewise  Unear 
velocity  and  density  profiles  of  Fig.  3,  the  stability  diagrams  can  be  obtained,  see  Lawrence  et 
al.  (1991).  Four  duuensionless  variables  are  used:  die  Richardson  number  J»^hl the 
wave  number  a  »  kh,  where  k  =  Infk,  and  k  is  the  wavelen^;  the  relative  displ^ement  of  the 
velocity  and  density  profiles  d/h;  and  the  wave  speed  c  =  (Jr  -  U) /  (tdj  1 2),  where  (r  are  the 
wave  speeds  for  the  positive  and  negative  wav^.  The  Reynolds'  and  Keulegon  numbcis  may 
also  be  important:  Re  =  Al//i/ v,  and  ifs  A£/^/(g'v). 

From  the  stability  diagrams,  we  know  diat  K-H  wavc.s  only  occur  for  the  symmetric  (zero 
di-splaccment,  d/h  aj  (I)  case  widi  J  <  0.07,  while  the  Holmboe  instabilities  can  occur  for  any 
larger  J,  and  also  for  the  asymmetric  cases  (d/h  -4^  0).  Fig.  1(c)  shows  the  movements  of  the 
Holmboe  waves  observed  in  our  experiments.  In  this  flow  J  -  0.3,  and  the  mean  velocity  is 
about  0.5  cni/scc.  Thus  bodi  waves  are  traveling  at  about  the  same  speed  with  respect  to  the 
mean  flow,  satisfying  the  requirements  for  Holmboe's  (1962)  instability. 

The  wave  length  and  wave  velocity,  for  both  die  positive  and  negative  waves,  can  be  obtained 
from  measurements  of  variations  in  the  interface  elevation.  Fig.  4  siiows  a  typical  wave 
characteristics  plot,  with  the  intensity  representing  the  relative  height  of  the  interface.  The 
positive  and  negative  waves  appear  as  oblique  bands  of  dark  and  light.  Wave  speed  and  wave 
length  can  be  easily  obtained  from  the  slope  and  spacing  of  the  bands.  These  measurements 
can  be  used  to  compare  with  the  theoretical  predictions,  A  comparison  for  one  experiment  is 
listed  in  Table  1.  The  flow  has:  17=0.6  cm/sec,  A£/=4,0  cm/sec,  /i=3.0  cm,  g'=1.6  cm/sec^, 
and  d/h  »  0.  Thus  J  is  about  0.3,  with  Reynolds  number  Re  =  1200,  and  Keulegan  number  K  = 
3500.  We  can  obtain  the  theoretical  predictions  for  the  flow,  knowing  that  the  wave  which  has 
the  largest  growtlr  mte  is  the  one  most  likely  to  be  observed: 


IatiIe„L.Cflmc,arisi3n  flf.tbe.Predi.aed  and  Mcaaiiied  .Wave  C;iiaractcat.iics 


p— - - - 

Theory 

Measurement 

Wave 

A"-  (cm) 

iO.5 

10 

Length 

A”  (cm) 

10.5 

11 

Wave 

(cm/sec) 

1,6 

1.5— 1.8  j 

Velocity 

c~  (cm/sec) 

-0.4 

-  0.5  —  0.6  1 

Table  1  shows  that  the  linear  stability  theory  accurately  predicts  the  wave  length  and  speed. 
The  theoiy  can  also  explain  further  experimental  observations.  During  the  eatly  stages  of  the 
experiment  the  amount  of  the  displacement  of  the  interfaces  is  relatively  large  (d/h  >  0.1)  and 
the  negative  waves  are  suppressed.  Later  in  the  experiment  the  magnitude  of  the  shift 
decreases,  and  we  stan  to  see  both  the  positive  and  negative  waves.  7'he  reasons  for  changes  in 
the  displacement  of  the  velocity  and  density  interfaces  are  not  fiiUy  understood. 


5.  CONCLUSIONS 

Exchange  flows  through  a  narrow  channel  with  a  sill  are  affected  by  both  frictional  and  non- 
hydrostatic  effects.  Friction  effects  are  important  along  the  entire  length  of  the  channel,  while 
the  non-hydrostatic  effects  are  important  in  the  vicinity  of  the  sill.  An  extended  hydraulic 
theory  including  both  the  frictional  and  non-hydiostatic  effects  gives  very  good  agreement  with 
the  experimental  results.  Both  Kelvin-Hehnholtz  and  HolmbM  instabilities  are  observed  on 
the  interface.  The  wave  lengths  and  phase  velocities  of  the  Holmboe  instabilities  compare  well 
with  the  theoretical  predictions  of  Lawrence  er  of.  (1991), 
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Fig.  1.  (a)  Plan  view  of  £he  experimental  setup.  All  dimensions  are  in  miUimeteis.  The  sill 
is  placed  in  the  left  part  of  the  channel,  sliown  as  the  dotted  area,  (b)  Definition  diagram 
of  two-layer  exchange  flow  over  a  sill,  with  both  K-H  and  Hohnboe  waves,  (c)  Sequence 
of  photographs  showing  Hohnboe  waves:  The  upper  layer  flow  is  from  left  to  right,  the 
lower  layer  from  right  to  left  The  flow  has  a  mean  velocity  of  about  0.5  cm/sec.  Grids  are 
3  cm  apart  Photos  arc  taken  at  0.5  second  interval. 
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Fig.  3.  Definition  diagrain  for  the  piecewise  linear  velocity  and  density  profiles. 


Fig.  4.  Wave  characteristics:  tlie  characteristics  for  the  positive  and  negative  waves 
app^  as  oblique  bands  of  dark  and  light  The  intensity  represents  the  relative  height  of 
the  interface  (darker  for  the  higher  height). 
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Abstract 

An  experimental  study  wa-s  carried  out  to  investigate  water  exchange  through  the 
narrow  strait  with  two-layer  flow  structure  and  net  barotropic  transport.  The  facility 
consisted  the  tank  that  was  divided  on  the  two  basins  connected  by  a  shallow  and 
narrow  rectangular  strait.  One  basin  was  heated  at  the  bottom.  Another  basin  was 
cooled  at  the  top.  The  velocity  and  temperature  measurements  were  made  using  the 
hydrogen-bubble  technique  and  the  temperature  probes,  respectively.  The  results  of 
measurements  were  given  for  the  short,  intermediate,  long  strait  in  dependence  on 
magnitude  of  the  net  barotropic  transport.  The  experimental  data  were  compared 
with  the  model  calculations  based  on  principle  of  the  maximal  exchange. 

1  Introduction 

The  extremely  important  role  of  straits  in  forming  hydrologic  emd  ecological  con¬ 
ditions  in  inland  seas  is  well-known.  The  water  exchange  through  strait  depends 
on  the  adjacent  seas  water  balance  and  hydrologic  structure  as  well  as  the  strait 
topography.  Because  of  this  the  strait  models  remain  to  be  the  necessary  part  of 
the  model  of  the  inland  seas  climate  evolution  (see  e.g.,  Nof,  1979;  Maderich  and 
Efroimson,  1986).  Detailed  hydrodynamic  description  of  straits  is  difficult  because 
many  factors  and  processes  should  be  consider  -  strait  topography,  momentum  and 
mass  transfer  between  layers  influenced  by  turbulence  and  unsteady  effects  (tides 
and  surges).  So,  development  of  simple  one-dimensional  or  even  simpler  bulk  (null¬ 
dimensional)  models  of  sea  straits  is  very  important  for  hydrodynamic  modeling  and 
pre  diction  of  environmental  processes  in  seas. 

There  are  many  straits  with  two-layer  structure  of  currents  (e.g.,  the  Bosphorus, 
Dardanelles,  Qibraltar,  3ab— el— Mandeb,  Borinuz  etc.).  The  internal  hydraulics  of 
a  steady  frictionless  two-layer  flow  through  channel  was  the  most  extensively  stud¬ 
ied  at  recent  decade.  The  concept  that  was  developed  in  such  flows  was  maximal 
exchange  (Armi  and  Farmer, 1986;  Farmer  and  Armi,  1986).  The  problem  of  the 
water  exchange  through  long  strait  with  friction  (Assaf  and  Hecht,  1974;  Anati  et 
al.,  1976;  Oguz  et  al.,  1990)  yet  is  less  well  understood. 
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la  this  paper,  we  present  the  results  of  an  experimental  study  of  water  exchange 
through  the  narrow  strait  with  two-layer  flow  structure  and  net  barotropic  transport. 
The  simple  model  beised  on  concept  of  maximal  exchange  is  considered  in  Sect. 2.  The 
experimental  arrangement  is  described  in  Sect. 3.  We  used  a  channel  with  geometry 
similar  to  experiments  of  Anati  et  ah,  (1977)  but  with  different  measurement  device. 
The  results  of  experiments  are  given  in  Sect.4. 

2  Model 

Following  Maderich  and  Efroimson  (1986,1990)  we  consider  a  simple  bulk  model  for 
a  two-layer  stationary  water  exchange  through  strait.  The  shallow  and  narrow  strait 
connects  two  basins  maintained  at  different  density  pi  and  p2  respectively  {pi  <  pz) 
and  net  barotropic  discharge  Qj  from  basin  1  to  basin  2  {Qj  >  0).  The  rectangular 
strait  is  length  i,  constant  depth  D  and  width  A.  The  mean  along  strait  depths  of 
upper  layer  and  bottom  layer  are  Di,  D2,  respectively 


D  —  £)\  -l-  D2- 


(1) 


The  volume  discharges  in  the  upper  (Qi)  and  bottom  {Q2)  relates  to  the  mean 
velocity  in  layers  Uj,  U2  by  Qi  =  ADiUi,  Q2  =  AD2U2.  The  water  balance  of  the 
system  is 

Qi  +  Qi  =  Qj-  (2) 

It  is  common  practice  in  such  cases  to  use  models  beised  on  a  so  called  "hydraulic 
control”  principle,  which  requires  that  the  internal  composite  Froude  number  G  be 
equal  to  a  critical  value  Gj.  At  small  density  difference  ((pj  -  pi)/p2  <  1) 


G'  =  +  Fl  =-■  G^ 

Here 

-  ^2 


(3) 

(4) 


9'  =  9{P2  —  P\)l p2^  9  is  gravity  acceleration.  In  the  short  straits  Gj  =  1  whereas  in 
the  long  straits  with  predominated  friction  effects  parameter  G,  <  1.’ 

The  system  of  equations  (l)-(3)  contains  four  variables  besides  Gs  and  g'.  To 
close  the  system  we  used  the  condition  of  extreme  water  exchange  in  the  strait,  i.e., 
we  supposed  such  layer  thicknesses  that  the  flow  iji  the  bottom  layer  is  maximal 


dQ2 

W2 


=  0. 


(5) 


The  second  extremum  (Ga  =  0)  is  achieved  ai,  the  end  of  the  range  of  possible  values. 
Flows  Gi  and  Q2  are  connected  by  (2),  so  Eq.  (5)  involves  the  extremum  either  for 
the  upper  flow.  Taking  a  derivative  of  Eq.  (3)  with  respect  to  D2  and  using  (5),  we 
have  simple  condition  of  maximal  exchange 

QI  Df 


2 


(6) 


From  Eqs.  (3)  and  (6)  taking  into  account  Eqs.  (1)  and  (2)  we  obtain  explicit 
formulae  connecting  thicknesses  of  layers  and  discharges  with  some  morphometric 
and  hydraulic  parameters  of  the  strait  and  with  independent  components  of  basins 
water  balance 


Di^\d{\AtG:% 

(7) 

D2=^\D[l-rG:^), 

(8) 

gi  =  J<?,<3„(1  +  ^G7‘)^ 

(9) 

'2  =  -JG,Q„,(l-rG:l)^ 

(10) 

where  Qm  =  S{g'Dy^‘^,S  —  AD  is  a  cross  section  of  the  strait,  r  =  Qj/Qm- 

Following  to  approach  of  Maderich  and  Efroimson  (1990)  we  accept  a  condition 
similar  to  (3)  for  a  long  strait  either,  but  the  averaged  along  the  strait  the  Froude 
number  G,  should  now  be  less  than  1 .  Gener<dly  Gs  depends  on  the  strait  geometry 
and  possibly  on  another  external  parameters.  It  is  easy  matter  to  derive  explicit 
formula  for  G,  in  particular  case  Q/  =  0.  For  a  long  sea  strait  the  main  balance  in  a 
bottom  layer  is  a  balance  between  baroclinic  pressure  gradient  and  bottom  turbulent 
friction.  In  the  laminai'  laboratory  analog  of  this  strait  with  A  D  the  pressure 
gradients  balance  side  wall  friction  in  the  layers  except  the  ends  of  strait 

(11) 
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5  ,  .  ,  ,  d'^U2 

5;(s( +  ».))  = -"5^. 


(12) 


The  coordinates  x  and  y  are  taken  along  and  across  the  strait  respectively.  Here 
C  is  the  surface  elevation,  rj  is  the  interface  deviation,  v  i.s  the  kinematic  viscosity. 
Instantaneous  local  thicknesses  of  the  layers  Hi  and  H2  are  defined  by 


III  —  Di  —  7]  +  + 

Integrating  (11), (12)  across  the  chaiurel  and  excluding  C  we  obtain 

dih  12n  HQ2  -  HiQf 
dx  ~  AV  {H  -  1-12)112  ' 

A  using  of  the  critical  Froude  condition  at  each  ends  of  strait  with  <5/  =  0 


Q!  .  Ql 


■  + 


A^,{D2Avr 
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(13) 

(14) 

(15) 


is  evident  (Assaf  and  Hecht,  1974;  Anati  et  ah,  1977).  Integrating  (14)  from  0  to  L 
and  eliminating  Qi-,Q2  in  (15)  we  have; 
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(16) 

(17) 
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Here  <5  =  t/(L)  -  //(O),  7  =  l2i/LI{A^-\/grD)  is  iriction  parameter.  For  a  short  strait 
7  C  1,  for  ail  intermediate  strait  7  ss  1  and  for  a  long  strait  7  >  1.  Some  approaches 
when  <3/^0  were  considered  Maderich  and  Efroimson  (1990). 

3  Experimental  arrangement 

The  experiments  were  conducted  in  a  rectangulai'  Plexiglass  tank,  200  cm  long,  17 
cm  wide  and  40  cm  deep  (Fig.l).  The  tank  was  divided  on  two  basins.  These  basins 
were  connected  by  shallow  and  narrow  rectangular  strait  placed  along  front  wall. 
The  two-layer  water  exchange  was  maintained  by  heating  of  small  basin  (length  33 
cm)  by  electric  heater  placed  near  the  bottom  and  by  the  cooling  of  lai'ge  basin  by 
the  tap  w'ater  cooler.  The  cooling  box  was  situated  at  the  surface  of  the  large  basin. 


Fig.l.  Schematic  drawing  of  laboratory  set-up 


The  three  configuration  of  strait  were  used:  short,  intermediate  and  long.  The 
depth  of  strait  D  =  S  cm  was  not  changed.  The  short  strait  was  modelled  by  plate 
with  thickness  L  =  2  cm.  The  intermediate  strait  was  length  L  =  60.5  cm  and 
width  A  =  2.0  cm.  The  long  strait  was  the  same  length  but  A  =  0.9  cm.  The  strait 
and  small  basin  were  insulated.  A  barotropic  flow  was  directed  from  heated  basin  to 
cooled  one.  The  constant  flow  rate  was  provided  by  using  of  the  constant  pressure 
vessel.  The  outflow  from  lai'ge  basin  took  place  through  the  funnel  at  the  surface. 
The  rate  of  outlow  from  tank  was  calculated  with  help  of  measuring  vessel. 

The  temperature  distribution  in  the  strait  was  observed  by  the  vertical  profiling 
in  the  ten  sections  with  a  thermistor  probe  attached  to  the  traversing  platform. 
The  platform  can  be  moved  along  strait.  The  velocity  measurements  in  ten  sections 
along  strait  were  made  using  liydrogeii-bubble  teclmiciue  (  Matsui  et  ah,  1979).  The 
bubble  generator  was  made  by  stretching  a  stainless  wire  (0.0027  cm  in  diameter)  in 
a  vertical  section  of  the  channel.  A  proper  electrical  pulse  was  applied  between  the 
wire  as  a  cathod  and  plate  on  the  bottom  of  channel  as  an  anode.  To  diminish  the 
buoyancy  effects  at  low  speeds  we  selected  the  electric  parameters  for  generation  of 
the  small  bubbles  (pulse  width  2-6  ms.,  voltage  of  40  -  70  V').  The  pulse  interval 
was  0.33  -  0.66  s.  The  wires  also  were  attached  to  a  small  amplitude  vibrator  to 


4 


enhance  conditions  of  the  bubbles  tailing.  As  a  result  of  these  measures  the  velocity 
of  the  bubble  rising  was  less  0.1  cm/s.  The  flash  lamp  with  condenser  was  used  as 
a  light  source. 


4  Results 


A  series  of  experiments  was  run  for  the  short  (7  ss  0.1),  intermediate  (7  0.6) 

and  long  (7  «  3.0)  straits.  The  barotropic  flux  Q/  was  varied  systematically  in 
the  range:  0  <  Q/  ^  13.5  cm^sec"*  for  short  strait,  0  <  Q/  <  6.4  cm^sec"^  for 
intermediate  strait,  and  0  <  (//  <  3.2  cm®sec~*  for  long  strait.  In  the  experiments 
the  buoyancy  b,  typically  lay  between  1.20  and  1.28  cmsec“^. 

The  longitudional  distribution  of  the  velocity  and  temperature  in  the  long  strait 
for  Q/  =0  are  shown  in  Fig.  2.  The  temperature  and  current  profiles  consisted 
of  two  homogeneous  layers  with  a  thin  thermocHne  and  shear  layer.  The  heights  of 
the  thermocline  and  zero  speed  changed  zJmost  linearly  along  strait.  But  the  layer 
of  maximal  temperature  gradient  was  shifted  downward  relatively  to  the  position  of 
the  zero  speed.  This  flow  pattern  was  quite  similar  to  Fig. 10  Anati  et  al.  (1977). 
The  presence  of  the  net  barotropic  flow  did  not  change  qualitatively  the  picture  of 
currents  for  moderate  Qj  as  seen  from  Fig.  3.  The  interface  between  homogeneous 
layer  was  shifted  downward  but  it  shape  and  slope  had  not  undergone  the  marked 
change.  The  diminishing  of  the  velocity  in  bottom  layer  causes  the  transformation 
of  temperature  field  at  the  cost  of  heat  conductivity.  The  effect  of  ’’locking"  strait 
for  bottom  undercurrent  can  be  seen  at  Qj  >  3.2  cm^sec"’. 

The  comparison  between  the  measured  thickness  of  bottom  layer  and  the  local 
Froude  number 

(18) 


G,  _ 

^  AH.H{  A^,Hf 


and  computed  ones  from  model  is  given  in  Fig.4.  The  figure  shows  a  reasonable  fit 
the  model  to  the  data.  The  model  however  overestimates  the  slope  of  interface.  The 
most  discrepancy  between  the  predicted  and  experimental  values  Gl  at  the  ends  of 
the  strait  is  due  to  the  inertial  effects  that  have  been  neglected  by  the  viscous  model 
and  errors  in  the  determination  of  zero  speed  points  at  the  ends  of  the  strait. 

In  Fig. 5  the  measured  deptli  of  the  upper  layer  was  plotted  against  the  net 
barotropic  flow.  The  straight  line  G,  =  I  corresponds  to  the  model  of  maximal 
water  exchange  (see  Eq.  (7)).  The  dependence  of  2Di[D  —  1  on  Q/IQm  for  the 
intermediate  sind  long  straights  .also  is  the  linear  function,  i.e.  the  G,  is  an  approx- 
imtely  constant.  The  value  Gj  ==  0.42  for  long  strait,  that  is  in  a  good  accordance 
with  the  model  prediction  G,  =  0.41  at  =  0.  What  this  means  is  parameter  G, 
in  a  first  approximation  depends  only  on  the  strait  morphometry. 

The  relation  between  the  discharge  Qi  and  and  averaged  depth  of  the  upper 
layer  Di  is  given  in  Fig.6.  Accordingly  to  Eqs.  (7),  (9)  the  function  {QilQmY^^  is 
depends  linearly  on  D\(D  for  constant  G,-  The  data  is  consistent  with  this  relation 
but  measured  disharges  were  less  than  predicted  with  G,  calculated  from  Fig.5. 
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FiS.2  The  limperature  and  velocity  dlalribullona  in  tiio  lonj]  strait  it  Q, »  0  and  b,  ^  t.2S 
cin/ascV  (a)  Velocity  (aalid)  and  tamperatura  (dastied)  proliies.  {p}  a  longitudlonai 
tempuralure  section. 


FIg.i  The  meaiured  inickness  ol  eollont  layer  H^D  {cirtlea}  and  local  Froude 
nuffloor  Gl  {squareo}  at  Q(  *0  and  l>,  ■  1.23  cm/sec*.  Solid  lines  correspond  to 
computed  distributions  HjfD  end  G^. 


Flg.5  me  moasured  deptn  ol  upper  layer  versus  net  barolroplc  How  In  me  short 
strait  (squares).  Iniermsdiete  strall  {triangles)  and  long  seall  (circles). 


2D, ID 

Flg.e  The  discharge  in  Ihe  upper  layer  Q,  versus  averaged  doptn  ol  upper  layer 
□i.  The  symbols  as  In  FIg.s. 
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5  Conclusions 


The  present  study  has  produced  the  following  results: 

(1)  The  simple  one-parameter  bulk  model  of  water  exchange  in  the  long  narrow 
laminar  strait  with  net  barotropic  flow  was  proposed.  This  model  was  based  on 
concept  of  the  maximal  exchange. 

(2)  The  results  of  the  laboratory  experiments  on  the  water  exchange  in  the  short, 
intermediate  and  long  straits  with  net  barotropic  flow  were  consistent  with  model 
but  the  mecisured  baxoclinic  flows  were  weaker  than  predicted  by  the  model. 

(3)  The  single  parameter  of  model  in  a  first  approximation  was  function  of 
the  strait  morphometry  only  that  gives  possibility  to  use  this  model  with  empirical 
value  of  G,  for  the  parametrization  of  water  exchange  through  straits  in  the  models 
of  general  circulation. 
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Hydraulic  Control  Analysis  of  an  Integrated  Gravity  Current  Model 

Guttorm  Alendal 

Nansen  Environmental  and  Remote  Sensing  Center,  Bergen,  Norway 

A  steady  state  gravity  curreat  model  which  incorporates  entrainment  and 
friction  is  used  to  describe  large  scale  gravity  currents  and  channel  flows. 

When  the  model  includes  pressure  effects  from  varying  current  thickness, 
critical  points  occur  when  the  current  velocity  is  equal  to  the  phase  velocity 
of  waves  on  the  interface.  Some  solutions  have  the  possibility  to  pass  from 
super-  to  sub-critical  flow,  or  vice  versa.  These  solutions  pass  through  a 
hydraulic  control  point  and  the  objective  is  to  analyse  the  behaviour  of  the 
solutions  in  the  vicinity  of  such  points. 

Using  a  phase  space  in  which  the  hydraulic  control  points  occur  as  equi¬ 
librium  points,  performing  standard  Taylor  expansion  to  the  flrst  order, 
the  result  is  a  system  of  autonomous  differential  equations  with  constant 
coefficients  that  can  describe  the  behaviour  of  the  solutions  for  different 
parameter  regimes  near  a  hydraulic  control  point.  If  an  equilibrium  point 
in  phase  space  represents  a  saddle  point  it  is  distinguished  between  three 
different  solution  classes;  solutions  that  approach  the  critical  velocity  but 
never  reach  it,  solutions  that  reach  the  critical  velocity  and  obtain  iufiuitely 
large  derivative,  and  the  solutions  (one  horn  subcritical  and  one  from  su¬ 
percritical)  that  reach  the  critical  velocity  exactly  in  the  equilibrium  poiut. 

Introduction  and  Problem  Definition 

Flows  driven  by  gravity/buoyaucy  occur  in  many  contexts  both  in  the  nature  and  in  the 
laboratory,  see  Simpson  (1987)  for  examples.  One  approach  that  is  often  used  to  model 
these  events  are  integrated  or  bullc  models,  i.e.,  models  which  do  not  treat  the  interior 
fluctuations  explicitly  but  model  the  variables  averaged  over  a  cross-section  of  the  current 
(see  for  instance  Smith,  1975;  Killworth,  1977). 

The  steady  state  gravity  current  model  is  derived  rigorously  in  Alendal  et  al.  (1994)  and 
since  the  main  objective  is  to  study  the  solutions  in  the  neighbourhood  of  the  hydraulic 
control  point,  the  model  will  be  stripped  for  the  influence  from  salinity,  temperature 
and  density  variations.  Further,  the  curreat  is  assumed  to  flow  in  a  channel  with  given 
width  and  inclination  as  function  of  the  along  stream  direction,  and  rotational  effects  are 
neglected.  The  remaining  model  equations  then  read:  (subscript  x  means  d/dx) 

{pAu)„.^p^Ewu,  (1) 

{pAu^')^  =  A g{p-  Pe)(sin 6  -  h^]  -  Cd  pwu^.  (2) 

These  equations  are  the  local  steady  state  continuity  and  momentum  equations  averaged 
over  a  cross-section,  with  normal  vector  in  the  along  stream  direction  x,  and  with  area 
A.  The  quantities  p,  u,  w,  and  h  are,  respectively,  mean  density  and  velocity  over  the 
cross-section,  and  the  width  and  thickness  of  the  flow.  The  density  of  the  ambient  fluid  is 
denoted  with  p^.  The  right-hand  side  of  Eq.  (1)  represents  entrainment  of  ambient  water 
which  is  assumed  to  have  no  momentum  The  entrainment  parameter,  E,  is  usually 


assumed  to  be  dependeut  on  the  Richardson  number,  Ri  =  g'hcos6u~^',  of  the  flow 
(Christodoulou,  1986).  The  first  term  on  the  r.h.s.  of  Eq.  (2)  is  the  gravity/buoyancy 
force  while  the  last  term  represents  the  drag  with  the  drag  coefficient  Ca  which  may  also 
be  dependent  on  the  Richardson  number  (Alendal  et  al.,  1994).  In  this  study  both  the 
entrainment  parameter  and  the  drag  coefficient  is,  for  the  sake  of  simplicity,  assumed 
constant. 

I'he  input  of  energy  in  the  model  is  due  to  gravity/buoyancy  while  friction  and  en¬ 
trainment  of  ambient  water  with  no  velocity  represents  sink  of  energy.  The  hr  term  in 
the  gravity /buoyancy  term  occurs  as  a  result  of  incorporating  the  effect  from  variation  in 
current  thickness  on  the  pressure. 

The  area  of  the  cross-section  is  proportional  to  the  width  and  the  thickness  of  the 
current 

A  ■■=  awh  (3) 

where  cr  is  a  proportionality  parameter.  Assuming  that  the  width  of  the  current  (channel) 
is  given  through  constraints  the  system  is  closed  and  solvable. 

Using  Eq.  (3)  and  substituting  v  =  -u?  into  the  system  gives 


+  vhx  =  Fu  —  hvf{x)  (4) 

1 

-kvx  +  hhx  —  g'hsind  —  CdV  (5) 


where  g'  =  g{p-  Pe)p~^  is  the  reduced  gravity  and 

r  =  ^-,  m  =  Cd  =  {CD  +  r)/a.  (6) 

pa  w 

If  the  inclination  angle,  0,  is  dependent  on  x  and  the  entrainment  is  neglected,  F  =  0,  the 
model  is  similar,  although  differing  in  notation,  to  the  one  used  by  Pratt  (1986)  to  study 
flows  over  an  obstacle.  Further,  the  model  is  also  similar  to  the  more  general  model  of 
Wajsowicz  (1993)  with  special  choices  for  the  friction  and  entrainment  functions. 

The  system  has  critical  points  when  =  g'h,  the  phase-velocity  of  waves  on  the 
interface  between  the  flow  and  ambient  water.  When  the  velocity  of  the  flow  is  larger 
than  the  phase- velocity  the  flow  is  said  to  be  super-critical,  while  for  smaller  velocities 
the  current  is  sub-critical.  Solutions  passing  from  sub-  to  super-critical  or  vice  versa  are 
called  hydraulically  controlled  and  the  points  where  these  flows  goes  from  one  regime  to 
the  other  are  the  hydraulic  control  points  (Turner,  1973). 

Nondimensionalising  using 


V  —  vqv,  h  -■  hoh,  X  =  Lx 


(7) 


with  ho  =  L  and  ^0=^0  =  gho,  where  L  is  a  characteristic  length  of  the  flow,  gives  the 
nondimensionalised  system: 


-/tVv  -f  vhv 
2  X  X 


“  -b  h  h^ 


=  Fv  -  hvJix) 


—  ksinO  —  CdV 
2 


(8) 

(9) 
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Subtracting  Eq.  (8)  from  Eq.  (9)  gives 

\^k-v'jh^  =  k sin  6  -  (Cj  +  F)  u  +  hvf{x).  (10) 

If  the  r.h.s.  of  Eq.  (10)  do  not  approach  zero  as  ti  — *  /i  the  derivative  of  h  will  approach 
infinity  (positive  or  negative) ,  or  in  other  words  the  hydraulic  control  point  is  given  when 

h  sin  0  -  (Cd  +  r)  V  +  hvfix)  =  0  (11) 

simultaneously.  Notice  that  if  the  inclination  angle  and  the  channel  width  is  constant, 
6  —  constant  and  f{x)  =  0,  a  critical  slope,  dn^  =  C  +  F,  is  defined  for  which  the  flow 
may  freely  go  from  sub-  to  super-critical  flow,  or  vice  versa.  On  the  other  hand  if  the 
slope  is  not  critical  there  is  no  hydraulic  control  solutions  for  the  steady  state  model. 
To  analyse  the  solutions  in  the  vicirrity  of  hydraulic  control  points  a  phase  space  and  a 
new  independent  variable  is  introduced  w.hich  transform  the  singularity  to  an  equilibrium 
point. 


The  general  analysis  method 

Here  follows  a  brief  summary  of  the  phase  space  analysis  method.  An  exhaustive  outline 
of  the  method  may  be  found  in  Bilicki  et  al.  (1987)  where  it  has  been  used  on  two-phase 
flows.  In  0ien  and  Alendal  (1993)  the  method  was  used  on  a  model  describing  the  heating 
and  acceleration  of  the  solar  wind. 

The  method  can  be  used  on  dynamical  systems  of  the  general  form 

^(<7)-^<r  =  b(«-,x),  (12) 


where  ^  is  a  A:  x  fc  matrix  and  b  and  a  are  fc-dimensional  vectors.  Notice  that  the 
coefficient  matrix  A  is  not  dependent  on  the  independent  variable  x-  The  system  has 
unique  solutions  in  regions  where  A  =  det{A)  ^  0  and  by  use  of  Cramers  rule  (see  for 
instance  Anton  (1984)): 


dcTj 

dx 


Niju,  x) 
A(a)  ■’ 


i  —  1, 2, . . . ,  fc, 


(13) 


where  Ni(cr,x)  is  the  determinant  of  the  matrix  resulting  from  replacing  column  i  in  A 
with  the  vector  b.  Introducing  the  new  independent  variable  (77)  such  that 


it  follows  that 


(14) 


■I 

I 


t 


doi  _  d(Ji  dx  _  Ni{a,z) 


A(a)  =  Ni(a,  2),  2  =  1,2,...,/:, 


dr)  dx  dr)  A(cr) 
giving  an  autonomous  system  with  fc  -I- 1  differential  equations; 


dx 

dr) 


=  ^(o-)> 


da, 

dr) 


=  Ari(a.x), 


2  =  1, 2,. . , ,  fc. 


(15) 


(16) 
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Points  in  the  fc  +  1  dimensional  phase  space,  denoted  r  =  {cr,x),  where  A  ^  0  are  called 
regular  points  and  only  one  solution  pass  through  these  points.  Points  where  A  =  0  are 
called  critical  points  and  defines  a  fc-dimensional  manifold  in  phase-space  which  separates 
the  space  into  a  sub-  and  a  super-critical  region.  The  normal  vector  to  the  manifold, 
called  the  critical  manifold,  is  perpendicular  to  the  ^'direction  since  A  is  not  dependent 
on  X-  A  theorem  in  Bilicki  ei  al.  (1987)  says  that  if  A  =  0  and  Nj  =  0  for  any  j,  then  all 
the  other  Ni’s  are  zero  simultaneously.  This  gives  the  following  classification  of  points  in 
phase  space: 

1.  Regular  points  when  A  ^  0, 

2. Turning  points  when  A  =  0  and  Nij^O  for  all  Ni, 

3. Singular  points  when  A  =  0  and  Ni  =  0  for  all  Ni. 


The  theorem  states  that  each  of  the  manifolds  defined  hy  N  —  0,i  —  all 

intersects  with  each  other  simultaneously  as  they  intersects  with  the  critical  manifold 
A  =■  0.  This  means  that  the  physically  acceptable  solutions  that  pass  through  the  critical 
manifold  passes  in  the  manifold  defined  by  the  intersection  between  the  critical  manifold 
and  the  manifolds  defined  by  the  N^s.  Solutions  going  through  a  turning  point  in  phase- 
space  are  not  physically  acceptable  solutions  since  at  least  one  of  the  dependent  variables 
gain  infinite  derivative  there. 

To  study  the  solutions  in  the  vicinity  of  a  singular  point,  r  =  r**,  Taylor  series  expansion 
in  T  =  r‘*  -I-  St  is  performed.  Truncated  after  the  linear  term  this  gives  a  linear  system 
with  constant  coefficients 

4-Sr  =  Sr  ■  VV(r**)  =^Sr-j,  (17) 

ax 


where  =  [A,  A^i, . . . ,  iV*,]  is  the  vector  holding  the  dependent  variables  for  the  au¬ 
tonomous  system  given  in  Eq.  (16),  and 


J  =  VV(r*‘) 


0 

^A 

dA 

\ 

doi 

'  '  '  OOk 

T*» 

dNi 

dNi 

dNi 

dx 

da\ 

r** 

dN, 

dNk 

dNk 

dx 

dari 

’  dfTk 

r-  y 

(18) 


is  the  Jacobian  matrix  evaluated  at  r  =  r‘*. 

Another  theorem  from  Bilicki  et  al.  (1987)  assures  that  A  =  0  is  an  eigenvalue  of  the 
Jacobian  matrix  defined  in  Eq.  (18)  with  multiplicity  (fc  —  1).  The  remaining  two  nonzero 
eigenvalues  with  their  eigenvectors  control  the  behaviour  of  the  solutions  of  the  linearised 
svstem  in  the  neighbourhood  of  the  singular  point.  The  eigenvalues  of  are  the  roots  of 
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the  characteristic  polynomial  on  the  form 


(A=-pA  +  g)=0. 


(19) 


and  the  classification  of  the  equilibrium/singular  points  is  now  given  (Jordan  and  Smith, 
1987): 

Saddle  point  g  <  0, 

’"lode  g  >  0,  —  4g  >  0,  (20) 

Spiral  or  Center  g  >  0,  —  4g  <  0. 

If  a  singular  point  is  a  center  or  a  focus  there  is  no  possibility  to  find  any  solutions 
passing  through  the  point  and  further  all  solutions  will  eventually  approach  a  turning 
point.  These  solutions  are  not  physically  acceptable  unless  the  outlet  of  the  channel  is 
reached  befois  the  turning  point  is  reached.  For  nodes  all  solutions  passes  through  the 
singular  point. 

For  saddle  points  the  eigenvectors  connected  to  the  two  non -zero  eigenvalues  span  a  two 
dimensional  subapace  in  the  f.^+l)  dimensional  phase  space.  Solutions  passing  through  the 
singular  point  will,  in  the  neighbourhood  of  the  point,  be  directed  along  the  eigenvectors. 
If  these  solutions  where  to  be  calculated  numerically  the  algorithm  is  as  follows;  Since 
the  singular  point  is  a  saddle  point  we  know  that  the  two  nonzero  eigenvalues  axe  real, 
distinct  und  with  different  signs.  The  corresponding  eigenvectors,  Cj,  t  =  1,2,  define  four 
directions  in  the  phase-space  (remember  that  if  is  an  eigenvector  then  so  is  -%).  Taking 
one  sin  ill  step  from  the  singularity  in  one  of  the  four  directions  the  ordinary  differential 
equation  system  is  again  regular  and  ordinarj'  numerical  integration  ctm  be  performed. 


The  Channel  Flow  Problem 

Returning  to  the  giavity  current  model,  Eqs.  (8)  and  (9),  which  written  on  the  general 
vector-matrix  notation  in  the  previous  section  reads: 


r  h  1 

1  f  1 

V 

1  2  ^ 

d 

V  ' 

1 

^  h 

dx 

L 

L  2  J 

a4- 


and  according  to  be  previous  section 


Tu  -  hvfix) 
h  sin  0{x)  -  C  V 


(21) 


N,  = 


—  I 


= 


r  u  -  hv  fix)  V 


i  h  sin6{x)  -  CdV  h 

I  - 

-j  2 

j  ~  h  sm(?(x)  -  CdV 


Fu  -■  hvfix) 


=  V  {CdV  +  h  {T  -  sin e{x)  -  h /(x))} 


=  -h  {h  sin  9{y)  -  v  [Cd  -h  F  -  hf{x))  } 


(22) 


V  --  ll 


The  c;  itical  points  occur  wheu 


(23) 


defining  the  critical  plane,  and  the  singxdar  points  when  in  addition 


Cd  +  r  -  hj{xc)  -  sin  e{xc)  =  0, 


(24) 


as  already  stated  in  Eq.  (11).  Acceptable  solutions  passing  through  the  critical  plane  have 
to  pass  through  points  that  satisfies  Eqs.  (23)  and  (24)  simultaneously. 

The  eigenvalues  of  the  Jacobi  matrix,  Eq.  (18),  are  the  roots  of 


where 


A  —  pA  +  9]  =  0 


P--h43<:?d  +  r], 


9  ^  -  sin  0(x=)j  /(Xc)  -  jhc  K  sin  6'(Xc)^ 

Classification  of  the  hydraufic  control  point  is  now  given  from  Eq.  (20). 


(25) 

(26) 
(27) 


Special  Cases  and  Examples 

A  Degenerated  Case 

A  degenerated  case  arises  when  the  c.  jh  and  the  inclination  are  constant.  Eq. 

(24)  then  contains  only  constants  and  if  tue «. ,  .don  is  not  fulfilled  there  is  no  possibility 
for  hydraulic  controll  solutions.  If  on  the  other  hand  the  equations  are  fulfilled,  defining 
a  critical  slope,  solutions  can  pass  the  critical  plane  everywhere.  Notice  that  in  this  case 
there  is  only  one  nonzero  eigenvalue  since  9  =  0.  If  either  the  entrainment  parameter  or 
the  drag  coefficient  are  not  constant,  but  for  instance  are  dependent  on  the  Richardson 
number  this  is  no  longer  true. 


Constant  Channel  Width 

If  the  inchnation  is  dependent  on  x  and  the  channel  width  is  constant,  /(x)  =  0,  then 
Eq.  (24)  gives  the  positron  of  the  hydraufic  control  point. 

Example.  As  an  example  the  obstacle  used  by  Pratt  (1986) 


sm0{x)  =  bmX- 


(28) 


may  be  iilustrative.  The  singular  point  is  located  at 


Ac-" 


Cd  +  r 


(29) 


showing  that  -"ot  only  the  friction  moves  the  the  hydraufic  point  downstream  from  the 
top  of  the  Of.  jcacle  as  stated  by  Pratt  (1986),  but  also  the  entrainment  is  doing  that.  In 
the  notation  of  Eq.  (19) 


p  =  i(3Cd  +  r) 


(30) 


showing  that  the  hydraufic  control  point  always  is  a  saddle  point  as  long  as  >  0. 
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Varying  Channel  Width 

On  the  other  hand,  if  the  Vvidth  of  the  channel  is  dependent  on  x,  tlien  Eq.  (24)  defines 
a  a  curve  laying  in  the  critical  plane  which  is  a  relation  between  the  thickness  of  the 
current  and  the  x  position  for  the  hydrauhc  control  points.  In  this  case  Eqs.  (23)  and 
(24)  are  tv/o  equations  with  three  unknown  leaving  one  undetermined.  It  is  possible  to  use 
the  freedom  from  the  nondimensionalising  to  scale  the  current  so  that  either  the  thickness 
of  the  current  or  Xc  is  equal  to  1  for  the  desired  solution.  It  is  then  possible,  at  least  for 
saddlepoints,  to  integrate  backwards  to  the  inlet  of  the  channel  and  find  the  initial  height 
and  velocity  needed  in  order  to  have  the  hydraulically  controlled  solution. 

Example.  Let  the  width  of  the  channel  be  given  by  the  function 

=  ax  +  h  (31) 


with  the  inflow  at  x  =  0  and  let  the  inclination  be  constant.  This  gives 

ax  +  b  dx  (ax  +  b) 


Scaling  the  flow  so  that  he  —  I,  the  critical  point  Xc  is  now  given  as  the  solution  of 

where  e  =  sin^  -  {Cd  +  T).  If  e  >  0  (<  0)  there  is  net  input  (output)  of  energy  in  the 
neighbourhood  of  the  point.  This  gives  the  position  of  the  hydraulic  control  point  at 


Since  the  inlet  was  assumed  to  be  at  x  =  0  negative  Xc  cannot  be  accepted  so  in  order  to 
have  a  hydrauhc  control  point  — a6“^  <  e  <  0.  Prom  Eq.  (26) 


g  =  _L(e-2r)  (35) 

4 

and  the  hydraulic  control  point  is  always  a  saddle  point  as  long  as  e  <  0,  for  e  =  0  it  is  a 
node. 


fix)  constant  and  constam  inclination 
For  this  case  Eq.  (24)  becomes 

hed  +  sin  0  —  Cd  —  T  =  0  (36) 

and  is  only  dependent  on  the  thickness  of  the  current.  The  location  is  undetermined  and 
has  ro  be  found  through  shooting  techniques.  The  width  of  the  channel  for  this  choice  of 
f  is  given  by 

w(x)  =  Woexp(dx).  (37) 
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Conclusion 


An  integrated  gravity  current  model  has  been  simplified,  neglecting  salinity,  tempera¬ 
ture  and  density  variations  together  with  roi,ational  effects.  This  simplified  model  reduces 
to  well  known  equations  for  flows  in  open  channels,  with  possibility  for  obstacles  and  vary¬ 
ing  width  of  the  channel. 

Using  a  phase-space  method,  the  hydraulic  control  points  transform  into  equilibrium 
points.  In  the  phase-space  there  are  solutions  passing  the  critical  plane  in  turning  points 
but  these  solutions  have  infinite  derivative  for  at  least  one  of  the  dependent  variable 
with  respect  to  the  original  independent  variable  making  these  solutions  not  physically 
acceptable. 

It  has  also  been  shown  that  the  hydraulic  control  point  is  not  always  a  saddle  point  in 
the  phase-space. 

Acknowledgements.  This  work  has  been  supported  by  the  Norwegian  Research  Council. 
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ONE  KIND  OF  INSTABILITY  FOR  A  FLUID  WITH  HEAVY  PARTICLES 


EXPANDED  ABSTRACT 
by  G.  1.  Burde 

Ben  Gurion  University,  Jacob  Blaustein  Institute 
for  Desert  Research,  Sede  Boker  Campus,  84993,  Israel 


The  subject  of  this  paper  is  stability  and  wave  motions, 
originating  from  an  instability,  in  a  two-component  fluid 
consisting  of  a  carrier  fluid  (gas)  and  solid  particles  dispersed 
throughout  the  gaseous  component  and  settling  downwar.,.  As  the 
particles  are  treated  as  a  passive  scalar,  affecting  only  the 
density  of  the  mixture,  the  instability  arising  is  of  an 
Archimedian  type  [  1  j  in  the  sense  that  the  moti  on  is  caused  by 
buoyancy  forces  due  to  spatial  variations  of  the  concentration  of 
particles . 

The  ways  in  which  suspended  particles  can  influence  the  onset 
of  Benard  convection  were  studied  beginning  from  Scanlon  and  Segel 
[2].  The  effect  of  settling  particles  on  the  convective  stability 
of  a  horizontal  layer  heated  from  below  was  considered  by 
Dement 'ev  [3],  The  stability  problem  of  a  two-component  fluid 
layer,  when  spatial  variations  of  a  second  component  are  added  to 
the  thermal  gradient,  has  been  examined  in  the  series  of  papers 
initiated  by  Stern  [4]  (‘thermohaline  convection',  see  review  of 
Turner  [ 5 ] ) . 

Our  formulation  of  the  problem  differs  from  all  the  above 
mentioned.  It  is  assiiraed  that  a  thermal  stratification  is  absent 
and  the  concentration  of  particles  increases  with  height.  In 
general,  the  fluid  in  such  a  state  is  unstably  stratified  in  the 
sense  that  any  perturbation  grows  with  time,  if  dissipative 
effects  are  absent.  It  appears  that  coupling  between  the 
particles '  distribution  and  gravitational  settling  can  make  such  a 
state  stable  even  though  viscosity  and  diffusivity  effects  are 
negligible.  This  result  is  obtained  from  the  linear  theory  in 
which  the  motion  of  the  mixture  is  described  by  the  system  of  the 
Boussinesq  equations  and  of  the  equation  of  continuity  for 
particles  including  the  flux  due  to  the  gravitational  settling  of 
particles,  as  follows 


1 


3c/dt  +  u*Vc  =  -  7('-  DVc  +  vcg/g) 


where  v  =  gr  is  the  terminal  fall  velocity  of  particles  in  gas  (r 
is  the  velocity  relaxation  time) .  Such  an  approach  is  a  good 
approximation  if  or  «  1,  where  cj  is  a  perturbation  frequency.  The 
more  complicated  formulation,  incorporating  the  equations  for  two 
interpenetrating  continue,  produces  results  which  are 
qualitatively  similar  to  those  obtained  for  the  simpler  one. 

If  the  flow  in  a  region  bounded  by  the  horizontal  surfaces  is 
considered,  it  is  natural  to  take  the  basic  state  to  be  a  solution 
of  the  governing  equations  which  is  independent  of  x,  y  and  t  and 
has  u  -  0.  but  ws  will  concentrate  our  attention  on  a  somewhat 
different  situation.  The  point  is  that  a  formulation  of  the 
problem  mentioned  above  is  not  relevant  to  the  case  of  dust 
(airborne  particles)  fallout  in  the  atmosphere.  If  a  dust  cloud 
has  been  raised  from  the  ground  by  an  explosion  or  erupted  from  an 
elevated  source  ,  it  will  fall  as  a  whole,  preserving  the  initial 
particles'  distribution  within  it.  The  same  situation  arises  if 
the  dust  particles  are  involved  into  a  high  level  atmospheric 
stream  (for  example,  by  strong  vertical  wind  velocities  ahead  of  a 
cold  front  over  a  desert  region)  and  deposition  from  the  stream 
occurs  far  from  the  source  region.  It  is  natural  for  such 
situations  to  take  the  basic  state  to  be  a  solution  of  the  initial 
equations  for  which  the  particles'  concentration  is  independent  of 
t  in  the  coordinate  system  falling  with  the  cloud  at  the  terminal 
velocity  The  equilibrium  solution  in  the  presence  of  diffusion 
is  dc^/dZ  =  G  =  const,  where  Z  is  the  vertical  coordinate  in  the 
falling  coordinate  system.  If  diffusion  is  negligible,  as  it  is  in 
calm  air  when  turbulence  is  absent,  the  equilibrium  concentration 
profile  may  have  an  arbitrary  form  =  F(Z). 

The  stability  of  the  basic  state  is  studied  in  the  usual  way 
by  superimposing  small  perturbations.  As  it  follows  from  the 
aforesaid,  the  formulation  of  the  problem  which  does  not  include 
dissipative  effects  is  of  the  most  interest,  the  more  so,  as  for 
non-turbulent  gas  flows  and  particle  sizes  typical  for  atmospheric 
fallout  the  impact  of  the  terms  with  viscosity  and  diffusivity  in 
the  stability  is  negligible.  Then  the  linear  problem  for  wave-like 
solutions  of  the  form 
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c  =  A  exp[i(}t.-r  - 


k  -  (k,  1,  m) 


(1) 


is  reduced  to  a  dispersion  relation  with  the  roots  expressed  as 
u  =  ±  (I  -  R/Rif)^^^] 

R  =  gGh^/v^,  Rj,  =  m^h^(k^  +  1^  +  ia)/lA(k^  +1^ )  ] 

where  h  is  a  vertical  scale  and  R  is  an  adjustable  dimensionless 
parameter . 

One  can  see  that  for  R  >  Q  (G  >  0)  both  two  real  roots  and 
two  complex  conjugate  roots  can  occur.  If  no  complex  roots  exist 
then  stable  dispersive  wave  propagation  occurs.  However,  if 
complex  conjugate  roots  exist:  u  =  ±  iui^  then  instability 

arises.  As  R  is  varied,  the  sign  of  the  subradical  expression  can 
change  and  the  system  can  switch,  through  a  critical  value  of  R, 
from  stability  to  instability.  Thus,  the  condition  =  0 

determines  a  neutral  stable  curve  .  It  should  be  emphasized  that 
(j.  =  0  not  only  on  the  curve  but  also  in  the  whole  region  below 
the  curve.  This  means  that  all  this  region  corresponds  to  the 
neutral  stability  as  the  dispersive  wave  propagation  with  no 
growth  and  no  decay  takes  place  for  any  point  below  the  curve. 
Note,  that  on  the  basis  of  the  general  considerations,  presented 
by  Gibbon  and  HcGuinness  [6],  one  can  expect  the  existence  of  the 
soliton-like  nonlinear  regimes  for  this  type  of  instability. 

The  effect  of  nonlinearity  on  the  initial  state,  which  is  a 
harmonic  solution  of  the  form  (1),  is  to  cause  a  variation  in  the 
amplitude  in  both  space  and  time.  This  is  due  to  the  production  of 
higher  harmonics,  originating  from  the  nonlinear  terms,  which 
react  back  on  the  original  wave.  In  accordance  with  the  framework 
of  the  multiple  scales  method  one  can  define  a  set  of  ‘‘slow”  space 
and  time  variables  as 

’’n  ^ 

ciliCi  uO  a  SoXUuj.cn  of  Uil€  XrixtlXclX  OQuouXOnS  Xn  ulio  xOjTZu  Ox  a 

power  series  expansion  in  c  (the  small  parameter  e  determines  how 
far  the  system  is  from  the  neutral  curve).  The  amplitude  function 
A  in  (1)  is  a  function  of  the  slow  variables  and  and  the 
subsequent  calculations  are  aimed  at  finding  the  evolution 
equation  for  A.  The  o(c)  problem  is  a  restatement  of  the  linear 
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problem.  Proceeding  to  the  0{e^)  problem,  one  finds  that  the 
Zj-scale  must  be  excluded  as  producing  secular  terms.  In  the  O(e^) 
problem  secular  terms  are  removed  if  the  amplitude  function 
A(Z^,  T^)  satisfies  the  equation  which  is  a  type  of  nonlinear 
Schrodinger  equation  with  space  and  time  interchanged: 

idA/az^  +  3^A/dT^  +  =  0 

where  the  linear  term  has  been  absorbed  in  the  first  terra.  Thus, 
the  nonlinear  stage  of  the  instability  represents  waves  with  an 
envelope  in  the  form  of  solitary  waves. 
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stably  Stratified  Flows  in  Meteorology 

JCR  Hunt,  G  Shutts  and  S  Derbyshire 
UK  Meteorological  Office,  London  Road,  Bracknell,  Berkshire  RG12  SSZ,  UK 

In  this  paper  we  review  three  main  ways  that  developments  in  the  physical  under¬ 
standing  and  numerical  modelling  of  stably  stratified  fiows  ajising  from  recent  research 
are  being  applied  to  the  practice  of  meteorology. 

(i)  The  cause  of  stable  stratification 

The  fact  that  the  mean  state  of  the  atmosphere  is  stably-stratified  (in  the  sense  that 
the  dry  entropy  has  a  positive  vertical  gradient)  is  not  immediately  obvious  since  the 
absorption  of  solar  radiation  at  the  surface  provides  a  strong  destabilising  influence.  The 
resulting  vertical  stratification  is  a  balance  between  the  desteibilising  effect  of  radiative 
transfer  and  moist  convective  heat  transfer.  Here  ‘convective’  is  used  in  a  generalised 
sense  and  is  associated  with  the  upward  transfer  of  heat  (or  moist  entropy)  along  all 
trajectories  originating  in  the  boundary  layer,  whether  or  not  they  form  psirt  of  a  deep 
cumulus  circulation  or  frontal  ascent  in  a  developing  depression.  The  horizontal  scale 
of  the  vertical  mass  transfer  accompanying  this  moist  convection  is  highly  asymmetrical 
since  the  buoyancy  generating  effect  of  latent  heat  release  occurs  primarily  in  ascending 
air.  The  grearer  proportion  of  the  atmosphere  is  therefore  free  of  cloud.  In  regions 
where  active  convection  is  taking  place,  there  is  a  tendency  for  a  suitably  defined 
‘moist  entropy’  to  be  conslcuit  along  angular  momentum  surfaces  which  are  vertical 
in  the  Tropics  but  have  frontal  slopes  in  middle  latitudes.  The  mean  thermodynamics 
s*.atc  of  the  atmosphere  is  strongly  constrained  by  such  processes  and  results  in  stable 
stratification  almost  everywhere. 

(ii)  I'aiameteiization  in  weather  forecasting  models 

Numerical  weather  and  climate  prediction  (NWP)  models  reduce  the  relevant  partial 
differential  equations  of  jihysics  and  fluid  mechanics  to  algebraic  relations  between 
physical  variables  and  phenomena  effectively  averaged  over  finite  volumes  (with  vertical 
dimensions  ranging  from  1  m  near  the  ground  to  1  km  at  50  km  altitude,  and  horizontal 
dimensions  ranging  from  15  km  in  mesoscale  models  to  300  km  in  global  models)  and  time 
periods  (from  10^  secs  to  10“  secs  depending  on  the  atmospheric  phenomenon  involved). 
However,  the  basic  relations  for  quantities  such  as  mean  velocity,  temperature  etc.,  require 
information  about  other  quantities,  esprxially  fluxes  of  momentum,  heat,  radiation  and 
water  vapour,  which  cannot  be  derived  formally  (e.g.,  by  a  hiera  rchy  of ‘closed’  equations). 
These  averaged  quantities  cannot  be  modelled  with  complete  generality  (in  terms  of 
closed  sets  of  equations)  because  the  ‘boxes’  are  sufficiently  Imgc  that  significantly 
different  phenomena  can  occur.  Nevertheless,  in  practical  NWP  models  assumptions  are 
made  that,  tor  different  classes  of  atmospheric  conditions  (usually  defined  by  average 
quantities  amd  their  gradients,  e.g.,  the  Richardson  number),  characteristic  phenomena 
occur  (or,  in  mathematical  terms,  eigeusolutions  of  the  governing  equations  slowly 
changing  in  time)  which  can  be  analysed  in  such  a  way  (often  with  idealised  models) 
that  their  net  effects  on  fluxes  and  other  terms  in  the  equations  can  be  represented 
at  the  mesh  scale  and  time  interval  of  the  NWP  models.  This  was  essentieJly  Luke 
Howard’s  revolutionary  concept  in  1802  when  he  recognised  that  atmospheric  motions 
have  definite  patterns  and  that  they  are  manifested  in  distinci  cloud  types  [1]. 
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Reseaj;di  is  leading  to  new  idealised  models  and  thence  representations  (or  param- 
eterisations)  of  the  characteristic  patterns.  One  example  is  cumulus  clouds  in  a  moist 
atmosphere  whose  temperature  and  humidity  profiles  are  such  that  they  are  stable  to 
small  perturbations  but  unstable  to  large  perturbations;  as  a  result  of  thermal  convection, 
characteristic  plumes  develop  and  clouds  form  with  a  common  structure.  Their  net  effect 
is  modelled  by  representing  them  as  a  single  idealised  entraining  and  detraining  plume 
in  the  middle  of  the  grid  box,  so  as  to  estimate  their  effects  on  heat  flux,  water  vapour, 
etc.  [2].  Other  examples  of  such  models  are  scale  dependent  horizontal  eddy  viscosity  and 
in  modelling  lee  waves  caused  by  the  drag  of  orography  (se  below).  Their  improvements 
should  come  from  representing  different  characteristic  phenomena  occurring  in  the  same 
or  nearby  grid  box  (e.g.,  lee  waves  and  convection  over  mountains,  the  interaction  of 
cumulus  arid  stratus  cloud  etc).  The  optimum  selection  of  characteristic  phenomena 
for  improving  the  models  is  usually  statistical,  decided  on  the  basis  of  which  modelled 
phenomena  improves  the  output  best;  the  values  of  each  change  to  the  model  is  studied 
systematically  by  calculating  how  rapidly  certain  features  of  the  numerical  predictions 
depart  from  the  measured  changes  of  the  atmosphere  (e.g.,  [3]).  The  combination  of 
physical  modelling  and  a  systematic  statistical  evaluation  is  providing  the  highly  effective 
methodology  for  the  steady  improvement  of  models  which  all  major  NWP  centres  have 
achieved  over  the  past  few  years  (as  reviewed  in  [4]). 

(iii)  Forecasting  issues 

The  interpretation  of  NWP  is  an  essential  part  of  the  practice  of  meteorology,  and 
mainly  the  responsibility  of  forecasters.  Their  practice  has  changed  substantially  over 
the  past  fifteen  years  from  mainly  relying  on  data  and  dynamical  concepts  (particulsuly 
those  of  the  Bergen  school  of  fronts  and  air  masses,  and  Sutcliffe’s  concepts  of  cyclonic 
generation  or  dissipation  through  horizontal  convergence  and  divergence),  to  comparing, 
interpreting  and  correcting  NWP  forecasts,  with  the  aid  of  uew  kinds  data  that  were 
not  available  fifteen  years  age,  notably  accurate  satellite  images  and  average  values 
(over  rather  large  depths)  of  temperature  and  concentrations  of  certain  atmospheric 
constituents  (water  vapour,  CO2  etc).  Recent  research  is  dearly  having  an  influence  on 
current  interpretation,  particularly  on  phenomena  occurring  over  length  scales  which  the 
models  do  not  resolve,  for  example,  the  air  movement  and  precipitation  bands  within 
stably  stratified  flow  along  fronts  and  the  effects  of  wave  growth  on  the  speed  of  cold 
fronts. 

Forecasting  offices  are  still  experimenting  with  the  use  of  potential  vortidty  compu¬ 
tations  over  a  wide  field  to  infer  the  tendency  of  a  low  pressure  region  either  to  be  ‘cut 
off’  and  dissipated  or  to  be  amplified  and  develop  into  a  local  intense  cyclone  —  still 
one  of  the  major  causes  of  errors  in  forecasts  on  short  time  scales  of  the  order  of  24 
hours  [5]. 

Another  mesoscale  phenomenon  that  is  not  accurately  forecast  is  the  ‘break  up’  of 
layers  of  strato-cumulus  cloud;  probably  because  the  key  processes  occur  in  the  interface 
layers  between  a  dry  stable  air  and  a  moist  turbulent  layer  within  the  doud,  [6].  There 
may  be  other  velodty  fluctuations  such  as  lee  waves  from  mountains  to  add  to  ■‘he 
turbulence  within  the  doud.  Whether  or  not  these  are  significant,  in  a  westerly  ^drstream 
(say  over  the  Welsh  mountains)  the  break  up  of  the  doud  determines  the  temperature 
and  precipitation  over  much  of  the  centre  of  England  and  the  quality  of  the  forecast. 
This  is  a  not  untypical  example  of  an  ‘upscale’  phenomenon  in  meteorology.  While 
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the  phenomeson  is  not  (or  cannot,  becauM  of  computer  lift  it>l;ont>  be  umuiated,  its 
understanding  by  forecasters  is  unptoeing  as  a  result  of  deiuied  research  of  straiilied 
flow,  mixing  and  turbulence. 

One  of  the  reasons  for  the  under  appbcauon  of  meteorology  to  envrionmental 
problems  and  to  the  enrircmmenuily  •ensiuve  operatiCA  of  commerce  and  transport 
has  been  the  improvements  m  audetstandmg  and  moddliac;  of  aimoapocnc  processes 
on  the  local  scale.  These  phenomena  arc  suoagiy  rnflnen.ed  by  loca  eanauotts  in 
surface  elevation  ('orography'^,  the  covermg  of  the  ground  surface  .te..  'roughness'}  and 
surface  temperature  |e  g.,  land-sea  contrast..  Foe  caampSc.  using  the  output  of  large-  oc 
mcso'icale  NWP  and  the  results  of  theoreUcaL  wtnd  lunael  and  Itewi  research  studies 
has  led  to  improved  forecasts  and  detailed  local  statistics  tot  local  wiucjls  (c.g..  lee  waves, 
slope  winds),  predpitation  imcluding  fog>  and  temperature.  There  u  a  steady  note  from 
providing  this  iniormalion  from  a  combmatior.  of  large  scale  NWp.  or  weather  itatisucs. 
plus  simple  formulae  ie,g..  from  the  Forecasters'  Reference  Handbook  T  )  to  using  large 
scale  data  plus  small  computer  codes  e.g.^  (&]). 

Some  of  the  practical  appheations  of  meteorological  research  at  this  length  scale 
have  been  in  air  pollution  dispersion  and  in  wind  energy.  In  both  cates,  concepts  resulting 
from  research  on  stably  stratified  flow  over  hills  have  been  widely  applied  (notably,  the 
structure  of  the  flow  being  divided  into  a  none  where  streamlines  pass  over  the  hill  and  a 
lower  zone  where  the  streamlines  nass  round  the  hill,  but  tee  objections  to  this  approach, 
[9]),  leading  in  the  first  case  to  useful  criteria  as  to  when  pollution  from  upwind  sources 
would  impact  on  a  hill  or  past  over  or  round,  and  in  the  latter  problem  to  models  for 
estimating  wind  energy  where  there  arc  large  downslope  winds  on  the  lee  side  of  hills, 
e.g.,  [10,11],  Recent  research  on  these  problems  (especially  the  low  Proud  number  ‘cut 
off’  hill  effect  and  lee  wave  generation)  will  now  help  improve  the  representation  of 
lee  wave  drag  in  large  scale  NWP  [12],  Also,  recent  research  on  the  structure  of  the 
stably  stratified  boundary  layer  (e.g.,  [12,13]),  turbulence  and  diffusion  (e.g.,  [14])  have 
led  to  more  reliable  and  physically  based  methods  for  calculating  the  dispersion  of  air 
pollution,  including  methods  for  comparing  different  models  [1.5].  However,  there  remain 
some  significant  uncertainties  in  these  methods  associated  with  the  extreme  sensitivity  of 
stably  stratified  boundary  layer  flows  to  smsdl  slopes,  and  to  changes  in  surface  roughness 
and  temperature  (e.g.,  [16]). 
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Abstract 

An  overview  is  given  on  direct  numerical  simulations  and  on  large  eddy  simulations  of 
homogeneous  turbulence  under  the  impact  of  shear  and  stable  stratification.  We  describe  the 
methods  used  and  report  on  results  of  various  studies.  In  particular,  tliC  vortex  structure  of 
turbulent  motions  is  discussed.  Moreover,  the  dynamics  of  statistical  mean  quantities  is 
investigated.  The  mean  vaiiances  are  compared  with  experimental  data.  The  turbulent  diffu- 
sivity  tensor  for  passive  species  in  a  stratified  shear  flow  is  computed.  Moreover,  a  simple 
model  is  described  which  allows  to  estimate  the  vertical  diffusivities  for  heat  and  momentum 
for  such  flows  when  the  vertical  velocity  variance  or  the  dissipation  rate  are  known. 

1.  Introduction 

Stratified  shear  flows  are  important  in  the  stratosphere,  in  tlie  free  stable  troposphere,  in 
the  stable  atmospheric  boundary  layer  (ABL)  over  cooled  surfaces,  and  in  the  ocean.  See 
Hopfmger  (1987),  Fernando  (1991)  and  Etling  (1993)  for  reviews.  In  this  paper,  we  sum¬ 
marize  briefly  some  recent  results  for  ABLs  and  then  concentrate  on  homogeneous  stratified 
shear  flows,  with  uniform  shear  and  stratification  (without  mean  rotation).  In  tlie  homoge¬ 
neous  case,  all  turbulence  statistics  are  independent  of  the  spatial  coordinates  but  vary  with 
time.  The  paper  summarizes  the  results  of  various  recent  numerical  simulations,  using  eitlter 
direct  numerical  simulation  (DNS)  resolving  the  whole  spectrum  of  motions  up  to  the  dissi¬ 
pating  scales,  or  using  large-eddy  simulation  (LES),  resolving  only  the  main  energy  and  flux 
carrying  motion  structures  while  the  snioll-scale  turbulent  transports  are  approximated  by  a 
proper  subgrid-scale  (SGS)  model.  We  will  show  shat  DNS  and  LES  provide  insight  into  the 
vortex  structure  of  such  flows,  its  basic  dynamics,  the  vertical  transport  of  heat  and 
momentum,  and  the  anisotropic  diffusion  of  passive  species. 

Turbulence  in  stratified  shear  flows  depends  strongly  on  the  Richardson  number  (Rich¬ 
ardson,  1920).  Let  S  denote  the  vertical  velocity  shear  and  s  the  vertical  potential  temperature 
gradient. 

S  -  dU/dz,  s  =  dO/dz  >0,  ( 1 ) 

then  tile  Brunt- Vaisala  frequency  N  and  the  gradient  Richaidson  number  Ri  are  defined  as 

Ri  =  N^/S^,  (2) 

Here,  P  is  the  thermal  volumetric  expansion  coefficient,  and  g  is  the  acceleration  of  gravity. 
As  summarized  by  Fairel  &  loaimou  (1993),  for  /?i<0.25  somev.'here  in  the  flow,  small 
perturbances  in  inviscid  fluid  may  grow  exponentially.  In  general  one  expects  that  existing 
turbulence  decays  with  time  when  Ri  >  0.25.  In  viscous  flows  this  limit  may  be  smaller.  But 
even  for  /?j  =  0(J),  transient  growth  of  perturbations  can  be  substantial,  and  may  cause 
overturning  for  Ri<0A.  Tuibulent  motions  get  enhanced  by  shear  at  small  Richardson 
numbers.  Hence,  turbulent  mixing  may  occur  under  non-siationary  conditions  at  all  Rich- 
ai'dson  numbers. 
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The  flow  state  depends  also  on  the  timescale  of  turbulence,  e.g.  T  =  (tq,  where  £  denotes 
the  integral  lengthscale  and  q  -  (2£)'^  the  velocity  scale  as  a  function  of  the  kinetic  energy 
of  turbulent  motions  E.  (Alternative  time  scales  may  be  defined  in  terms  of  the  dissipation 
rate  e  of  kinetic  energy.)  Dimensionless  numbers  that  relate  the  internal  time  scale  to  the 
outer  time  scales  S"'  and  A"',  are  the  shear  number  Sh  and  the  inverse  Froude  number  Fi, 

Sh  =  Sx,  Fi  =  Fr^=Nx,  Ri-^Fi^lSh^.  (3) 

The  shear  number  determines  the  importance  of  mean  shear  relative  to  turbulent  shear.  In 
strongly  stratified  flows,  the  inverse  of  the  Froude  number  Fr  becomes  important.  For  Fi 
greater  than  a  critical  value  of  about  3  turbulent  mixing  dies  out  (collapse  of  turbulence),  see 
Hopfinger  (1987)  and  Etling  (1993). 

Turbulence  in  homogeneous  shear  flows  has  been  measured  by  Rohr  et  al.  (1988)  in 
salt-stiatiiled  water.  Reliable  data  for  homogeneous  air  flows  are  available  only  for  neutral 
stratification  (Tavoularis  and  Kamik  1989).  The  early  measurements  by  Webster  (1964)  were 
obtained  h:om  a  wind-tunnel  experiment  at  nuher  low  Reynolds  number  with  notable 
departure  from  a  quasi-steady  state. 

Homogeneous  snatified  sheai’  flows  have  been  investigated  by  DNS  in  Gerz  et  al.  (1989), 
Gerz  and  Schumann  (1989,  1991)  and  Holt  et  al.  (i992).  They  investigated  the  flow 
dynamics  as  a  function  of  Richardson  numbers  in  between  zero  and  1.32.  On  present  com¬ 
puters.  such  simuladons  can  be  performed  on  grids  with  typically  128^  grid  points.  For  such 
grids,  DNS  is  restricted  to  a  ftandtl  number  of  order  unity  and  to  a  turbulent  Reynolds 
number,  based  on  root-mean  square  velocity  fluctuations  and  Taylor's  microscale,  of  less  than 
about  50.  For  atmospheric  flows,  much  larger  Reynolds  numbers  are  of  interest.  For  this 
reason,  the  DNS  method  has  been  extended  into  a  LES  method  by  Kaltenbach  et  al.  (1994). 
This  extends  formally  the  Reynolds  number  to  infinity.  However,  the  range  of  resolved  scales 
is  still  limited  by  numerical  resolution. 

With  respect  to  turbulence  in  the  ABL,  most  previous  studies  concentrated  on  the  con- 
veedve  and  the  neutral  cases  (Schumann,  1993).  For  comparison  of  various  LES  codes  to 
these  cases  see  Nieuwstadt  et  al.  (1993)  and  Andrdn  et  al.  (1994).  The  stable  ABL  is  much 
more  demanding  because  of  smaller  turbulence  scales  and  the  tendency  to  turbulence  col¬ 
lapse.  Mason  and  Derbyshire  (1990)  showed  that  LES  of  the  stable  ABL  is  possible,  giving 
results  broadly  similar  to  observations,  and  supporting  the  local  scaling  arguments  of 
Nieuwstadt  (1984).  Coleman  et  al.  (1992)  found  similar  results  in  DNS  of  a  stable  ABL  at 
moderate  Reynolds  number.  Mason  and  Thomson  (1992)  raised  the  important  issue  of  sto¬ 
chastic  backscatter.  They  showed  theoretically  that  the  subgrid  parametrizadon  should  be 
stochastic,  and  that  this  substantially  improved  LES  performance  in  the  neutral  surface  layer. 
Recentiy,  Brown  et  al.  (1994)  extended  that  work  applying  LES  with  stochastic  backscatter 
to  the  stable  ABL.  The  forcing  causes  more  turbulence  and  a  deeper  ABL  and  better  agree¬ 
ment  of  the  velocity  profile  gradients  with  observations.  For  strong  stratification,  when  the 
turbulence  scales  with  the  local  fluxes,  the  turbulence  statistics  of  the  ABL  become  directly 
comparable  to  results  from  homogeneous  flows. 

Since  DNS  and  LES  compute  the  details  of  the  three-dimensional  motions,  at  least  in  the 
energetic  scales,  they  can  be  used  to  study  the  vortex  structure  and  the  related  transports,  as 
will  be  explained  in  chapter  3.1,  based  on  the  w'ork  of  Rogers  &  Moin  (1987),  Gerz  (1991), 
Gerz  et  al.  (1994)  and  otheis.  For  related  discussions  of  other  stratified  shear  flows,  see,  e.g., 
Lesieur  (1993)  and  Staquet  (1993). 

Turbulent  transport  in  stably  stratified  shear  flow  is  strongly  anisotropic  due  to  forcing 
of  down-stream  turbulent  motions  by  shear  and  conversion  of  kinetic  energy  of  vertical 
motions  into  potential  energy  by  buoyancy  forces  (Richardson  1920).  As  a  consequence, 
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passive  species  within  the  flow  are  mixed  by  the  turbulent  motions  much  stronger  in  the 
hoiLzonta!  directions  than  in  the  vertical.  The  relation  between  fluxes  and  gradients  is 
described  by  the  turbulent  diffusivity  tensor  which  is  anisotropic  and  asymmetric  in  general. 
The  diffusion  tensor  has  been  measured  for  neutral  homogeneous  shear  flows  in  a  wind 
tunnel  by  Tavoularis  &  Corrsin  (198S)  and  computed  using  DNS  by  Rogers  et  al.  (1989). 
For  stra^ied  turbulence,  the  diffusion  tensor  has  been  evaluated  from  DNS  and  L£S  (Kal- 
tenbach  et  al.,  1991,  1994),  as  will  be  summarized  in  this  overview. 

With  respect  to  practical  diffusion  problems  in  stratified  shear  flows,  the  vertical  diffu¬ 
sivity  component  is  the  most  important  one.  For  diffusion  from  a  linear  source,  a  Gaussian 
plume  mo^l  (assuming  a  constant  but  anisotropic  diffusivity  tensor  D^)  results  in  second 
order  moments  of  the  concentration  field 

On  =  2f(D32S  t /3  +  Z)j3Sr  +  Dji),  Oj3  =  03j  =  2f(Dj3/ +  21)3351),  033  =  21^33,  (4) 

as  functions  of  time  1  (Konopka,  1994).  This  shows  clearly  the  importance  of  the  vertical 
diffusivity  D33. dominating  horizontal  dispersion  when  £>331^5^  >  SDn. 

Simple  relationships  are  required  to  estimate  the  magnitude  of  the  mixing  properties. 
Such  relationships  have  been  deduced,  mainly  for  strongly  stratified  atmospheric  and  oceanic 
flows,  on  the  basis  of  the  energy  budgets  using  simple  closure  assumptions  for  stationary 
flows,  see,  e.g.,  Itsweire  et  al.  (1993).  The  present  paper  summarizes  a  simple  model  which 
takes  into  account  the  deviation  from  stationarity  and  applies  to  both  stratified  and  unstrati¬ 
fied  shear  flows. 

2.  The  numerical  method  used  for  DNS  and  LES 

Hie  numerical  method  has  been  described  in  detail  by  Gerz  et  al.  (1989)  and  Kaltenbach 
et  al.  (1994).  It  simulates  the  turbulent  flow  in  a  cubic  domain,  see  Fig.  1,  with  side-lengths 
L.  The  mean  velocity  (U,  0,  0)  and  the  mean  temperature  @  have  uniform  gradients  in  the 
veitical  coordinate  z  while  being  constant  in  the  two  other  directions.  AH  mean  gradients  are 
kept  fixed  in  time.  The  turbulent  fluctuations  relative  to  these  mean  values  are  =  (u,  v,  w) 
for  velocity,  and  6  for  temperature. 


Shear  imposes  a  problem  with  respect  to  the  boundary  conditions.  The  r- 
of  boundary  conditions  in  DNS  of  homogeneous  turbulence  is  periodic 
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directions.  However,  in  the  presence  of  shear  a  field  which  is  initially  periodic  in  the  vertical 
direction  soon  becomes  non-periodic.  Thus  the  common  periodicity  condition  cannot  be  used 
in  that  direction.  Rogers  &  Moin  (1987)  and  Holt  et  al.  (1992)  applied  a  method  using 
tune-dependent  coordinate  transformation  which  corresponds  to  a  Lagrangian  reference 
frame,  so  that  the  flow  may  be  assumed  to  be  periodic  in  the  direction  of  the  transformed 
coordinate.  This  makes  it  possible  to  apply  Fourier-spectral  approximations  of  the  fields  with 
respect  to  this  coordinate.  The  disadvantage  of  this  approach  is  the  need  for  remeshing  at  a 
frequency  {\l2)dljldz,  which  causes  interpolation  errors  of  the  aliasing  type.  We  use  the 
alternative  approach,  where  the  equadons  are  discretized  in  the  Bulerian  reference  frame 
using  the  so-called  “shear-periodic”  boundary  condition  (Schumann  1985).  This  condition 
assumes  periodicity  in  a  direction  which  varies  as  a  fimction  of  time.  It  corresponds  to  con¬ 
tinuous  renuqiping  by  applying  horizontal  periodicity  and  avoids  interruptions  at  discrete 
times.  This  type  of  boundary  condition  is  not  applicable  to  Fourier  spectral  approximations 
in  the  vertic^d  but  can  easily  be  implemented  in  a  finite  difference  scheme.  Both  approaches 
produce  very  similar  results  (Holt  et  al.,  1992). 

The  motion  fields  follow  the  continuity  equation  for  an  incompressible  fluid  with  con¬ 
stant  density  p,  the  equations  of  motion  including  buoyancy  due  to  density  fluctuations  and 
gravity  g  in  the  Boussinesq  approximation,  and  the  conservation  laws  for  heat  and  mass  as 
a  function  of  spatial  coordinates  Xi  =  (x,  y,  z)  and  time  t.  The  density  fluctuation  is  a  linear 
function  of  temperature  with  a  constant  volumetrical  expansion  coefficient  3. 

In  the  study  of  Kaltenbach  et  al.  (1994),  the  SGS  tmbulent  transport  is  modelled  using 
turbulent  diffusivities,  the  so-called  Smagorinsky  model, 

V,  =  %  ~  (4) 

for  velocity  and  temperature,  respectively.  Here,  -  dujdxj  +  duj/dxt  is  the  resolved  velocity 
deformation  tensor,  Cjcw  =  0.17  is  the  Smagorinsky  coefficient,  and  Prsas  is  the  turbulent 
Prandtl  number  of  SGS  motions.  The  velocity  deformation  tensor  is  evaluated  excluding  the 
mean  shear  dU/dz  in  order  to  avoid  unrealistically  strong  damping  for  decaying  turbulence. 
In  fact,  this  model  is  justified  theoretically  only  for  locally  isotropic  turbulence  where  the 
local  deformation  induced  by  turbulence  is  large  compared  to  the  mean  shear.  In  this  sense, 
the  mean  shear  should  be  negligible.  The  value  of  the  Smagorinsky  coefficient  is  based  on 
the  inertial  subrange  theory  as  described  in  Schmidt  and  Schumann  (1989).  The  same  theory 
gives  Prsas  =  0.42,  hut  larger  values  are  expected  for  stable  stratification  (Schumann  1991. 
Canute  and  Minotti  1993).  Also,  backscatter  causes  a  larger  value  (about  0.6  to  0.7  for 
neutral  stratification),  see  Mason  &  Thomson  (1992). 

It  should  be  noted  that  simulations  with  128*  grid  points  do  not  yet  resolve  the  ini-Ttijii 
subrange.  As  a  consequence  of  deviations  from  ioc^  isotropy,  the  SGS  shear  number 
Shsas  =  S^/u  is  of  order  unity.  In  the  inertial  subrange,  the  shear  number  scales  with  Ax^, 
Hence,  a  reduction  of  Shscs  by  a  factor  of  ten  would  be  desirable,  but  this  requires  about  5.6 
times  more  grid  points  or  1000  times  more  computer  power. 

Kaltenbach  et  al.  (1994)  compared  DNS  and  LES  results  using  this  Smagorinsky  model. 
Tti-v  found  that  LES  and  DNS  give  the  same  results  for  weak  stratification,  when  the  con- 

ii  molecular  viscosity  of  the  DNS  is  set  equal  to  the  initial  mean  turbulent  viscosity  of 
the  LES.  Hence,  a  LES  is  nothing  else  than  a  DNS  with  spatially  and  temporally  variable 
viscosity.  In  tlie  present  cases,  the  spatial  variability  of  the  SGS  viscosity  is  small,  as  also 
found  by  M6tais  and  Lesieur  (1992)  for  unsheared  homogeneous  turbulence.  However,  LES 
energy  spectra  decay  more  slowly  than  DNS  spectra  at  high  wavenumbers.  Moreover,  in  LES 
the  viscosity  adjusts  to  the  decaying  turbulence  at  the  large  scales,  see  Fig.  2.  Therefore,  LES 
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gives  a  better  approximation  than  a  DNS  at  a  given  resolution  for  studies  of  high  Reynolds 
number  flows  and  allows  for  a  wider  range  of  Richardson  numbers. 


Fig.  2.  Mean  turbulent  viscosity  v,  of  L£S  for  various  models  and  molecular  vis¬ 
cosity  V  of  DNS  versus  shear  time  St  (Gerz  &  Palma,  1994). 

Gerz  and  Palma  (1994)  tested  variants  of  two  SGS  models,  one  based  on  the  Hrst-order 
model  using  a  budget  for  the  SGS  kinetic  energy  (as  in  Schumann,  1991)  and  the  other  based 
on  Smagorinsky's  closure.  Tests  with  grid  sizes  of  64^  showed  that  the  details  of  the  SGS 
closure  are  not  critical  atid  become  even  less  important  when  resolution  is  increased.  Pro¬ 
duction  and  dissipation  of  SGS  energy  are  the  two  largest  terms  in  the  energy  budget.  The 
Smagorinsky  mo^l  simply  assumes  that  they  are  equal.  For  Ri  -  0.S,  the  time  tendency  of 
the  SGS  energy  is  rather  large,  and  this  explains  some  differences  in  the  effective  viscosity, 
see  Fig.  2.  We  have  also  tested  the  code  with  a  new  stochastic  backscatter  model  (Schumann, 
1994b).  For  isotropic  turbulence,  the  effect  of  such  forcing  is  very  small.  We  are  still 
working  on  testing  the  backscatter  model  for  other  cases. 

3.  Examples 

3.1  Vortex  Struct  re  and  Microfronts 

Structures  in  turbulence  are  often  viewed  as  regions  of  strong  coherent  vorticity  (Lcsieur, 

1993)  and  zones  of  concentrated  field  gradients,  sometimes  called  microfronts  (Gerz  et  al., 

1994) .  In  shear  flows  without  inflection  points  (in  contrast  to  shear  layers),  horseshoe  and 
haiipin  structures  of  fluctuating  vorticity  have  been  found  in  unstratifled  boundary  layers  but 
also  for  homgeneous  shear  flows  both  in  neuhaiiy  (Rogers  and  Mein,  198?)  and  weakly 
stably  stratified  situations  (Gerz,  1991).  Horseshoe-shaped  vortex  structures  are  present  in 
flows  with  low  to  moderate  Reynolds  numbers,  whereas  haiipin-shaped  vortices  typically 
occur'  in  high  Reynolds  number  flows  with  large  shear  numbers. 

As  sketched  in  Fig.  3,  horseshoe  vortices  form  and  decay  transiently  in  four  steps:  I. 
An  initial  disturbance  due  to  vertical  motions  forms  vertically  distorted  vortices.  2.  The 
vertically  deflected  vortex  curves  get  rotated  by  the  mean  rotating  flow.  3.  Stretching  of  the 
structure  occurs  strongest  by  the  mean  strain  when  they  pass  4S<).  4.  Further  rotation  by  the 
mean  rotation  reduces  the  inclination  angle  until  the  vortices  get  dissipated.  Gerz  (1991) 
found  that  the  strongest  vorticity  is  distributed  around  =  25°  in  a  stratified  shear  flow  with 
Ri  =  0.13,  but  that  most  of  the  coherent  horseshoe  vortices  are  found  at  angles  of  approxi¬ 
mately  36°  as  in  unstratifled  shear  flows  (Rogers  and  Moin,  1987),  see  Fig.  4. 
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Fig.  3.  Schematic  illustration  of  the  creation  of  horseshoe  eddies  (Gerz  et  al.,  1994). 


Fig.  4.  Frequency  of  inclination  angle  of  vortex  vectors  relative  to  downstream 
cooordinate.  a)  Ri  =  0.13,  b)  Ri  =  1.32  (Gerz,  1991). 

In  wail-bounded  shear  layers  the  mean  velocity  proOle  is  curved.  This  causes  a  preference 
of  horseshoe  vortices  with  “head-up"  orientation  such  that  the  curved  pan  (the  head)  of  the 
horseshoe  forms  in  the  outer  region  of  the  boundary  layer  whereas  the  legs  of  the  horseshoe 
stay  closer  to  the  wall.  In  contrast,  heod-up  and  head-down  horseshoes  form  at  equal  he- 
quency  in  homogeneous  turbulence  with  constant  shear. 

The  flow  in  between  the  horseshoe  legs  is  very  efficient  in  transporting  fluid  and  related 
momentum,  heat,  and  other  fluid  properties.  In  between  the  legs,  head-up  horseshoe  vonices 
pump  fluid  upwards,  while  head-down  vortices  pump  fluid  downwards.  As  shown  by  Gerz 
et  al.  (1994),  see  Fig.  5,  this  causes  the  formation  of  microhxtnts  with  strong  gradients  of  the 
transported  fields  in  the  direction  normal  to  the  horseshoes.  In  a  thermally  stratified  fluid, 
at  moderate  Richardson  numbers,  head-up  vortices  transport  cold  fluid  upwards  and  hence, 
cause  cold  micixrfronts,  whereas  head-down  vortices  transport  warm  fluid  downwards  caus¬ 
ing  cold  microfronts. 
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Fig.  5.  Sketch  of  two  horseshoe  vortices  forming  a  pair  (Gcrz  et  al.,  1994). 

The  microiroiits  represent  also  regions  of  strong  shear  with  spanwise  vorticity.  When  the 
Reynolds  number  is  high  enough  these  vortex  layers  get  dissipated  slowly  and  may  reach 
stronger  vorticity  than  the  horseshoe  vortices.  Such  layers  of  maximum  vorticity  magnitude 
have  been  observed  by  Gerz  ct  al.  (1994).  The  layers  are  relatively  thin  vertically  and  have 
largest  extent  in  the  inclined  downstream  direction. 

Collision  of  fluid  lumps  in  between  adjacent  bead-up  and  head-down  horseshoe  vortices 
cause  smaller  scale  fragments  which  nuy  cause  counter-gradient  momentum  transfer,  see 
Fig.  6.  In  moderately  stably  stratified  flows,  this  collision  of  fluid  lumps  of  different  buoy¬ 
ancy  also  causes  counter-gradient  heat  transfer  at  small  scales  (Gerz,  1993,  Gerz  and  Schu¬ 
mann,  1994).  This  provides  a  mechanistic  explanation  of  this  phenomenon  which  supple¬ 
ments  energetic  considerations  as  in  Schumann  (1987). 

At  very  snong  stratification,  horseshoe  vortices  do  not  form.  Instead,  Gerz  (1991)  found 
horizontally  large  but  vertically  thin  sheets  of  maximum  vorticity,  see  Fig.  7,  which  are 
inclined  at  rather  small  angles,  see  Fig.  4.  Such  sheets  of  vorticity  are  also  found,  with 
d  =  0°,  in  simulations  of  strongly  stratified  unsheared  turbulence  (Mdtais  and  Herring,  1989). 
Staquet  (1993)  shows  that  the  vortex  part  of  such  flows  interacts  strongly  with  wavy  motion 
parts. 
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Fig.  6.  Illustration  of  me  collision  of  fluid  lumps  and  the  resultant  transport  of 
momentum  and  heat  by  smaller  scale  collision  products  in  neutral  (left)  and  strat¬ 
ified  (right)  shear  flows  (Getz  &  Schumann,  1994). 


Fig.  7.  Vortex  structure  at  strong  suatification  as  indicated  by  vorticity  vectors  in 
a  plane  inclined  by  =  12°  relative  to  the  horizontal.  Ri  =  1.32. 

32  Dynamics  and  Diffusion  in  Homogeneous  Stratified  Shear  Turbulence 

L£S  of  homogeneous  turbulence  for  neutrally  and  ^bly  stratified  shear  flow  at  gradi- 
ent-Richardson  numbers  Ri  in  between  zero  and  one  have  bwn  perfonned  by  Kaltenbach  et 
(1994).  They  investigated  tlie  dynamics  and  transport  properties  of  such  flows.  For 
<  0.5,  the  computed  normalized  variances  and  covariances  are  within  the  range  of  data 
of  a  large  set  of  measurements  in  laboratory  and  atmospheric  flows,  see  e.g.  Fig.  12.  Also 
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the  growth  rate,  the  shear  number,  and  the  shape  of  spectra  agree  generally  well  with  cor¬ 
responding  experimental  observations.  For  neutral  stratification,  the  turbulence  grows  about 
exponentially  with  time,  see  Fig.  8a,  approaching  a  constant  shear  number  of  about 
Sw'^/e  =  2,  and  a  growth  rate  G^  =  Plz-  1.54  ±0.05.  The  state  of  turbulence  changes  very 
slowly  near  a  stationary  Richardson  number  of  about  0.13.  For  Ri>  0.25,  both  the  kinetic 
and  ^e  potential  energy  decay  with  time.  For  0.25  ^  Ri  <  0.5,  the  turbulent  flow  state 
becomes  self-similar  in  the  sense  of  approaching  constant  r.onnalized  flow  statistics,  as  for 
example  in  Fig.  8b,  after  a  shear  time  of  about  6  when  the  initial  value  of  the  inverse  Froude 
numt^r  is  small.  For  Fi  greater  than  a  critical  value  of  about  3  turbulent  mucing  dies  out  as 
observed  in  experiments,  see  e.g.  Ivey  and  Imberger  (1991).  In  this  case  the  final  statistics 
depend  on  the  history  of  mixing  in  the  past  fully  turbulent  regime. 


Fig.  8  a).  Kinetic  energy  versus  time  in  shear  units  for  various  Richardson  numbers 

Ri= _ 0, - 0.13, _ 0.25,  0.5, _ 1.0.  b)  Ratio  of 

potential  to  kinetic  energy  versus  shear  time,  for  the  same  i?/-values  (Kaltenbach 
ct  al.,  1994), 

For  analysis  of  the  turbulent  transpoit  of  passive  species,  the  simulations  treat  three 
passive  species  with  uniform  gradients  of  mean  concentrations  C  in  either  vertical,  down¬ 
stream  or  cross-stream  direction,  see  Fig.  1.  From  the  results,  the  full  diffiisivity  tensor  has 
been  evaluated  by  relating  the  computed  turbulent  fluxes  of  concentration  fluctuations  c  with 
the  given  mean  gradients. 

Mean  values  of  for  different  Ri,  as  obtained  by  the  LES,  are  presented  in  Fig.  9. 
This  figure  also  contains  the  results  obtained  by  Rogers  et  al.  (1989)  from  DNS  for  neutral 
shear  flow  and  measurements  of  Tavoularis  and  Corrsin  (1985).  'fhe  dashed  curves  represent 
the  results  from  a  second-order  closure  (SOC)  model.  For  neutral  flow,  Du  is  about  three 
times  larger  than  Dm,  and  D33  is  roughly  half  the  value  of  D-a-  This  is  a  consequence  of 
anisotropic  velocity  fluctuations  and  shear.  Both  off-diagonal  components  are  negative  and 
Di3  <  ZJsi  <  0,  as  can  be  explained  by  SCX^  models.  For  increasing  stratification,  the  vertical 
diffusivity  D33  becomes  much  smaller  than  the  horizontal  ones  because  of  buoyancy  sup¬ 
pressing  vertical  motions.  The  differences  between  downstream  and  cross-stream  diffusivities 
become  smaller.  The  asymmetry  of  the  tensor  components  depends  strongly  on  Ri. 
changes  sign  at  Ri  s  0.2  ^cause  buoyancy  contributes  more  strongly  than  gradient  fluxes  to 
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the  production  of  vertical  fluxes  of  a  tracer  with  downstream  mean  gradient.  The  SOC  model 
accounts  for  the  given  anisotropic  Reynolds  stresses  and  roughly  describes  the  same  trends 
but  gives  much  less  anisotropy  at  strong  stratification,  presumably  because  of  neglect  of 
anisotropic  length  and  time-scales  as  defined  by  Tavoularis  &  Corrsin  (198S). 


Fig.  9.  Diffusivity  tensor  versus  Ri.  Full  line  with  error  bars  from  LES  results.  For 
Ri  =  0,  results  from  Rogers  et  al.  (1990)  are  included.  Stars  represent  data  of 
Tavoularis  &  Corrsin  (1985),  stars.  Dashed  curves  from  SOC  model.  (Kaltenbach 
et  al.,  1994). 

33  A  model  for  vertical  diffusivites  of  heat  and  momentum 

In  order  to  estimate  vertical  diffusivities  as  a  function  of  Richardson  number,  for  given 
dissipation  rate  £  or  for  given  vertical  velocity  variance  w'^  =  w^,  Schumann  (1994a)  and 
Schumann  and  Gerz  (1994)  deduced  a  simple  model.  As  a  consequence  of  tiie  budget  of 
kinetic  energy  the  vertical  diffusivities  for  momentum  and  heat  AT*  =  are  related  to 
shear  S  =  dU/dz,  the  Brunt-Vjiisala  frequency  N  and  the  dissipation  rate  £  by 

c-  _  .  £  „  _  G _ 

^2  ’  ‘•w”  l-RifJ  ’ 

P  RifG 

The  coefficient  Ci,  is  often  quoted  as  the  “mixing  efficiency”  (see  Itsweire,  1993).  Here, 
G  =  P/^  +  B)  is  a  measure  for  the  growth  rate  of  kinetic  energy  due  to  shear  production 
P  =  -  uwS,  dissipation  e  and  buoyancy  destruction  B  =  PgvvO;  G  >  1  for  flows  in  which  sliear 
production  dominates  as  in  neutral  shear  flows,  G  =  1  for  stationary  turbulence  near  a  “sta¬ 
tionary  Richardson”  number  Ri  =  Ri„  and  G  <  1  for  decaying  turbulence  at  strong  stratifica- 
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tion.  The  flux  Richardson  number  Rif=RiJPr,  =  B/P  enters  as  a  function  of  Ri  and  the  tur¬ 
bulent  Prandtl  number  Pr,  =  KJKi,.  For  closure,  the  model  assumes  a  linear  relationship 
between  dissipation,  shear  and  vertical  velocity  variance, 

(8) 

with  as  an  empirical  i  odel  coefficient  (equal  to  the  inverse  shear  number).  This  model 
looks  similar  to  classical  dissipation  closure  models  when  written  as  e  =  but  fixes 

the  mixing  length  as  =  w'IS.  This  appears  to  be  natural  for  strongly  sheared  flows.  Hunt 
et  al.  (1988)  suggested  that  such  a  model  gives  a  good  approximation  also  for  stratified  flows, 
and  our  results,  see  Fig.  10,  support  this  relation  for  0  <  /?/  <  1 . 
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Fig.  10.  Dissipation  scaled  by  shear  and  vertical  velocity  variance,  As  =  e/(w'^S), 
versus  gradient  Richardson  number  Ri.  Data  of  Rohr  (1985)  in  salt-water  (circles) 
of  Tavouiaris  and  Kamik  (1989)  in  a  wind  tunnel  (full  circle  with  error  bar),  and 
the  LES  results  (stars).  Square  dot  indicates  boundary  layer  estimate  of  Hunt  et  al. 
(1988).  (Schumann  &  Gerz,  1994). 

The  turbulent  Prandtl  number  (see  Fig.  1  la)  and  the  growth  rate  of  kinetic  energy  (Fig.  1  lb) 
are  specified  by  means  of  some  interpolation  functions  of  Richardson  number, 

Fff  =  Pr^  exp[  -  Ri/iPr^ifr,)]  +  RiiRifr.,  (9) 

G  =  (10) 

Model  coeffleients  are  determhied  from  the  LES  results  of  Kaltcnbach  et  al.  (1994)  and 
laboratory  measurements  of  Tavouiaris  and  Kamik  (1989)  for  neutral  stratification  in  a  wind 
tunnel,  and  from  Rohr  et  al.  (1988)  for  stratified  shear  turbulence  in  a  salt-water  tank  (data 
tabulated  in  Schumann,  1994a).  The  coefflcieni  values  an  As-  0.5,  Pr^  =  0.98,  Ri^.  -  0.25, 
Co  =  1.47,  Ri,  =  0.13,  for  air,  and  slightly  different  values  for  salt-water,  see  Schumann  and 
Gerz  (1994). 

When  comparing  mixing  properties  in  the  atmosphere  and  in  the  ocean,  one  has  to  note 
the  rather  large  molecular  Schmidt  number  of  salt  diffusing  in  water  (about  500)  while  the 
corresponding  molecular  Prandtl  number  of  thennal  diffusion  in  air  is  about  0.7.  At  high 
Reynolds  numbers,  one  generally  expects  that  the  large  scale  turbulent  motions  become 
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independent  of  the  Prandtl  number,  at  least  for  neutral  stratification.  However,  for  strong 
stratification,  the  veitical  diffusivity  is  limited  by  small-scale  mixing  once  the  available 
kinetic  energy  is  consumed  to  provide  the  potential  energy  required  for  vertical  displace¬ 
ments.  Such  small-scale  processes  will  depend  on  molecular  diffusion. 


Rl  o  Ri 

Fig.  1 1  a)  (left).  Turbulent  Prandtl  number  Pr,  =  KJK^  versus  Ri.  Symbols  as  in 
Fig.  10.  The  full  curve  depicts  the  interpolation  for  air,  the  dashed  curve  for  salt¬ 
water.  b)  (right)  Growth  factor  G  =  P/{B  +  e)  versus  Ri.  (Schumann  &  Gerz,  1994). 

Tbe  results  of  the  model  compare  well  with  data  from  laboratory  experiments  in  air  or 
salt-water,  with  measurements  in  the  ABL,  and  in  the  stable  troposphere,  and  with  results 
from  the  numerical  simulations,  see,  e.g..  Fig.  12.  It  should  be  stressed  that  this  model  applies 
only  for  approximately  homogeneous  turbulent  flows  at  high  Reynolds  numbers  under  con¬ 
ditions  of  equilibrium  between  kinetic  and  potential  energy,  i,e,  in  the  ab.sence  of  strong 
gravity  wave  oscillations.  Fuither  analysis  (Schumann  &  Gerz,  1994)  shows  that  the  present 
model  also  describes  the  break-down  of  mixing  for  Fi>3,  as  in  Ivey  &  Imberger  (Wl). 
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Fig.  12.  Stress  coefficient  =  -  uw/w'^  versus  Ri.  Symbols  as  in  Fig.  10.  Full 
square  with  error  bars:  Nieuwstadt  (1984).  (Schumann  &  Gere,  1994). 

4.  Conclusions  and  Outlook 

We  have  described  various  results  obtained  by  DNS  or  UES  of  homogeneous  turbulence 
in  incompressible  stably  stratified  shear  flows.  It  has  been  shown  that  the  simulations  give 
insight  into  the  vortex  structure  of  such  flows,  allow  to  compute  mean  statistics  of  flows  and 
their  temporal  dynamics,  and  give  quantitative  information  on  the  diffiisivity  tensor  and  the 
vertical  transport  of  neat  and  momentum. 

We  found  that  the  LES  and  DNS  give  very  similar  results  for  weak  stratirication  when 
the  constant  molecular  viscosity  of  the  DNS  is  set  equal  to  the  mean  turbulent  viscosity  of 
the  LES.  At  strong  stratification,  the  LES  resolves  a  wider  range  of  energetic  scales  and  gives 
thus  a  better  approximation  to  high  Reynolds  number  turbulence  than  a  DNS  with  the  same 
grid  numbers.  The  more  energetic  motions  in  the  medium  wavenumber  range  cause  the 
inverse  Froude  number  to  grow  less  quickly  so  that  mixing  persists  longer.  Hence,  the  LES 
results  depend  less  on  flow  history  than  the  DNS  results.  Finally,  the  LES  adjusts  its  SGS 
diffusivities  to  the  growing  or  decreasing  level  of  grid-scale  turbulence  energy.  This  makes 
the  LES  method  superior  to  the  DNS  for  studies  of  high  Reynolds  number  flows  and  for  a 
wider  range  of  Richardson  and  Froude  numbers. 

However,  grids  with  about  128’  grid  points  are  much  too  coarse  to  resolve  the  inertial 
subrange  of  turbulence.  Therefore,  the  results  for  small-scale  properties  depend  on  the  details 
of  tile  SGS  model.  For  the  future,  within  about  a  decade  from  now,  one  may  expect  that 
simulations  will  become  possible  with  an  order  1000  grid  points  in  each  coordinate  direction. 
In  view  of  the  present  developments  of  computers,  such  simulations  require  algorithms 
suitable  for  parallel  computers.  Such  grids  would  make  it  possible  to  resolve  scales  truely 
within  the  inertia]  subrange  for  which  the  SGS  models  become  much  more  reliable. 
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With  respect  to  atmospheric  turbulence  in  the  free  troposphere  and  above,  it  is  probably 
very  important  to  account  for  tlie  large-scale  anisotropy  of  such  flows  with  much  larger 
horizontal  than  vertical  scales.  An  importat\t  topic  here  is  the  formation  of  turbulent  spots 
due  to  locally  overturning  waves  in  an  otherwise  strongly  stably  stratified  fluid.  Such  over¬ 
turning  waves  often  result  from  upward  travelling  gravity  waves  with  certain  horizontal 
phase  speeds  that  interact  with  the  mean  flow  at  critical  levels  where  the  mean  flow  speed 
equals  the  phase  speed  of  the  waves.  Simulation  of  such  flows  requires  to  preitcribe  a  suitable 
gravity  wave  forcing  at  the  bottom  boundary  and  a  non-reflective  bound^  condition  at  the 
top  of  the  domain. 
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Fig.  13.  DNS  (left)  and  LES  (right)  of  a  breaking  gravity  wave  at  a  critical  layer 
(Dfimbrack  &  Schumann,  1994). 

An  example  of  such  a  flow  is  given  in  Fig.  13.  It  shows  the  flow  field  in  a  stably  stratified 
fluid  layer  with  uniform  shear  (zero  mean  flow)  where  gravity  waves  of  zero  phase  speed 
are  induced  by  a  lower  undulated  surface.  We  clearly  observe  the  turbulence  layer  caused 
by  breaking  gravity  waves  at  and  below  the  critical  level  (Dbmbrack  and  Schumann,  1994). 
However,  details  of  tliis  study  are  beyond  the  present  overview. 
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ABSTRACT 

The  vertical  motion  of  fine  particles  suspended  in  aquatic  systems  is  affected  by  gravitational 
settling,  turbulent  diffusion  and  the  physicochemical  characteristics  of  the  particulate  matter.  These 
particle  suspensions  can  lead  to  stratification  which  presents  similarities  to  other  density  stratification 
phenomena.  1  he  leading  difference  between  particulate  and  dissolved  matter  suspensions  is  that  solid 
particles  can  aggiegate  and  settle.  Depending  on  the  balance  between  density  gradient  and  shear 
production,  certain  regions  along  the  water  column  may  become  unstable  leading  to  strong  mixing  and 
homogenization  of  those  regions.  This  instability  could  create  steeper  density  gradients  between  the 
homogenized  region  and  Its  surroundings  that  would  lead  to  the  appearance  of  a  step*wise  density 
profile.  Based  on  the  nonlinear,  one-dimensional  advection-diffusion  equation,  the  microstructure 
phenomenon  is  explained  using  the  sufficient  condition  for  interfacial  Instability  in  shear  stratified  flows 
<  0.25).  The  analysis  is  verified  by  solving  the  governing  equation  numerically  and  observing  a 
microstructure  generation  along  the  vertical  density  profile. 


INTRODUCTION 

Understanding  of  the  suspended  sediment  concentration  profile  is  very  important  for  estimation 
of  sediment  discharge  and  contaminant  transport  in  aquatic  ecosystems.  One  of  the  earliest  studies 
on  the  vertical  distribution  of  suspended  granular  material  was  done  by  Rouse  (1937).  His  analysis 
indicated  that  the  concentration  is  always  higher  near  the  bed  and  it  decreases  toward  the  water 
surface.  He  also  pointed  that  the  concentration  profile  tends  to  be  more  uniform  for  smaller  particle 
size  (i.e.,  low  settling  velocity)  or  for  higher  turbulence  level  (i.e.,  high  shear  velocity).  The  original 
Rouse  equation  was  later  improved  to  account  for  the  difference  between  the  eddy  viscosity  and 
turbulent  diffusion  coefficients  (Einstein  end  Chien,  1954).  The  density  profile  predicted  by  these 
theories  was  smooth  and  continuous.  Also,  these  early  models  did  not  account  for  any  particle 
aggregation  effects;  the  fall  velocity  was  a  furtetion  of  the  particle  diameter  but  not  of  the  suspended 
sediment  concentration.  Recent  experimental  and  field  data  ere  supporting  the  fact  that  the  dynamics 
of  cohesive  sediment  suspensions  resemble  the  behavior  of  other  density  stratified  systems,  i.e.,  those 
caused  by  temperature  or  salinity.  Field  observations  of  tidal  channels  along  the  west  coast  of  Korea 
showed  interfacial  waves  and  Kelvin-Helmholtz  billows  occurring  on  the  suspended-sediment-related 
density  gradient  or  iutocline  (Adams,  et  al.,  1 990).  Laboratory  experiments  conducted  on  soft,  high 
concentrated  bottoms  revealed  instability  patterns  resembling  second-mode  Holmboe  waves 
(Winterwerp,  et  al.,  1993).  Computer  simulation  of  Iutocline  instability  and  growth  was  accomplished 
by  using  a  multi-layer  vortex  sheet  model  (ScarlMos  and  Mehta,  1993).  In  addition,  density 
microstructure  profiles  have  been  frequently  observed  to  occur  in  muddy  estuarine  systems  in  U.K. 
(Kirby,  1986;  Leuttich,  et  al.,  1993).  A  microstructure  model  for  suspended  sediment  with  negligible 
settling  effects  was  developed  by  Scarlatos  and  Mehta  (1990)  based  on  the  work  on  salinity 
microstructure  by  Posmentier  (1977). 


The  phenamenoii  of  microstructure  has  beert  extensively  documented  and  studied  for 
temperature-  and  salinity-induced  density  stratification  In  the  oceans  <Woods,  1968;  Turner,  1973; 
LeBiond  and  Mysak,  1978;  Dera,  1992).  These  quasi-homogeneous  density  steps  can  vary  in 
thickness  from  few  centimeters  to  tens  of  meters  with  lifetimes  ranging  from  tens  of  minutes  to  hours 
(Tait  and  Howe,  1971;  Monin  and  Ozmidov,  1 986).  There  are  various  theories  and  models  developed 
for  explanation  of  the  generation  of  microstructure  profiles.  Woods  and  Wiley  (1973)  suggested  a 
model  where  a  step-wise  profile  was  generated  by  vertical  patches  of  billows.  McQorman  and  Mysak 
(1973)  modelled  oceanic  microstructure  by  using  a  two-dimensional  internal  wave  equation  with  a 
randomly  varying  Brunt-Vaisela  frequency.  Erlksen  (1978)  coupled  an  internal  wave  model  with  a 
"passive”  fine  structure  model.  McEwan  (1983)  explained  local  mixing  in  stratified  system  by 
comparing  the  potential  energy  gained  through  stratification  to  the  kinetic  energy  lost  in  motions  on 
the  scales  of  the  mixing  processes.  Koop  and  McGee  (1986)  experimentally  showed  the  overturning 
of  internal  waves  in  continuously  stratified  shear  flows.  Gregg  (1987)  explained  ocean  microstructure 
using  diapycnel  fluxes  of  salt  and  heat.  These  are  just  few  of  the  many  studies  on  microstructure. 
However,  there  are  still  some  remaining  questions  regarding  the  onset,  growth  and  timing  of 
microstructure  generation. 

This  paper  is  focused  on  the  microstructure  developed  in  systems  where  stratification  is  caused 
by  suspension  of  fine  particulate  subject  to  free  settling,  hindered  settling  and  turbulent  diffusion.  The 
velocity  profile  is  time-independent  and  is  considered  to  remain  unaffected  by  density  changes.  The 
phenomenon  is  mathematically  described  by  a  nonlinear,  one-dimensional  advection-diffusion  equation. 
The  eddy-diffusivity  is  taken  as  a  function  of  the  suspended  sediment  concentration  and  velocity 
gradients,  while  the  settling  velocity  depends  on  the  concentration. 


GOVERNING  EQUATIONS 

Based  on  the  coordinate  system,  density  stratification,  and  flow  conditions  as  presented  in 
Figure  1 ,  the  vertical  exchange  of  suspended  sediment  mass  due  to  turbulent  diffusion  and  gravitational 
settling  can  be  described  by  the  one-dimensional  diffusion-advection  equation  as 

ac__  dF  , 

"Sc^  5z  ' 


where  C  is  the  concentration  of  the  suspended  sediments,  w,  is  the  particle  fall  velocity,  z  is  the 
vertical  axis  and  t  is  the  time.  The  variable  C,  is  the  concentration  gradient,  i.e.. 
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Figure  1 .  Vertical  profile  of  suspended  sediment  concentration. 


while  the  variable  F  denotes  the  dilfusive  flux.- 


where  K  is  the  eddy  diffusivity  coefficient.  In  the  r.h.s.  of  eq.  1 ,  the  first  term  represents  the  negative 
(upward)  flux  due  to  turbulent  diffusion,  while  the  second  term  represents  the  positive  (downward)  flux 
due  to  particle  settling.  Raarrangement  of  eq.  1  yields 


ac_  d 


Furthermore,  if  K  and  w,  are  depth  Invariant,  by  using  the  normalization  variables. 


Z  .  r  =  .  rr  .xt 
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eq.  4  can  be  re-written  in  a  non-dimensional  form  either  as 


3c .  a  -  1  ac.« 


ac,  a  ,dc„p. 


where  P,  is  the  Peclet  number,  H  is  the  water  depth,  Z  is  the  length  scale,  and  T„  are  the  advective 
and  diffusive  time  scales  respectively.  Under  steady-state  conditions 

'•■■sS  ■ 

I.e.,  the  Peclet  number  characterizes  the  stratification  of  the  suspended  particle  system  (Teeter,  1S86). 
It  is  known  however,  that  the  eddy  diffusivity  coefficient,  K,  depends  on  the  flow  and  stratification 
characteristics  as  given  by  the  following  relation; 

K-A{l*sRi„)^  ,  (8) 

wiie^e  M  is  8  turbulent  mixing  coefficient,  1^  is  the  nicherdsori'e  nurnber  and  s,  r  srs  experirnsntai 
constants  (Okubo,  1970).  More  specifically,  the  coefficient  A  is  related  to  the  velocity  shear  and 
turbulent  fluctuations, 

-  (S) 


where  u  is  the  longitudinal  flow  velocity,  I,  is  the  mixing  length, 

ti 


and  k  is  the  Von  Karman's  constant.  In  addition,  the  Richardson's  number  reads 


(11) 


Whenever  C,  is  such  that  the  l.h.s.  of  aq.  16  is  greater  than  zero,  the  interface  tends  to  b'j  diffusive 
leading  to  mixing  between  the  layers  of  different  density.  Under  these  circumstances,  if  e  =  4  and 
r  =  -2,  then  R(„  <  0.25  which  is  the  sufficient  criterion  for  instability  in  shear  stratified  flows  (Turner, 
1973).  For  s  =  3.33  and  r  =  -1.3,  the  instability  relation  becomes  <  1,  that  is  consistent  with 
the  sufficient  stability  criterion  presented  by  Miles  (1987).  For  r  »  -1,  the  system  appears  to  be 
unconditionally  stable  (Scariatos  and  Mehta,  1990). 

The  settling  velocity,  w„  depends  on  the  suspended  sediment  concentration,  C.  initially,  the 
settling  velocity  increases  with  increasing  concentration  until  the  concentration  reaches  a  critical 
v;:lua,  after  which  the  settling  rate  is  reduced  dua  to  hindered  settling  effects  (Mehta,  1986). 
These  relations  are  quantified  as  follows: 

,  for  CiC^  ,  (16) 

or 

w,‘w,^(X-kjC)f  ,  far  C>C„  ,  (17) 

where  w^,  is  a  reference  fall  velocity,  and  k],  a  and  fi  are  experimental  constants  depending  on  the 
sediment  characteristics.  The  values  of  these  constants  were  reported  in  the  literature  as:  k,  ^  0.5, 
kj  =  0.008,  1  ^  a  2,0  ^  S  and  w„  »  2.6  mm/s  The  value  of  the  critical  concentration,  C„,  for 


the  onset  of  hindered  settling  varies  according  to  the  sediment  composition,  between  3  i  C„  s  15  g/l 
(Mehta,  1986). 

Depending  on  the  settling  mode  of  the  falling  particles  (free  or  hindered),  combination  of  eqs. 
14,  16  and  17,  leads  to  the  following  relations  respectively 

+  ,  for  CiC„  (18a) 


dt  dz  dz  Sz^ 

[v,^jP(l-iCjC)<''iC-iv„(l-*jC)C]|f  ,  fox  CyC„,  . 


(18b) 


For  completeness  of  the  mathematical  problem,  boundary  conditions  are  properly  assigned.  Assuming, 
no  particle  re-entrainment  from  the  bottom,  both  boundary  conditions,  i.e.,  at  the  water  surface  and 
the  bottom  are  taken  as  of  zero-flux, 

K^-w,C‘Q  .  (19) 

The  system  of  eqs.  18a,  18b,  and  19  constitutes  the  theoretical  model  used  to  simulate  the 
microstructure  profile  of  cohesive  sediment  suspensions.  This  model  is  a  PDE,  nonlinear  parabolic 
system.  The  nonlinear  terms  involve  power-raised  combinations  of  the  dependent  variable,  C,  and  its 
first  and  second  spatial  derivatives. 

NUMERICAL  APPUCATION 

The  governing  system  of  equations  (eqs.  18a,  18b  and  19)  cannot  be  solved  analytically  in  its 
general  form.  An  iterative,  implicit  finite  difference  scheme  can  be  applied  to  solve  the  problem 
(Scarlatos  and  Mehta,  1990).  However,  in  this  study,  eqs.  18b,  18b  are  discretized  based  on  a 
linearized  finite-difference  scheme.  Linearization  is  achieved  by  evaluating  the  concentration  and  its 
spatial  derivatives  of  the  nonlinear  terms  either  from  the  initial  conditions  or  from  the  previous  time 
step: 

ac.  ac.  cU-cL  (20) 
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where  i,  j  are  respectively  the  number  of  spatial  steps,  6z,  and  temporal  steps,  Sx.  The  dependent 
variable,  C,  is  known  at  time  step  jtft,  and  the  solution  marches  to  the  new  time  step  (j  +  Dit,  This 
explicit  numerical  scheme  is  subject  to  the  CFL  stebility  conditions 


vl 


and  hz<.—  . 


If  the  second  stability  criterion  Is  violated  oscillatory  solutions  may  be  expected  (Fletcher,  19S1). 


The  solution  domain  is  unbounded  along  the  longitudinal  axis.  For  the  upper  and  lower 
boundaries  a  no-flux  condition  (eq.  19)  is  used.  A  time-independent,  parallel  flow  with  the  following 
hyperbolic-tangent  velocity  profile  was  applied: 

u(z)  =0.5(1  + tanhz.)  ,  (24) 

whore  z.  is  a  linear  function  of  the  depth  z.  Similarly,  the  initial  concerttration,  is  given  by  a 
hyperbolic-tangent  relation, 

C(,(z)  =€ (l  +  canbz,)  ,  (25) 

where  z^  is  a  linear  function  of  the  depth  z  and  £  is  a  constant. 


RESULTS  AND  DISCUSSION 

The  computer  model  was  applied  under  different  flow  fields,  initial  concentrations,  and 
experimenuii  constants.  The  applications  showed  either  developnsent  of  a  smooth  concentration  profile 
or  generation  of  a  step-wise  density  distribution.  Microstructure  was  primarily  observed  above  the 
lutocline.  In  general,  the  results  were  in  good  agreement  with  the  theoretical  discussion  pertaining  eq. 
15.  However,  there  were  some  cases  where  the  numerical  computations  became  unstable  due  to 
violation  of  the  criteria  for  numerical  stability  (eq.  23). 

The  time-space  variability  of  the  eddy  diffusivity  and  settling  velocity  in  eq.  23  placed  a  lot  of 
limitations  to  the  selection  of  the  time  and  space  steps,  ^t,  6x.  Whenever,  oscillatory  motion  was 
observed,  the  stability  criteria  were  checked  for  compliance.  However,  due  to  the  highly  nonlinear 
character  of  the  governing  equation  it  is  possible  that  the  CFL  stability  criterion  may  not  reflect 
accurately  the  conditions  for  numerical  stability. 

Two  representative  cases  of  smooth  and  microstructure  profiles  are  presented  in  Figures  2  and 
3  respectively.  In  Figure  2,  the  suspended  sediment  profile  remains  smooth  in  time;  the  value  of  r  used 
for  this  particular  run  was  -1 .  In  Figure  3,  a  microstructure  profile  was  established  above  the  lutocline; 
the  value  for  r  was  -2.  Some  possible  microstructure  effects  can  be  observed  also  near  the  lower 
boundary. 

A  more  robust,  implicit  numerical  scheme  is  under  development  for  comparison  purposes.  The 
simulation  data  are  in  qualitative  agreement  with  limited  field  and  experimental  observations. 
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Figure  2.  Development  of  a  smooth  suspended  sediment  concentration  profile. 


Figure  3.  Generation  of  a  mlcrostructure  suspended  sediment  concentration  profile. 

CONCLUDING  REMARKS 

The  one-dimensional,  nonlinear  diffusion-advection  model  equation  was  abie  to  produce  vertical 
concentration  profiles  of  suspended  cohesive  sediments  with  evident  microstructural  characteristics. 
This  was  attributed  to  the  fact  that  under  certain  circumstances  turbulent  diffusive  mixing  Is  locallv 
enhanced  leading  to  step-like  homogenized  regions.  The  microstructure  characteristics  will  vary  for 
different  velocity  profiles,  initial  suspended  sediment  concentration  profiles,  and  sedimen* 
characteristics. 
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TURBULENT  ENTRAINMENT  OF  SOLID  PARTICLE  SUSPENSIONS 

IN  A  TWO-LAYER  FLUID 
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ABSTRACT 

The  growth  behaviour  of  sero-mean-shear  turbulent  mixed-layer  containing  suspended  solid 
particles  has  been  studied  experimentally  in  a  two-layer  fluid  system.  The  experimental  results 
show  that  the  relationship  between  the  entrainment  distance  and  time,  and  the  variation  of 
the  dimensionless  entrainment  rate  E  with  the  local  Richardson  number  Rii  for  the  suspended 
particles  difter  from  that  of  the  pure  two-layer  fluid  by  the  factors  and  r;~^  {fj  —  1  -i- 
aoPp/Apo,  where  <ro  i>  initial  volume  concentration  of  particles),  respectively. 

INTRODUCTION 

Stratiilcation  of  fluid  exists  extensively  in  geophysical  and  industrial  fluids.  The  turbulent 
mixiag  in  a  stratified  fluid  is  important  in  controlling  water-quality  and  tackling  pollution  in  the 
atmosphere  and  various  bodies  of  water.  If  there  are  solid  particles  suspeuded  in  a  tiubulently 
mixed  layer,  kinetic  energy  will  be  consumed  to  keep  the  particles  in  suspension,  thus  changing 
the  turbulent  structure  and  aflecting  the  behaviour  of  turbulent  entrainment.  Therefore,  it 
is  necessary  to  investigate  the  influence  of  suspended  particle  concentration  on  the  turbulent 
eutiaiument. 

£  and  EopflngerL^^  investigated  turbulent  entrainments  on  settled  solid  particles  on  the 
bottom  in  a  uniform  fluid,  and  obtained  a  relationship  between  the  distance  of  tmbulent  en¬ 
trainment  and  the  r.m.s.  turbulent  velocity,  and  the  local  buoyancy  flux.  Barenblattl^^  studied 
the  shear  turbulence  with  the  suspended  particles  saturated  near  the  wall  by  means  of  dimen¬ 
sional  analysis.  In  order  to  understand  the  entrsunment  of  a  turbulently  mixed  layer  containing 
suspended  particles,  one  has  flrst  to  make  dear  the  characteristics  of  turbulence.  The  features 
of  the  aero-mean-shear  turbulence  generated  from  the  planer  oscillating  grid  have  been  widely 
studied^^’^1.  The  grid  stirring  can  simulate  the  natural  processes  in  which  turbulent  energy  is 
put  in  on  a  scale  much  smaller  than  the  layer  depth,  such  as  the  breaking  of  waves  at  the  sea 
surfaeeE^I.  The  osciUatiug  grid  was  selected  as  the  turbulent  energy  source.  The  investigationl^l 
show  that  the  horizontal  (u,  v)  and  vertical  (w)  run.s.  turbulent  velodty  components 
and  the  integral  lengthscale  of  turbulence  /  at  a  distance  z  away  from  the  grid  midplane,  are 
given  by 

w  =  (1) 

I  =  Pz  (2) 

where  C  is  the  coefildent  of  proportionality,  approximately  0.3,  £'(cm)  is  the  stroke  of  grid 
oscillation,  Af(cm)  is  the  mesh  length,  /(Hz)  is  the  frequency  of  grid  oscillation,  and  0  is  the 
constant  related  to  stroke  5,  here  0  =  Relation  (1.1)  is  a  good  appraximation  to  the 

rm.s.  turbulent  velodty  generated  by  the  grid  made  from  square  bars  with  the  mesh  size 
Af/d=5,  oscillated  at  f<&Hz  (where  d  is  the  bar  size). 

The  aim  of  the  present  work  is  to  study  the  growth  law  of  a  zero-mean-shear  turbulent 
mixed-layer  varying  with  the  solid  partide  concentration  (in  terms  of  volume  or  mass)  and 


1 


external  parameters  of  the  turlulent  source.  The  experiments  have  been  conducted  in  a  wide 
range:  5  =  2  —  5cm,  f  =  2  -  SSz,  initial  particle  voliune  concentration  <to  =  2.98%  -  7.24%. 


EXPERIMENTAL  PROCEDURE 

The  experiments  were  performed  in  an  oscillating  grid  turbulence  tank  of  52cmx52cmx70cm 
as  shown  in  the  Fig.l.  The  tank  was  iUled  with  two-layer  Euid  (the  upper  layer  was  clean  water 
9cm  in  depth).  The  plastic  particles  of  diameter  about  100pm  and  density  1.04g/cm^  were 
putted  on  the  interface,  and  the  increment  of  the  water  level  after  putting  the  particles  was 
recorded  so  as  to  measure  exactly  the  initial  volume  concentration  of  the  patrticles. 

Using  the  method  of  shadowgraph,  we  visualised  the  interface  and  the  firout  of  the  turbulent 
entrainment.  A  digital  clock  writh  precision  of  0.1s  was  installed  at  the  firont  face.  The  position 
of  the  trubulent  front  and  corresponding  time  were  recorded  by  the  photographs.  On  the  sha 
dowgraph  (or  film),  the  mean  horizontal  position  of  the  turbulent  front  of  the  mixed  layer  (or 
the  depth  of  the  mixed  layer)  D  would  be  found.  The  reading  error  was  smaller  than  2mm.  The 
time  digit  on  the  film  was  the  time  when  the  front  arrived  at  the  corresponding  position,  thus, 
the  entrainment  rate  of  the  mixed  layer  could  be  determined. 


EXPERIMENTAL  RESULTS  AND  DISCUSSIONS 


A.  Relations  Between  Entrainment  D.\8tance  D  surd  Time  t 

Under  the  given  conditions  (z(j  and  Apo/Pr  were  kept  constant,  Apo  =  pj  -  pi),  the  exp¬ 
eriments  were  conducted  for  different  frequencies  f,  strokes  5  and  initial  volume  concentrations 
of  particles  <ro(<fo  =  0,  for  the  pure  two-layer  fluid).  The  results  are  shovm  in  Fig.2,  from  which 
we  know  that  D  can  be  expressed  as 


D  =  at* 


Jb  =  0,20 


+0.034 
-0.009  , 


(3) 


where  a  is  a  constant  related  to  the  frequency  /,  the  stroke  S  and  the  initial  volume  concentration 
<70  determined  by  experiment,  (see  Table  1).  Fig.2  shows  that  the  time-variation  law  of  the 
entrainment  of  suspended  particles  in  the  mixed  layer  is  the  same  as  that  of  the  pure  two-layer 
fluid:  but  the  D-t  line  for  the  suspended  particles  is  below  the  line  for  the  pure  two-layer 

fluid  under  the  same  initisd  conditions  (Fig.2(a)),  showing  that  the  growth  of  the  mixed  layer  with 
suspended  particles  is  slower  than  that  without  suspended  particles  when  uo  =  0,  k  =  0.20j;o;^, 
which  is  in  good  agreement  with  the  results  in  [6]. 

Table  1  gives  some  of  the  values  of  the  experimental  results.  They  were  obtained  by  using 
the  least-square  fitting  to  the  measured  datum  paints  (D,t),  with  the  linear  correlativety  above 
0.99. 


B.  Relation  Between  the  Entrsdnment  Distance  D  and  the  Oscillation  Frequency  / 
It  is  known  from  Figs.  2  that  when  5  and  (Tq  are  given,  the  interception  loga  has  different 
values  for  different  frequencies  /,  and  a  depends  only  on  / 

o  =  ai/“‘ ,  ai  =  0.80±0.05  ,  (4) 

where  ui  is  the  proportional  constant  related  to  5  and  <ro.  The  variation  of  a  with  /  is  given  in 
Fig.3.  From  (3)  and  (4)  we  obtain 

Doc/®-",  (5) 

(5)  also  shows  that  the  fluids  with  and  without  suspended  particles  have  the  same  frquency 
relation.  The  corresponding  values  ate  given  in  Table  1. 
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C.  stroke  Depeadence 

In  order  to  determine  the  relation  between  D  and  S  we  have  measured  the  turbulent  entrain¬ 
ment  distance  for  the  various  strokes  S,  at  a  fixed  frequency  (/  =  2Ez)  and  the  same  values  of 
<ro  as  those  in  the  various  frequency  experiments.  The  measarementai  results  are  given  in  Figs. 
2(b).  Evidently,  when  /  is  fixed,  a  in  (3)  is  related  to  S  and  <ro-  h'ig.4  gives  the  logarithmic 
relation  between  a  and  5  in  the  case  of  given  Co,  consequently  we  have 

a 02-1.20  (6) 

Here  02  is  a  constant  related  to  /  and  oo,  but  it  is  only  a  function  of  at  fixed  /.  Corresponding 
^ues  are  given  in  Table  .2.  The  mixed  layer  entrainment  of  both  the  pure  two-layer  fluid  and 
the  fluid  with  suspended  particles,  varies  with  S  of  1.20  power 

DoiS^-^°  .  (7) 

D.  Variation  of  Entrainment  Distance  with  Initial  Particle  Concentration 

Alter  the  relationship  of  D  with  /  and  S  is  obtained,  it  is  not  difidcult  to  find  the  relation 
between  the  entrainment  distance  and  the  initial  particle  volume  concentration.  Fig.2(c)  shows 
that  at  /  and  5,  the  interception  loga  hzis  different  values  for  different  cq.  Thi*-  means  that  a  is 
related  to  <ro.  ai  and  02  in  Tables  1  and  2  also  give  some  indications  of  such  dependence.  But, 
considering  that  the  D-t  relatiouahip  must  degenerate  into  that  for  the  pure  two-layer  fluid,  it 
is  reasonable  to  take  17  =  1  -I-  fropp/Apo  (here  Pp  is  the  densit}'  of  plastic  material  of  the  particle) 
as  a  parameter  to  replace  u'q.  The  variations  of  ai  and  as  with  1)  are  given  in  Fig.5.  Dividing 
and  02  by  5^*^  and  respedtively  and  making  statistic  average,  we  obtdn  the  proportional 
constant  aa  related  only  to  (Tq.  Generally,  03  is  also  related  to  xo,Apt,/p2  aud  M,  but  these 
parameters  were  fixed  in  our  experiments.  Fig.6  shows  the  variation  of  03  with  q,  from  which 
wi  get 

03  =  o«>7*>,  as  =  -0.20±0.27  ,  (8) 

where  04  is  the  proportional  coefficient  related  to  M,zo  and  Apo/Ps- 
EVom  (3),  (4),  (6)  and  (8)  it  is  known  that  D  is  proportional  to  q®’: 

Docr/-®-^°,  (9) 

Because  Oomax  =  liPp  =  1.04sr/cm®  and  pamox^l-lSy/on®,  we  have  =  5.8  which  is  impob- 
able.  Consequently,  l<i7  <  5.8.  ij  =  1  for  the  piue  two-layer  fluid. 

£.  Growth  Behaviour  of  the  Turbulent  Mixed  Layer 

The  growth  of  the  mixed  layer  is  characterized  by  the  entiaiament  distance  D.  As  mentioned 
above,  D  is  directly  proportional  to  tO-w^y<i.so^  51.20  So  D  can  be  written  as 

D  =  (10) 

where  0$  is  the  proportional  constant  related  to  M,  zq  and  Apofp2-  (10)  can  be  obtained 
from  (3)  by  resolving  a  gradually.  (10)  gives  the  entrainment  law  of  the  mixed  layer  containing 
suspended  particles.  Actually,  the  proportional  coefficient  0$  is  equal  to  04,  so  05  =  0.664.  When 
iTq  =  0  and  t;  =  1,  (10)  becomes 

D  =  (11) 

(11)  shows  the  entrainment  behaviour  of  the  pure  two-layer,  which  is  consistent  with  the  results 
ofRef.[5]. 
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F.  Relation  Between  Entrainment  Rate  £  and  Richardson  Number  Rii 

With  the  D~t  Klation  detennined,  it  is  not  difficult  to  find  the  growth  velocity  of  the  mixed 
layer  tie  =  dDjdt.  The  dimensionless  entrainment  rate  £  and  the  local  Ridiardson  number  Rii 
based  on  the  horuontal  r mns.  turbulent  velocity  at  z  =  27  are  defined  as  [6] 

E  =  tle/«,  (12) 


Sii  = 


In  Fig.7  the  variation  of  entrainment  rate  E  versus  Richardson  number  Rii  is  plotted  on  a 
logaithmic  scale.  The  fitting  to  the  experimental  data  by  the  equation 

E  =  KRii^-^,  (15) 


is  satisfactory.  From  Fig.7  ve  can  see  the  dependence  of  K  on  o-q  or  rj,  which,  can  be  expressed 
as 


K  =  KoV-\ 


(16) 


where  Kq  is  a  constant  at  =  Q,Ko  =  13.421  (see  Fig.8).  The  date  are  given  in  'i..ole  3. 

£q.  (IS)  shows  that  that  the  dimensionless  entrainment  rate  £  of  the  mixed  layer  with 
suspended  particles  does  not  change  the  power  law  of  Rii,  differing  £rom  the  pxire  two-layei  by 
only  a  factor  This  means  that  when  tj  (Le.  <ro)  increases,  E  decreases  by  the  first  power 
(JSal/ij).  When  <ro  =  0,  Eq.  (15)  becomes  E  =  KoR%{^^^,  which  is  excellently  consistent  with 
the  experimental  results  in  Ref.[6]. 


CONCLUSIONS 

In  this  paper,  the  entrainment  of  the  turbulent  mixed  layer  with  suspended  particles  has 
been  studied  experimentally  in  the  two-layer  fluid  system.  The  principsd  conclusions  are  drawn 
as  follows. 

1.  The  time  dependence  of  turbulent  entrsdnment  for  suspended  particles  is  the  same  as 
that  for  a  pure  two-layer  fluid:  the  entrainment  distance  (or  depth)  27  varies  with  1/5  power  of 
time,  i.e.  27  =  of*,!:  =  1/5. 

2.  The  entrainment  distance  27  depends  on  the  exterior  parameters  of  the  oscillating  grid 
gengerting  a  tubulent  source,  Le.  27  is  directly  proportional  to  and  5®/®. 

3.  When  D'>iQ  (a  long  time  procedure),  the  entrainment  distance  27  can  be  estimated  by 

V  P2  /  ' 

which  ffiffers  firom  that  for  the  pure  two-k  ''er  fluid  by  a  factor  of 

4.  The  entrainment  velocity  u.  of  a  mixed  layer  decreases  with  an  increase  in  >},  i.e. 

UeOCJj"^. 

5.  The  dimensionless  entrainment  rate  E  for  a  fluid  with  suspended  particles  observes  the 
same  power  law  Rii  as  that  without  suspended  particles,  E  —  KRii^^^,  where  K  =  Kor]~^, 
differing  only  by  a  factor  r)~^.  This  shows  that  E  for  the  former  decreases  as  t}  increases.  At 
t;  =  1,£  =  K^Rii  which  describes  the  turbulent  entrainment  of  a  pure  two-layer  fluid. 
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Table  1 

Kumerical  Vaules  for  Relations  (3),  (4)  and  (8) 
(z  =  9cm,  Apo/p]  =  0.0584, 5=2cm) 


TLble  2 

Numerical  Vaules  for  Relations  (3),  (4)  and  (8) 
(x  =  9cm,  Apo/pa  =  0.0584, /=2H») 


aj  =  02/17“* 
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!osD  (cm) 


Table  3 

Experimental  Values  for  Relation  K  ■■=  Kov^* 


z 

(cm) 

— 

(cm) 

(Ez) 

<7o 

V 

- K - 

—7^0™ 

Ct4 

9 

2 

2-5 

D.OUOO" 

0.0297 

0.0506 

0.0724 

T.OOO 

1.498 

1.849 

2.214 

■T.3.213 

9.638 

7.447 

6.026 

13.583 

-0.984 

(-1.000) 

9 

3-5 

2 

"0.0000 

0.0297 

0.0506 

0.0724 

Tooir 

1.498 

1.849 

2.214 

12.072 

9.550 

7.015 

5.636 

13.490 

-1.052 

(-1.000) 

5  4  3  2  1 
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Flg.l  Schematic  diagram  of  the  experiments!  apparatus  and  arrangement. 

1,  grid;  2,  connective  tod;  3,  localization  sleeve;  4,  cantilever  beam;  5)  sliding  tod;  6,  sliding  sleeve; 
7,  crank;  8,  cam;  9,  teducbg  gear;  10,  frequency-modulated  electric  machine; 

11,  frequency-modulated  device. 
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Fig.2  Vaiiation  of  the  tutbulcui  entraiumeut  D 
with  time  t. 
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Pig.3  Varuition  of  the  proportional  coefficient  a 
with  the  oscillation  frequency  /. 


Fig.4  Variation  of  the  proportional  coefficient  a 
with  the  stroke  5. 


Fig.5  Dependence  of  oi  and  a?  on  tj. 
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Fig.6  Dependence  of  03  on  rj. 
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lYaiisition  to  stable  state  and  mixing  of  initially  unstable  continuously  stratified  Quid. 

Ya.D.  Afanasyev 

Institute  of  Oceanology,  Russian  Academy  of  Sciences,  Krasikova  23,  Moscow  117851,  Russia.  Fax: 
Russia  +  (095)  1245983 

l.lntroductioD 

The  gravitational  instability  occurs  in  a  system  consisting  of  heavier  fiuid  lying  on  top  of  less  dense 
fluid.  Any  sinusoidal  perturbation  of  the  interface  with  not  toe  small  wave  length  (otherwise  it  is  smoothed 
by  diffusioa)  will  grow  under  the  action  of  a  buoyancy  &>roa.  An  array  of  convective  elemeirts  (mushroom- 
like  structures)  develops  in  the  fiuid  forming  the  mndug  layer.  The  convective  motions  will  continue 
until  an  ultimately  stable  stratification  U  established.  The  process  of  tranution  from  unstable  to  stable 
strstific«.tions  is  determined  by  the  initial  density  distribution.  When  a  system  consists  of  two  layers  of 
equal  depths  tind  with  different  densities,  the  depth  (/i)  of  the  mixing  layer  grows  with  lime  as  h  oc 
(Andrews,  Spalding,  1990;  Linden, Redondo,  1991).  l\Tien  the  density  anomaly  is  initially  concentrated 
in  a  thin  fluid  layer  at  the  surface,  a  different  asymptotic  behaviour  is  observed:  heat  (Oikarev,  Zatsepin, 
1983;  Voropayev,  Afanasyev,  van  Heijst,  1993).  For  the  case  of  a  continuously  stratified  fiuid,  when  the 
density  decreases  linearly  with  depth  initially,  a  more  complex  transitiou  process  is  observed  (Voropr^v, 
Afanasyev,  van  Heijst,  1993).  The  laboratory  ex[>eriments  show  that  the  flow  evolution  is  characterized 
by  a  number  of  distinct  stages:  different  modes  of  instability  emerge  subsequently  through  the  entire  fiuid 
column,  leading  to  the  overturning  motions  in  thin  horizontal  layers,  which  finally  break  up  into  thermal 
-  like  convective  structures.  For  many  applications  it  is  important  to  determine  the  mixing  efficiency 
of  the  particular  transition  process.  For  the  numerical  models  of  oceanic  flows  the  estimates  of  vertical 
mWing  are  required.  Various  natural  circumstances  can  create  different  initially  unstable  stratification. 
In  a  cose  of  surface  cooling,  a  thin  surface  layer  becomes  heavier  and,  hence,  unstable.  The  unstable 
density  distributions  can  be  generated  also  by  breaking  internal  waves  in  a  continuously  stratified  ocean. 
The  rniiring  effideocy  (tj)  was  measured  by  Linden,  Redondo  (1991)  in  the  laboratory  experiments  with 
two-layer  fiuid.  It  was  suggested  that  the  value  r)  «  0.35  (that  corresponds  to  an  uncomplete  mbdug) 
rather  than  r/  =  0.5  (complete  mixing)  can  be  recommended  for  the  numerical  models.  The  aim  of  the 
present  paper  is  to  consider  the  mixing  efficiency  of  the  flows  with  different  initial  density  distributions: 
thin  layer  on  the  surface;  two  layers  of  equal  depths;  linear  stratlficatiou.  The  results  of  conductivity 
measurements  in  the  recent  experkoents  by  Voropayev,  Afanasyev,  van  Keljst  (1993)  are  used  to  obtain 
the  estimates  of  mixing  efficiency. 

2.  Experiments 

Experimental  arrangement 

Since  the  experimental  set-up  was  described  in  Voropayev,  Afanasyev,  van  Hdjst  (1993),  only  a  brief 
description  is  presented  here.  The  experiments  were  conducted  in  a  narrow  transparent  tank  of  dimensions 
93  *  55  *  2  cm,  which  could  be  rotate<l  about  its  long  horizontal  axis.  The  stable  density  stratification 
(step-like  or  linear)  was  created  by  variation  in  the  salt  concentration  in  the  vertical  direction  and  v/as 
measured  by  a  conductivity  probe.  The  probe  was  fixed  on  a  vertical  traversing  mechanism.  In  the  exper¬ 
iments  with  a  thin  layer  the  initial  height  of  the  layer  of  denser  fluid  was  ho  1cm.  The  density  excess 
(Ap)  was  varied  In  the  range  Ap  (0.2  -  16)10~^pcm~^.  Two  experiments  with  layers  of  equal  height 
{1/2H  where  H  —  5Scm  is  the  h^ht  of  the  tank)  and  density  difference  Ap  =  8  10~*;  1.2  10~^pcm~^  whs 
also  conducted.  The  third  aeries  of  experiments  was  carried  out  with  a  fluid  layer  with  an  aproximately 
constant  imdisturbed  density  gradient  dp/dx  w  — y »  const,  with  the  z-  axis  directed  upward.  Very  weak 
initial  density  gradient  was  applied,  7  ^  (10'*^  —  10~^)9cni~^.  An  inverse  and  hence,  unstable  density 
stratmestiou  was  obtototu  by  tuiulug  tuc  trftuV  UpSKw  uvvvM.  The  coaducti'.’itj'  probe  was  used  than  to 
measure  the  final  density  distributbn  which  established  after  the  transition  process.  The  density  profiles 
were  taken  when  the  motions  in  the  tank  decayed. 

Observations 

During  the  overturning  of  the  tardc,  the  fluid  undergoes  an  irrototionol  displacement  with  respect  to 
the  tank.  As  a  result,  the  interface  between  layers,  or  the  isopycnais  in  the  case  of  a  linear  stratification  lilt 
at  an  angle  ^  tan~^2ir  »  81°  (Simpson,  Linden,  1984).  This  process  determines  the  unstable  density 
distribution  after  the  overturning.  In  the  eoeperiments  with  a  thin  layer,  the  heavy  layer  is  localized  near 
the  upper  part  of  the  back  wall  of  the  tank  at  depth  4  -  5  cm  after  the  overturning.  Small  convective 
(thermal-like)  elements  with  a  typical  mushroom  shape  form  along  the  layer  as  a  result  of  gravitational 
instability.The  convective  elements  grow  with  time,  their  number  decreases  because  of  subsequent  pairing 
of  interacting  elements.  The  potential  energy  of  the  system  decreases  as  a  result  of  downward  movement 
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of  heavier  convective  elements.  The  elements  effectively  mix  the  fluid  because  of  viscous  entrainment 
of  adjacent  fluid.  In  a  case  of  linear  stratification,  the  resulting  density  distribution  in  the  tank  after 
overturning  will  be  the  following.  At  the  midplane,  the  density  profile  is  invcrsed  compared  to  the  profile 
before  the  overturning  of  the  tank.  At  the  front  and  back  walls  of  the  tank  the  density  distribution  is 
represented  by  the  profiles  with  the  same  unstable  demdty  gradient  as  at  the  midplane,  but  shifted  up 
and  down,  respectively,  over  a  distance  As  =  (l/2)tanv5  =  kI,  I  ■=  2cm  being  the  width  of  the  tank.  Suti 
a  density  distribution  determines  the  subsequent  development  of  instability  process.  The  fluid  at  the 
front  w«dl  of  the  tank  turns  out  to  be  lighter  than  the  fluid  at  the  back  wall,  so  that  the  linearly  stratified 
fluid  begins  to  move  upward  and  downward  along  the  front  and  back  walls  of  the  tank.  As  a  result, 
the  fluid  separates  into  two  vertical  layers  writh  different  density  and,  hence,  pressure  at  any  homontal 
level.  The  vertical  interface  between  two  layers  becomes  unstable  and  the  layers  begin  to  intrude  into  one 
another  forming  horizontal  layers  of  different  density.  Thus,  tLa  system  turns  out  to  consist  of  alternating 
horizontal  layers  of  relatively  denser  and  lighter  fluid.  Each  pair  of  layers  subsequently  begins  to  overturn. 
This  leads  to  the  formation  of  small-scale  layers  which  then  break  up  into  numerous  convective  elements. 
The  development  of  convective  flow  structures  leads  to  an  effective  turbulent  mixing  of  fluid. 

3.  Mixing  eflflciency 

The  potential  energy  of  the  stratified  fluid  layer  with  a  density  distribution  p{z)  can  be  defined  as 

P  =  ^  /  (p(z)  -  pojzdz  (1) 

Jo 

where  po-  is  the  density  of  fresh  water.  After  the  overturning  of  the  tank  when  a  heavier  fluid 
is  at  the  top,  a  system  contsins  the  initial  potential  energy  P<  given  by  (1)  where  p(z)  is  the  density 
profile  immidiately  after  the  overturning.  If  no  mixing  occurs  during  the  subsequent  transition  process, 
the  density  profile  would  simply  be  overturned  again  back  to  the  stable  profile  that  was  before  the 
overturning  of  the  tank.  In  a  two-layer  case,  the  two  layers  would  simply  exchange  plsu^  without  any 
change  in  their  densities  as  would  be  the  case  with  immiscible  fluids.  The  potential  energy  (Pq  )  of  the 
system  before  the  overturning  (or  after  the  transition  process  when  there  is  no  mixing)  is 

P  -  P  /  -  *)  -  Po)!i!d3:  (2) 

Jo 

Thus,  the  maximum  amount  of  potential  energy  that  can  be  released  in  the  transition  process  is  Pmax  = 
Pi  -  Pq.  For  three  cases  of  interest,  the  energies  P<  and  Pq  are  given  by  the  following  formulas; 

(i)  Thin  layer 

p(-')  =  PO  for  0  <  z<  H  -  Hq 
p(z)  =  Pi  far  H  —  ho  <  i  <  H 

Pi  =  9pMH  -  ^-)  «  gpihoH  (ho  «  S) 

Po  -  SPiy  w  0 

Pmax  ^  Pi 

(ii)  Two  layers  with  equal  depths 

p(z)  =  Po  for  0<z<  Hjl 


p(z)  =  pifarH/2<z<H 

_  3^ 

Pi  =  PPi-y- 


r,  ■1'^* 

Po  =9Pi~ 


2 


(iii)  Linear  stratification 


p(z)  =  (»q(1  +  7z) 
■Pi  =  SPo'1-j- 


Po  =  gpn 


SL 
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Thus,  almost  all  initial  potential  energy  can  be  released  in  a  thin-layer  case.  Another  extreme  is  a 
trivial  case  of  a  completely  mixed  (homogeneous)  fluid  when  zero  energy  can  be  released.  The  coses  (ii) 
and  (iii)  are  between  the  extremes.  Following  Linden,  Redondo  (1991),  define  the  »niving  efficiency  i)  as 
a  part  of  Pmax^  t^hat  is  used  to  mbc  the  fluid 


where  the  finul  potential  energy  Pf  is  calculated  from  (1)  where  p(z)  is  the  measured  final  density 
profile.  Another  part  of  energy  (1  -  r])Pmax  is  dissipated  by  viscosity  during  the  transition  process. 
Values  of  the  mixing  efficiency  r)  versus  the  Atwood  number  A  for  the  experiments  with  different  initial 
stratifications  are  shown  in  Table  1. 

Tabu  1 

r)  0.22  0.34  0.41  0.35  0.39  0.31  0.33  0.41  0.28 

A  *10®  0.2  0.8  2.0  4.0  0.4  0.6  0.6  1.2  2.0 

(i)  (ii)  (iii) 

The  Atwood  number  is  defined  as 

A-^BLZJS. 

Pi  +  Po 


for  step-like  stratification  and  as 


for  the  linear  stratification.  Though  all  the  experiments  were  carried  out  with  small  values  of  A,  the  high 
values  of  t\  were  obtained.  The  mean  value  of  rj  is  ri  0.35  that  is  consistent  with  the  results  obtained 
by  Linden,  Redondo  (1991). 
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ABSTRACT 

Labontory  measiuements  of  the  evolution  of  a  twoKtimensiooal  vortex  pair  in  a 
stradiicd  shear  flow  arc  lepoited.  The  measurements  were  obtained  in  a  xectangulv-shaped 
tilting  tank,  where  salt  was  used  for  density  variations,  and  a  vertical  shear  was  generated  by 
tilting  the  tank  through  a  small  angle.  Measuiements  were  obtained  in  Rkhaidson  luimber 
flows  varying  from  0.6  to  infinity  (no  shear).  A  vortex  pair  was  generated  in  the  tank  after  the 
flows  were  established,  and  the  evolution  of  the  vortex  pair  was  observed.  A  solitary  vortex 
was  observed  to  evolve  when  the  Ridiardsoo  number  was  of  order  five  or  less. 

BACKGROUND 

The  veitical  distance  a  vortex  pair  udgiates  is  a  function  of  the  ambient  stradficadoa 
As  the  background  stratificatioa  increases,  the  veitical  migration  distance  decreases  (Sarpkaya, 
1983).  In  these  cases,  there  is  no  asymmetiy  in  the  flow,  and  the  vortices  decay  symmctilcaUyv 
each  vortex  in  the  pair  decaymg  at  the  same  rate. 

Robins  and  Delia  (1990)  reported  on  nunxaicai  studies  which  examined  the  evolution 
of  a  vortex  pair  in  a  stratified,  shear  flow.  Those  studies  showed  that  when  the  shear  is  ««all 
enough,  the  vortices  decayed  symmetrically,  as  in  the  nonsbeaied  case.  When  the  shear  is 
large,  however,  the  vortices  d^yed  asymmetrically,  with  the  vortex  whose  rotation  was 
opposite  to  the  rotation  of  the  mean  shear  decaying  while  the  other  vortex  survived.  The  study 
showed  that  a  solitary  vortex  evolved  from  the  vortex  pair  when  the  Richardson  number  was 
of  order  one  or  less. 

Initial  laboratoiy  observations  by  Ddisi  et  al  (1991)  showed  the  evolution  of  a  vortex 
pair  in  a  flow  with  Richatdson  number  equal  to  one.  ha  this  flow,  the  vortex  pair  evolved  into 
a  solitary  vortex.  Supporting  numerical  calculations  were  consistent  with  the  observations. 


In  this  paper,  additional  laboratoiy  observations  are  presented.  Measurements  include 
lise  height  with  time,  vortex  separation,  and  estimates  of  vortex  circulation  with  time. 

THE  EXPERIMENTAL  FACILITY 

The  experiment  was  performed  in  a  rectanguiar-siiaped  tilting  tank  similar  to  one  used 
by  Tliorpe  (1968).  The  tank  is  488  cm  long,  61  cm  high,  and  15  cm  wide.  A  linear  density 
profile  is  used  in  the  tank,  resulting  in  a  linear  veUxaty  profile.  Figures  i  and  2  show  t^'picid 


density  and  vdodty  pn^les,  reqxcidvely.  In  both  figures,  the  symbds  indicate  the 
measuiements,  and  tte  rf««»hivt  Une  is  a  linear,  least-squares  fit  to  the  data. 

Three  cases  are  presented  here:  (a)  a  nonsttadfied,  nocsheaied  cose,  (b)  a  stratified, 
noosheared  case,  and  (c)  a  stratified,  sheaed  case.  In  aU  three  cases,  ncaninally  identical  initial 
vortices  were  used.  These  vortices  were  generated  by  moving  two  wings,  initially  at  rest, 
down  the  tank  iu  opposite  directions.  The  starting  voitices  generated  by  the  wings  farmed  the 
vortex  pair.  To  nwnunij«  the  effect  of  the  wings  on  the  background  flow,  the  wings  are  placed 
just  below  the  oentciline  of  the  tank,  where  die  flow  velocities  are  low. 

To  perform  an  expoiment  with  stratification  and  shear,  we  fiUed  the  tank  with  water, 
tilted  the  tank  to  create  t^  vertical  shear,  moved  the  wings  down  the  tank,  and  observed  the 
resulting  vortex  pair.  The  observations  continued  until  surges  fiom  the  end  walls  modified  the 
flow  in  the  test  section.  In  the  stratified  sheared  flows,  experiments  were  performed  with 
Richardson  numbers  rang^  fiom  0.6  to  over  6. 

RESULTS 

The  nonstratified,  noosheared  voitices  migrated  with  a  ncariy  constant  speed  and  a 
nearly  constant  separation  between  the  vertices.  The  migratioo  speed  was  4.9  cm/sec,  and  the 
separation  was  13.6  era  This  gives  an  initial  vortex  circulation  of  To  «  2  re  h>  Vo  »  419 
cmVsec,  where  hi  the  initial  separation,  and  Vo  »  the  initial  migtation  speed.  The  vortex 
Reynolds  number,  Fo  /  v,  is  41,900.  The  vortex  Froude  number,  defined  as  Vo  /  N  ho,  where 
N  is  the  Brunt-Vaisala  (B-V)  frequency,  is  1.0.  This  low  Fioude  number  was  used  because  we 
needed  to  have  a  B-V  frequency  large  enough  to  limit  the  migration  distance  of  the  vortices, 
due  to  the  finite  depth  of  the  tank. 

Results  for  a  stratified,  nonsbeaied  case  are  shown  in  Hgure  3.  Here,  wc  plot  H  vs  T, 
where  H  »  h  / 1\„  and  T  Vo  t  /  h,,  where  h  is  dimeaiginniil  height  and  t  is  dimen-sional  time. 
Because  we  generate  each  vortex  separately,  we  have  plotted  both  the  left  and  right  vortices 
separately.  Data  from  Sarpkaya  (1983)  for  Froude  nun^er  1.0  is  plotted  as  the  solid  symbols. 
Tte  data  fram  the  present  study  is  consistent  with  Sarpkaya’s  data.  The  dashed  line  is  H  =  T. 

In  the  run  shown  in  Figure  3,  N  «  0.323  scc'K  In  Figure  3.  one-third  of  a  B-V  period 
corresponds  to  T  ■  2.1,  and  is  consistent  with  the  maxiinum,  observed  migration  of  the  vortex 
pair.  In  this  run,  the  average,  initial  vortex  separation  was  15.0  cm,  whidi  is  ten  percent  larger 
than  in  the  nonstratified  ca.se.  We  believe  this  larger  separation  is  due  to  the  vortices  pulling 
heavier  water  up  in  the  center  and  lighter  water  down  on  the  sides  at  the  top,  thus  generating  a 
horizontal  pressure  gradient  which  puUs  the  vortices  apart 

Figure  4  shows  a  scries  of  four  streak  photographs  for  the  stratified,  sheared  case  with 
Richardson  number  »  2.32.  Only  part  of  the  tank  is  shown  in  the  photographs.  We 
nondimensionaiize  time  as  in  Ddisi  ct  al  (1991)  by  t  /  T*,  where  To  =  h#  /  Vo.  Here,  T, »  2.79 
sec.  In  the  top  left  photo,  To  «  0.49,  and  the  vortices  arc  ^mmetiic.  In  the  next  photo,  at  the 
top  light.  To  B  1.16.  At  this  time,  the  vortices  have  migrated  vertically  but  are  still  neatly 
symmetric.  The  bottom  left  photo  is  at  To  =  1.84.  In  this  photo,  the  left  vortex  is  noticably 


weaker  than  the  right  vortex.  In  the  final  photo  at  the  bottom  right,  at  To  =  2.51,  the  left 
vortex  is  essentially  destroyed,  leaving  only  the  right  vortex  remaining. 

Circulation  estimates  for  all  three  runs  are  shown  in  Figure  5.  These  measurements 
were  obtained  from  the  streak  photographs  over  a  circle  of  5  cm  radius,  centered  on  the  vortex 
core.  For  all  three  runs,  the  ^len  symbols  denote  the  left  vortex,  and  the  closed  symbols 
denote  the  right  vortex.  The  nonstradfied,  nonsheared  cose  is  shown  by  the  circles.  The 
closed  square  on  the  y-axis  shows  the  calculated,  initial  vortex  circulation  for  this  case.  The 
dtculations  decay  with  time,  presumably  due  to  turbulent  diffusion.  The  noustratified, 
nonsheared  measurements  end  when  the  vortices  migrate  into  ground  effect  with  the  top  of  the 
tank. 

The  Hiamnmtc  in  Figure  5  show  the  measurements  for  the  stratified,  nonsheared  case. 
These  measurements  continue  on  further  in  time  than  those  for  the  nonstratified  case  since  the 
stratification  inhibits  the  vertical  migration  of  these  vortices.  The  initial  decay  of  the  stratified, 
nonsheared  vortices  follows  the  decay  of  the  nonstratified  vortices. 

The  stratified,  sheared  measurements  are  shown  by  the  triangles.  In  this  case,  the  rate 
of  decay  of  the  right  vortex  is  similar  to  the  decay  of  both  the  nonstratified,  nonsheared 
vortices  and  the  decay  of  tiie  stratified,  nonsheared  vortices.  The  left  vortex,  however,  decays 
much  faster,  starting  at  t  /  To  around  1.6.  lliis  behavior  is  similar  to  that  shown  in  Robins  and 
Ddiri  (1990),  who  showed  in  numerical  calculations  that  the  maximum  vortidty  for  the 
opposite  sign  vortex  in  a  vortex  pair  in  a  bw  Richardson  number  flow  decayed  like  the 
vortidty  in  a  higher  Richardson  nuinbcr  flow  for  a  while,  and  then  rapidly  decayed.  This  rapid 
decay  was  observed  in  the  last  two  photographs  in  Figure  4. 

SUMMARY 

Results  fnim  laboratory  experiments  of  the  evolution  of  a  vortex  pair  in  stratified  and 
sheared  environments  have  b^n  ptesented.  In  the  nonstratified,  nonsheared  flows  and  the 
stratified,  nooslieaied  flows,  the  results  are  consistent  with  tire  results  of  previous 
investigations.  In  the  stratified,  sheared  flows,  the  observations  clearly  show  the  evolution 
fiom  a  vortex  pair  to  a  solitary  vortex  when  the  Richardson  number  of  the  background  flow  is 
2.3.  Addition^  expaiments  show  that  this  behavior  occurs  when  the  Richardson  number  is 
around  five  or  less. 
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(c)  1.84  (bottom  left),  and  (d)  2.51  (bottom  right). 


triangles  show  tliic  stratified,  sheared  ntn. 
nonstratified,  nonshcared  case. 
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Abstract 

In  this  study,  the  motion  of  a  three-layer  baroclinic  vortex,  representing  mediter¬ 
ranean  water  eddies,  is  investigated.  Among  all  the  mechanims  that  can  induce  a 
motion,  we  focus  on  the  action  of  bottom  topography.  In  particular,  we  are  looking 
for  steadily  translating  structrrres  over  a  constant  bottom  slope.  Depending  on  hy¬ 
drological  data,  "strongly  isolated  eddies”  move  with  the  deep  waters  at  their  right 
or  at  their  left. 

Experiments  in  a  rotating  tank  are  also  presented  that  confirm  the  fact  that  the 
lens  propagate  along  isobathes  in  both  directions. 


1  Introduction 


Many  recent  campaigns  at  sea  near  the  strait  of  Gibraltar  have  revealed  the  presence 
of  very  strong  long-lived  baroclinic  vortices  of  mediterranean  water  (Armi  et  al,  89; 
Arhan  et  al;  Prater,  92;  Le  Squere  94). 

This  paper  aims  at  describing  several  processes  that  can  have  a  significant  effect 
on  the  displacement  of  these  "meddles”  according  to  us:  beta  and  beta-topographic 
effects  and  a  mean  current  in  the  upper  layer.  Since  this  is  a  mechanism  that  has 
never  been  proposed  as  far  as  the  motion  of  meddles  is  concerned,  we  will  focus  on  the 
effect  of  a  bottom  topography.  Indeed,  when  an  intermediate  vortex  is  propagating, 
there  must  be  a  motion  in  the  lower  layer.  Thus,  it  can  interact  with  a  bottom 
topography.  In  Morel  (94),  we  have  used  a  three-layer  Shallow  Water  model  to  study 
the  effect  of  a  constant  bottom  slope.  When  the  eddy  is  strong  (high  Rossby  number 
and  variation  of  depth  comparable  to  second  layer  depth  at  rest),  the  equations  for 
the  second  layer  are  non  linear  and  can  not  be  solved.  However,  we  have  shown  how 
an  hypothesis  of  strong  isolation  (i.e.  nul  axisymetric  part  beyond  a  certain  distmice 
from  the  center  of  the  meddy  in  each  layer)  constraints  the  displacement  speed  to  be 
entirely  determined  by  the  surrounding  hydrological  data.  But  we  were  not  able  to 
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prove  that  the  problem  had  a  solution.  In  this  paper  we  will  study  the  problem  in 
the  context  of  quasi-geostrophic  theory  for  which  the  equations  are  simpler. 

We  will  first  review  previous  studies  that  have  been  done  to  explain  the  observed 
trajectories  of  mediterranean  lenses.  Then  we  will  discuss  the  quasi-geostrophic  equa¬ 
tions  for  a  three  layer-ocean  and  show  how  a  mean  upper  layer  current  can  generate 
a  displacement  of  a  vortex  (section  2).  In  section  3,  we  will  focus  on  the  effect  of  a 
bottom  slope  £ind  look  for  steadily  translating  structures  with  ”no  potential  vorticity 
anomaly”  in  the  upper  or  lower  layer.  Experiments  in  a  rotating  tank  (the  Cori¬ 
olis  tank  in  Grenoble)  are  presented  and  discussed  in  section  4.  Some  preliminary 
numerical  results  are  examined  in  the  conclusion. 


2  The  three-layer  Quasi-Geostrophic  model 

Observations  and  previous  studies 

McWillisims  and  Flierl  (79)  have  shown  that  isolated  vortices  can  resist  dipersion 
providing  they  are  strong  enough.  As  mediterranean  water  vortices  are  strong  (see 
Prater,  92  for  a  review),  they  can  live  for  a  long  time.  In  particular,  Armi  et  al 
(89)  have  followed  a  raeddy  (Meddy  1,  Sharon)  which  moved  southward  almost  con¬ 
tinuously  during  two  years!  Many  mechanisms  have  been  proposed  to  explain  this 
trajectory. 

First,  it  is  well  known  that  the  planetary  beta  effect  initially  induces  a  southward 
motion  on  islolated  axisymetric  anticyclones.  However,  numerical  studies  have  shown 
that  this  motion  is  too  weak  and  other  mechanisms  must  be  considered  to  explain 
the  observed  trajectories  (Beckmann  &  Kase,  89). 

Hogg  and  Stommel  (89)  showed  that  the  meddy  could  have  been  advected  south¬ 
ward  by  the  mean  upper  layer  current.  Their  mechanism  rely  on  the  presence  of  a 
strong  enough  vortex  in  the  upper  layer  to  trap  the  mediterranean  lens.  However, 
they  have  neglected  the  effect  of  the  mean  deviation  of  the  interface  due  to  the  mean 
current.  We  shall  show  that,  in  the  context  of  a  three  layer  Quasi-Geostiophic  model, 
this  effect  can  in  fact  modify  the  beta  coefficient  in  the  layer  of  the  meddy.  This  in¬ 
duces  a  propagation  in  the  direction  of  the  mean  current  without  the  need  of  potential 
vorticity  in  the  upper  layer. 

Colin  de  Verdiere  (92)  has  proposed  an  interesting  mechanism  based  on  lateral 
mixing.  However,  some  numerical  experiments  are  needed  to  quantify  the  importance 
of  this  process. 

Equations  of  the  model 


We  assume  that  meddics  are  well  represented  by  a  three  layer  quasi-geostrophic 
ocean.  This  hypothesis  is  certainly  verified  for  the  upper  and  lower  layers  but  is 
questionnable  in  the  meddy  itself.  However,  we  expect  it  has  not  a  very  important 
consequence  on  the  displacement  of  the  lens.  We  make  the  beta  plane  approximation 
and  consider  a  North-South  constant  bottom  slope,  so  that  both  beta  and  topographic 
beta  act  along  the  same  direction.  We  consider  a  state  of  reference  with  a  constant 
mean  velocity  field  in  the  upper  layer  U\  along  the  x  axis  and  no  motion  in  the  layer 
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of  the  meddy  and  below.  The  equations  for  the  streciinfuction  in  each  layer  are: 

dt  PVi  +  +  =  0 

with 

J{a,b)  =  d^ad^b  —  dyadxb 

PV,  =  VVi  +  /i(ti>2-V’i) 

PV2  =  -  ^2)  +  -  ^2) 

PV3  =  VV3  + -  V's) 

In  these  dimensional  equations, /i  =  Pl9\H\,f2  =  Plg\H2>fz  =  P  192^2, 

f*  =  /^/52-H'3,  with  Si  =  (/22  - 52  =  (/>3  -  p2)//>3i?  and  |fli  =  ^  +  fiUi, 

^2  =  =  0  +  fslIh. 

Many  studies  were  done  on  the  role  of  the  planetary  beta  effect  and  underline  the 
influence  of  the  horizontal  and  vertical  structure  of  the  vortex  on  the  propagation 
speed.  We  will  not  discuss  this  effect  here.  For  details,  the  reader  is  refered  to  Flierl 
et  al  (80),  McWilliams  k  Flierl  (79),  Flierl  (84)  and  Beckmann  k  Kase  (89). 

In  the  previous  formulation,  we  have  thrown  into  relief  the  inffueuce  of  a  mean 
upper  layer  current.  Indeed,  in  the  layer  of  the  meddy  (layer  2),  the  beta  effect  is 
modified  by  the  slope  of  the  interface  due  to  the  upper  layer  mean  velocity  field.  For 
instance  if  f/i  >  we  expect  the  propagation  of  the  lens  under  the  effect  of  beta 
and  mean  velocity  to  be  eastward  even  if  the  meddy  is  not  trapped  by  an  upper  layer 
vortex.  This  can  of  course  be  generalized  to  any  direction  of  the  mean  velocity  held. 
If  Ux  is  strong  enough,  the  meddy  will  move  in  the  direction  of  the  upper  layer  speed. 
The  critical  value  when  Ux  becomes  as  important  as  beta  is  about  f/f'  a:  4cm.s”* 
for  data  chosen  from  Armi  et  al  (89):  =  2.  10““  /  =  7.3  10“® 

H3  =  1000  m,  gx  —  10”*  m.s"*.  Thus  we  expect  that  a  mean  velocity  field  will  have 
a  .serious  consequence  on  the  displacement  of  a  rneddy.  We  are  presently  undertaking 
numerical  experiments  to  quantify  this  effect. 

We  would  like  to  point  out  that  this  mechanism  also  provides  the  possibility  of 
time  variations  in  the  ’’equivalent”  beta  in  the  layer  of  the  lens  and  can  thus  explain 
some  irregularities  in  the  observed  trajectories  (though  these  irregularities  have  been 
succesfully  explained  as  instability  events  during  the  life  of  meddies  by  Beckmann  k 
Kase,  89). 


3  Isolated  modons 

As  they  have  very  long  lifetimes,  coherent  structures  such  as  meddies,  have  some¬ 
times  been  modelled  as  modons,  that  is  to  say  vortices  steadily  propagating  under 
the  influence  of  the  planetary  beta.  In  this  section  we  are  looking  for  strong  interme¬ 
diate  structure  steadily  translating  under  the  effect  of  a  bottom  slope  (fix  =  /Jj  =  0, 
/?3  =  ;^.  There  are  many  reasons  for  that.  First,  there  are  good  corellations  between 
the  trajectory  of  meddy  Sharon  and  isobathes  (see  Morel  94).  Also,  the  beta  topo¬ 
graphic  effect  is  known  to  be  equivalent  to  the  planetwy  beta  for  barotropic  flows. 
When  stratification  is  taken  into  account,  this  no  longer  holds  and  the  differences  are 
certainly  interesting.  Last  but  not  least,  the  principle  of  the  calculations  are  the  same 
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if  one  wants  to  consider  modons  on  a  beta  plane  with  an  effect  of  a  mean  velocity  field 
in  the  upper  layer.  It  can  be  shown  that  the  speed  of  displacement  C  can  only  be 
along  the  x  axis.  Replacing  the  t  derivatives  by  —Cdg  and  using  a  frame  translating 
with  the  structure,  the  previous  equations  become  (see  Flierl  et  al,  80): 

J {xjpi  -  Uiy  +  Cy,  PVi  +  fiiy)  -  0 

This  simply  states  that  there  is  a  functional  relationship  between  the  total  poten¬ 
tial  vorticity  and  the  streamlines  (lines  of  constant  —  Uiy  -f-  Cy): 

PVi  +  0iy  =  Fii^l^i-UiV  +  Cy) 

If  vre  assume  that  the  eddy  is  isolated  (V>t  and  PVi  are  nul  at  infinity),  the  functions 
Fi  can  be  evaluated  on  every  streakline  that  extends  to  infinity:  Fi{Z)  =  -^^Z. 

For  closed  streaklines,  the  function  Fi  can  have  a  different  form  and  can  be  mul¬ 
tivalued.  To  simplify  the  problem,  we  will  only  consider  a  multivalued  function  for 
the  second  layer.  This  can  be  understood  as  an  hypothesis  of  no  "potential  vorticity 
anomaly”  in  the  upper  and  lower  layers;  particules  in  these  layers  have  the  same 
potential  vorticity  as  they  will  have  if  they  were  at  rest.  Also,  it  permits  the  mo¬ 
tion  in  these  layers  to  be  weak  enough,  so  that  there  are  no  closed  streaklines  and 
no  particles  carried  along.  We  only  consider  strong  potential  vorticity  anomaly  and 
particles  transport  in  the  layer  of  the  meddy.  f'inally,  to  make  analytical  progress 
we  will  only  consider  linear  functions  F2[Z)  =  S  Z  ^  Q  and  a  matching  boundary 
between  closed  and  extending  to  infinity  streaklines  that  is  a  circle  of  radius  a,  as  in 
the  previous  studies  on  modons  (see  Flierl  et  al,  80).  Thus  the  problem  we  will  have 
to  solve  is  the  following: 


PVi  =  0 

PVa  =  |v>3 

PV2  —  S  {i^2  +  Cy)  +  Q  iot  r  < 
PV2  0  for  r  >  a. 


a. 


As  for  modons  under  the  effect  of  planetary  beta,  we  can  find  steadily  translating 
structures  for  various  values  of  C  (negative  and  positive).  The  first  two  equations  are 
the  same  we  studied  in  Morel  (94).  When  studying  the  propagation  of  ’’almost  steady 
vortices”  (generating  a  weak  Ross  by  waves  field),  some  authors  have  considered  the 
case  of  strongly  isolated  vortices,  i.e.  for  which  the  axisymetric  part  of  the  velocity 
field  is  null  beyond  a  certain  radius  R  (see  Swaters  &  Flierl,  91;  Sutyrin  &;  Flierl  and 
Sutyrin,  94).  We  have  shown  that  in  that  case,  the  displacement  speed  is  determined 
so  that  V’l  and  V’s  are  proportional.  We  obtained: 

So  that  C  is  positive  or  negative,  depending  on  the  surrounding  hydrological  data 
if\  and  /i)  and  the  slope  of  the  bottom. 

It  is  however  not  possible  to  have  strongly  isolated  axisymetric  part  with  the 
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"simple”  model  just  described.  We  do  not  Tvant  to  enter  into  all  the  details  but  let  us 
just  point  out  that  this  is  due  to  a  lack  of  degrees  of  freedom.  We  found  a  way  to  add 
more  degrees  of  freedom  in  the  model  (as  many  as  wanted!)  and  that  still  permits 
analytical  calculations.  The  principle  is  very  simple  in  fact  and  consist  of  using  many 
regions  separated  by  closed  circular  streaklines  inside  of  which  we  can  choose  other 
values  for  5  and  Q.  This  adds  two  degrees  of  freedom  for  each  new  region.  It  can 
be  shown  that  for  our  problem  (to  have  strongly  isolated  solutions)  we  must  add  at 
least  two  more  regions.  On  each  boundary  we  will  have  to  solve  a  set  of  non-linear 
equations  that  is  overdetermiued. 

We  would  like  to  point  out  that  this  new  method  is  very  close  to  Contour  Dynamics 
models  (see  Sutyriu  II  Flierl)  because  there  is  a  jump  of  potential  vorticity  on  each 
boundary.  Also  the  modons  with  riders  (superimposed  axisymetric  part)  that  were 
found  by  Flierl  et  al  (80)  were  proved  to  be  imstable  (Swenson,  86).  We  believe 
that  this  new  method  can  yield  the  possibility  of  finding  steadily  translating  modons 
with  stable  riders:  it  adds  a  lot  of  degrees  of  freedom  and  thus  permits  considerable 
modifications  in  the  rider  part. 


4  Rotating  tank  experiments 


To  test  the  previous  formula  giving  the  propagation  speed,  we  made  exj  :riments  on 
the  Coriolis  rotating  tank  in  Grenoble.  This  tank  is  13  m.  diameter  and  pennits  the 
use  of  low  rotation  rates. 

We  injected  an  intermediate  density  water  in  a  two-layer  stratified  fluid  above  a 
slopping  bottom  (see  fig.  1).  Several  experiments  were  realised  in  the  following  ranges 
of  parameters:  density  difference  between  upper  and  lower  layers  a  Si  0.3  -  1.1%, 
upper  layer  thickness  ~  10  —  25cm,  lower  layer  thickness  as  15  —  46cm,  bottom 
slopes  s  cs  3  — 10%.  The  rotation  period  for  the  tank  was  100  s.  Twenty  to  fifty  liters 
of  intermediate  density  water  were  injected  within  10  minutes.  The  radius  of  the  lens 
we  obtained  depended  on  the  stratification  but  roughly  ranged  between  40  and  80 
cm,  giving  a  maximum  thickness  of  about  5  cm  for  the  lens. 


fig.l:  Sketch  of  the  experiment.  An  intermediate  density  water  is  injected  verti¬ 
cally  in  a  two-layer  stratified  background. 
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fig.Q:  Two  meddles  propa^atiag  in  different  directions.  The  arrows  indicate  the 
shallow  waters,  the  small  circles  indicate  the  initial  position.  Notice  also  the  velocity 
field  in  each  layer:  anticyclonic  in  the  upper  layer  (green  line),  strong  anticyclone  in 
the  intermediate  layer  (red  line),  cyclonic  in  the  lower  layer  (blue). 

a/  slope  s— -8%,  Hi  =  lb  cm,  H3  =  27  cm,  pi  =  0%,  pa  =  0.5%,  pz  =  0.8%. 
b/  slope  s=3%,  Hi  =  15  cm,  H3  =  27  cm,  pi  =  0%,  pa  =  0.4%,  ps  =  0.5%. 
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As  in  Bormans  (92),  the  injection  of  intermediate  fluid  was  vertical,  so  that  the 
fluid  sinked,  adjusted  (see  McWilliams,  SS  for  an  explanation  of  the  adjustment  mech¬ 
anism)  and  a  stable  anticyclonic  lens  was  created.  We  used  dye  to  follow  its  displace¬ 
ment.  There  was  also  an  anticyclonic  (cyclonic)  motion  in  the  upper  (lower)  layer 
(see  fig.2  a-b).  Usually  the  lens  began  to  move  during  the  injection.  The  propagation 
speeds  we  get  were  always  well  below  the  predicted  one  but  we  have  found  lenses 
propagating  with  deep  waters  on  their  right  as  well  as  on  their  left.  The  order  of 
magnitude  of  the  propagation  speed  was  about  hrdf  a  radius  of  the  lens  (~  30cm.) 
within  6  rotation  of  the  tank  (600s.).  As  in  Bormans  (92),  weakly  unstable  events 
(filaments  shedding)  sometimes  occured  for  thick  lenses. 

We  would  like  to  point  out  that  in  comparison  with  oceanic  meddies,  our  lenses 
had  a  much  lower  lifetime  (non-dimensionalised  by  the  rotation  period).  Indeed,  we 
observed  that  after  about  10  rotations  of  the  tank  the  Rossby  number  decreased  by 
a  factor  3  and  after  50  rotations,  the  flow  in  the  lens  was  hardly  visible. 


5  Conclusion 

In  this  paper  we  described  an  analytical  theory  wc  devclopped  to  evaluate  the  effect 
of  a  bottom  slope  on  the  propagation  of  meddies.  This  model  can  be  generalized  to 
study  the  effect  of  an  upper  layer  mean  velocity  field.  In  particular  it  can  perhaps 
yield  new  results  as  far  as  modons  with  riders  are  considered. 

Experiments  in  the  Coriolis  rotating  tairk  were  realized  to  test  for  this  model.  In 
these  experiments,  the  displacement  of  the  meddles  were  positive  or  negative  roughly 
in  agreement  with  the  theory.  However,  the  order  of  magnitude  of  the  propagation 
speed  was  always  well  below  the  predicted  one. 

We  began  numerical  experiments  with  a  three  layer  Quasi-Geostrophic  model  to 
test  the  iion-stationary  evolution  of  meddies.  When  initiating  an  axisymetric  vortex 
with  no  or  small  potential  vorticity  anomaly  in  the  upper  and  lower  layers,  we  also 
gel  a  displacement  in  both  direction  in  agreement  with  the  theoretical  formula  for 
the  displacement  speed.  But  again,  this  speed  is  well  below  the  predicted  one  in 
intensity.  We  believe  we  can  ha^  e  a  stronger  effect  of  the  bottom  topography  if  there 
is  a  stronger  initial  flow  in  the  lower  layer.  According  to  Dewar  k.  Gailliard  (94), 
several  observations  show  that  there  might  be  important  deep  flow  below  oceanic 
eddies.  We  have  undertaken  a  study  on  the  propagation  of  an  intermediate  vortex 
with  potential  vorticity  anomaly  in  the  lower  layer. 
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Abstract: 

New  experimental  data  on  the  structure  of  the  turbulent  stratified  boundary  layers  have  indicated  that  very 
often  despite  strong  mixing,  there  are  strongly  ordered  structures  .  A  visual  confirmation  of  the 
occurrence  of  such  structures  in  atmospheric  boundary  layer  is  given  by  the  ordered  "cloud  streets" 
structures  observed  in  photographs  of  the  earth's  cloud  cover.  Their  stratification  is  lather  extreme  since 
the  horizontal  extension  of  these  structures  reach  easily  hundreds  of  kilometers,  whereas  their  heights  do 
not  exceed  3  km. 

As  these  structures  encompass  a  wide  range  of  scales  and  intensities,  we  choose  thus  a  universal 
multifractal  approach,  since  in  this  case  the  mean  as  well  as  the  extreme  events  are  ruled  by  few 
exponents  which  we  cmpiricaly  determine  with  the  help  of  data  collected  by  aircraft  and  radiosondes 
during  three  Typhoon  expeditions  over  South  China  Sea. 

In  conclusion,  we  discuss  the  rather  low  critical  order  of  divergence  of  moments  and  corresponding  >ow 
dressing  dimension  ruling  the  self  organized  criticality  of  exueme  wind  shears,  temperature  gradients  and 
generation  of  related  structures,  in  particular  typhoons,  and  their  stratification  . 


1.  Data  sets  and  experimental  procedure: 

We  analyzed  data  profiles  on  wind  fluctuation  characteristics  of  convection  in  the  tropical  temperature- 
stratified  boundary  layer. 

Horizontal  wind  speed  profiles  have  been  measured  using  the  aircraft-laboratory  IL-18D  "Cyclone" 
during  three  Soviet- Vietnamese  flying  expeditions  over  the  South  China  Sea  in  1988,  1989  (Karmazin 
and  Mikhailova,  1991)  and  1990.  Measurements  were  usually  performed  on  levels  increasing  from  50 
meters  up  to  5  km  heights,  along  20-40  km  distances,  every  0.125  s  (i.e.  the  trequency  was  coo^  8  Hz  and 
corresponding  spatial  distance  Ax-  12  m  for  a  speed  of  -100  m/s)  in  the  horizontal  for  each  level  ^ross 
the  largest  clouds  bands.  For  our  preliminary  study  we  selected  one  profile  per  year  corresponding  to 
different  meteorological  situations  (Chigirinsfcaya  at  al,  1994)  For  each  profile  we  studied  10  samples 
each  of  length  2^0  at  a  fixed  level. 

Vertical  wind  speed  profiles  have  been  measured  using  radiosondes  during  two  expediUons  of  a  research 
ship  to  a  tropical  part  of  the  Pacific  Ocean  (Lazarev  at  al,  1994).  Ail  atmospheric  variables  were 
measured  along  the  balloon  rise  paths,  which  for  simplicity  of  interpretation,  were  considered  vertical. 
The  vertical  resolution  of  the  balloon  sensors  was  about  20-25  m  (data  were  transmitted  every  5  sec  of 
balloon  flight).  The  time  difference  between  the  beginning  and  the  end  of  balloon  flight  was  neglected. 
The  data  were  first  interpolated  into  regularly  spaced  intervals  witli  vertical  resolution  of  25  m,  and  then 
averaged  over  50  m  layers  from  near  the  surface  to  approximately  30-35  km.  The  total  data  base 

cuauuii^i^o/  uiuivuiuoj  jlVo?,  «uiu  wi 


2.  Universal  multifractals  and  multifractal  phase  transition: 

In  the  case  of  a  stochastic  multifractal  field,  -  for  example  the  turbulent  energy  flux  density  (e)  -  observed 
at  different  scale  ratios  X  where  A  is  the  outer  scale  and  I  is  the  scale  of  observation),  the 


*(On  leave  from  Mathematical  and  Mechanical  Dept.,  Moscow  Univeisity,  Lenin  Hills,  1 17234  Moscow,  Russia). 
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statistics  of  the  field  can  be  described  in  the  framewoik  of  the  codimension  muitifractal  formalism 
(Scheitzcr  and  Lovejoy  1987,  1389,  1992,  Schertzer  et  al.  1991,  Mandelbrot  1991)  either  in  terms  of 
probability  distributions  or  statistical  moments,  invoiving  respectively  the  codimension  f^unction  (c(7))  of 
the  order  of  sitigularitics  (y)  and  sc-aling  function  (K(q))  of  the  moments  order  q: 

(1) 

c(y)  and  K(q)  axe  dual  for  the  (iiivolutive)  Legendre  transform  (Parisi  and  Frisch,  1985): 
c(70  =  max(qy  -K(,q)y,  K{q)  ••=  maxiqy  -  c(7))  (2) 


The  only  constraints  that  must  be  respected,  by  the  two  functions  c(y)  and  K(q)  arc  that  tliey  should  be 
both  convex,  and  c(y)  should  be  an  incieasing  function. 

Due  to  the  existence  of  stable  and  attractive  muitifractal  processes  under  rather  general  circumstances, 
mixing  of  different  multifractal  processes  may  lead  to  universal  processes  which  depend  on  very  few 
aspects  of  the  initial  processes.  Indeed  -up  to  a  critical  order  discussed  below-  these  universal  multifractal 
processes  have  codimension  and  moments  scaling  functions  ruled  by  only  three  common  exponents.  The 
three  basic  universal  exponent  are: 

-The  Hurst  exponent  H  measuring  the  degree  of  non  conservation  of  the  mean  field. 


(3) 

-The  mean  singularity  Cj,  i.e.  those  contributing  to  the  mean  field,  measures  tlte  fractality/sparsencss  of 
the  mean  field,  it  corresponds  at  the  same  time  to  the  codimension  of  tlie  mean  field.  Therefore  (by 
Legendre  transform)  it  corresponds  to  the  following  fixed  point: 


c(Ci-B)  =  Ci  (4) 

-  The  L6vy  index  a  determine  the  extent  of  multifractality,  it  is  indeed  the  Levy  index  a  of  the  generator 
of  the  process  and  is  proportional  to  curvature  radius  of  the  codimension  function  around  the  mean 
singularities: 


Rc(Ci-H)  =23/2  Cia  (5) 

The  energy  spectrum  E(k)  of  wind  velocity  fluctuations  (Fig.  1,  2)  were  first  computed  in  order  to 
estimate  the  ex^nent  H.  The  ubiquity  of  scaling  with  Ph”5/3  (close  to  the  Kolmogorov-Obukhov  value 
5/3)  in  the  horizontal  and  Py“  1 1/5  (excellent  agreement  with  Bolgiano-Obukhov  value  1 1/5)  in  the 
vertical  corresponds  to  the  unique  anisotropic  but  scaling  regime  of  atmospheric  dynamics  as  conjectured 
in  the  "unified  mulfifractal  model  of  atmospheric  dynamics",  nrere  is  no  evidence  for  cither  isotropic 
tliree  dimensional  nor  for  isotropic  two  dimensional  turbulence,  the  atmosphere  appears  to  be  anisotropic 
but  scaling  throughout.  It  should  perhaps  be  recalled  that  .such  anisotropic  scaling  implies  that  the 
atmosphere  i.s  progressively  more  and  more  stratified  at  larger  and  larger  scales  (sec  Laaarev  at  al,  1994 
for  developed  discassion).  " 

Universal  muitifractal  exponents  Ci  and  a  can  be  estimated  with  the  help  of  the  double  trace  moment 
technique  (DTM;  LavaU6e  1991,  Lavall6e  et  al.  1992,  1993).  Indeed,  we  may  first  consider  the 
nonnalized  r\  powers  of  the  field  e,  Obviously,  will  have  a  moment  scaling  function  K(q,ri): 
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=  K(q,n)  =  K(qn)-(!K(q)  (6) 


The  DTM  indeed  will  be  ruled  by  the  scaling  exponent  K(q,Ti)  (Eq.6)  until  a  critical  moment  order  qoCn) 
(Fig.  3.  4). 

In  (Chigirinskaya  et  al.,  1994)  we  discussed  the  notion  of  Self  Organised  Criticality  in  the  context  of 
stochastic  multifractals,  as  corresponding  to  a  multifractal  phase  transition  and  to  algebraic  or 
"hyperbolic"  fall-off  of  the  probability  distribution: 


Pr(XSx)  =  x'^D;  x»l  (7) 

where  the  critical  order  of  moment  qo  corresponds  to  the  following  divergence  of  statistical  moments: 


<X4>=t»  qSqo  (8) 

The  analogy  (e.g.  Tel,  1988,  Schuster  H.  G. ,  1988)  between  multifractal  exponents  and  thermodynamic 
variables  can  be  made  using  the  following  coirespondences  (Schertaer  and  1-ovejoy  1991):  the  singularity 
order  (y,  c(y))  is  the  analogue  of  (energy,  entropy),  whereas  (q,  K(q))  is  the  analogue  of  (inverse  of 
temperature,  thermodynamic  potential),  ^e  scale  rado  is  the  analogue  of  the  corrcladon  length.  And 
indeed,  the  first  order  multifractal  transidon  corresponds  to  die  fact  that  for  a  finite  qo  and  corresponding 
70,  the  effeedve  scale  rado  will  diverge  as  the  correlation  length  for  thermodynamic  phase  transidon. 
Indeed,  the  scale  of  observation  becomes  irrelevant  since  the  D-integradon  becomes  unable  to  smooth 
singularides  ,  i.e.  the  small  scale  activity  is  dominant.  Only  the  scale  of  homogeneity  of  the 
phenomena  remains  relevant  and  its  corresponding  rado  diverges  for  fully  developed  cascades. 

We  tiierefore  have  a  clear  framework  in  order  to  study  die  coherent  or  order^  tropical  structures  as 
(stochasdc)  self  organized  cridcal  structures.  Indeed,  we  first  may  define  structures  by  the  order  of  the 
singulaiity  of  their  flux  (scale  by  scale  and  intensity  by  intensity),  i.e.  filtering  out  die  rest  of  the  field 
having  flux  singularities  smaller  than  a  given  oider  of  singularity.  Self  organized  cridcal  structures  are 
tlicn  those  having  avalanche-Iikc  fluxes,  i.e.  conesponding  to  singularides  higher  than  the  cridcal  yt».  We 
will  estimate  this  cridcal  singularity  and  the  conesponding  analogue  of  cridcal  temperature. 

The  probability  distribution  funedon  of  wind  shear  Pr(AV'^Av),  plotted  in  Fig.  5  on  log-log  axes  for 
different  thresholds  (Av),  exhibit  nearly  the  same  type  of  Self  Organized  Cridcality  under  expression 
of  "hyperbolic  iniemiittciicy",  but  over  a  wider  range  of  intensides  since  our  data  set  is  much  larger  (ours 
involves  “lO^  measurements,  theirs  only  »5X103). 

For  comparison,  the  sdaight  lines  corresponding  to  the  best  fit  to  the  algebraic  fali-off  (for  probability 
levels  <  10'2-5)  are  displayed  on  Fig.5  Iciling  us  to  an  inidal  csdmate  qo  =  5.0  ±.2.  Tliis  is  surprisingly 
close  to  the  previous  results  (Schertzer  and  Lov^oy,  1983, 1985),  who  had  found  the  similar  slopes  in  die 
range  of  separations  50m  5  Az  S  3200m  with^  qo  *  5.0,  i.e.  no  preferred  scale  and  convergence  of 
moments  only  up  to  ■<  S'**  order. 

In  order  to  compute  the  codimension  function,  we  use  a  single  scale  implementadon  of  the  Probability 
Muldple  Scaling  (PDMS  Lavallde  ct  al  1991)  technique  which  esdmates  c(Y)  as: 

c(y)  « -lx)g(Pr(  ex  >X'0)/Log(X)  (9) 

i.e.  it  ignores  a  possible  slowly  v^ing  prefactors  of  the  probability  in  the  definidon  of  c(y).  In  Fig.  6  c(y) 
calculated  from  the  probability  distribution  is  presented. 


^Olher  quanities  which  were  also  found  to  display  vcrtic:d  scaling  and  divergence  of  moments  were  the  potential  temperature 
and  gradient  Richardson  numbers. 


4 


The  slope  of  the  asymptote  (ySTD)  of  the  resulting  curves  gives  us  qD=2.4  ±0.05  (Fig.  7)in  close 
agreement  (see  table  1)  with  estimates  of  wind  tunnel  experiments.  With  the  estimates  of  tlie  previous 
section  of  Uv  and  C  i,e,  we  obtain  for  the  critical  singularity  of  the  transition  to  the  self-organized  critical 
behaviour:  7id=0.7±0.05.  The  corresponding  transition  for  the  velocity  field  occurs  for  qD,v=  3qD=7±l 
and  7lD.v=  “-0.1±0.02.  Finally,  we  may  note  that  the  dimension  of  integration  (Ac  “dressing 

dimension”)  leading  to  this  phase  transition,  is  the  implicit  solution  of: 


K(qD)=D(qD-l)  (10) 

using  tlie  estimates  of  ctv  and  Ci,e,  one  obtains:  D»0.51±0.1. 

We  can  now  compare  our  resuits  with  those  obtained  earlier  in  time  (Schmitt  et  al  1993),  tliis  is  shown 
in  tables  la,  b  below. 


Vertical 

HQriTOntai 

Time- 

(this  paper) 

(part  I) 

(Schmitt  et  al  1993) 

a 

1.85±.05 

1.3510.07 

1.5010.05 

Ci,e 

0.59±0.05 

0.3010.05 

0.2510.05 

H 

0.60±0.r 

0.3310.03 

0.3310.03 

QD.e'*' 

1.7±0.1 

2.310.3 

2.510.3 

7D.e** 

1.2810.05 

0.7010.05 

0.7010.05 

Yd,s,e(^s=^)  ^ 

0.941.05 

0.72105 

0.68105 

Yd.s.e(Ds=0.5)  * 

1.26+05 

MZiOS 

0.88105 

Yd,s,£(l^s=l)  * 

1.16105 

umm 

Dt 

.911.1 

.5111 

.4611 

Table  la:  Comparison  of  universal  mulufractal  indices  (including  the  dressing  dimension  D)  for  kinetic 
energy  flux  in  the  atmosphere  in  the  vertical,  horizontal  and  time.  The  underlined  values  of  the  maximum 
observable  (dressed)  singularity  conesponds  roughly  to  the  sizes  of  the  data  bases  used  for  the  estimates. 
'*'The  divergence  of  moments  exponents  qo  are  obtained  tram  the  wind  Held: 

*  This  value  is  the  average  of  0.6  (spectnim),  0.7  (probability  distributions),  0.S  (c(y)),  and  is  equal  to  the  theory  value  3/5. 

^  The  7d,s,e  (j^t)  corresponds  to  the  maximum  obseivable  dressed  singularity  (see  ScherUer  a.nd  Lovejoy,  1992)  for  respective 
sampling  dimension  D,=0,  .5.1  (D^  Log(NJ/Lo£<X)). 

**This  value  is  obtained  by  K’{qo^). 

t  The  dressing  dimension  D  is  obtained  as  solution  of  the  implicit  equation  K(<{d^=  D(<i[);e-1) 


ygnical 

Horizontal 

Time 

(this  paper) 

(pan  I) 

(Schmitt  et  al  1993) 

a 

1.85105 

1.3510.07 

1.501C.05 

Cl.v* 

0.07810.01 

0.06810.01 

0.0510.01 

H 

0.6010.1 

0.3310.03 

0.3310.03 

qo.v** 

510.2 

7.011 

7.511 

YD.v 

-tO.071.03 

-0.101.02 

-0.10103 

Yd,s.v(Ds=0) 

-0.15105 

0.00105 

-0.04105 

Yd,s.v(D5=0.5) 

-0.04105 

M2iQ5 

0.C31.05 

Yd,s,v(Ds=l) 

0.00+0.05 

0.15105 

0.101.05 

Dvt 

.3311 

.221.1 

.201.1 

Table  lb:.  Comparison  of  universal  niukifractal  ir.dices  for  velocity  in  the  atmosphere  in  the  vertical 
horizontal  and  time. 
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*Calculaied  from  Ci,v=Ci.e  3'“. 

**  QD,v=  3  QDx 

t  ITie  dressing  dimension  Dv  is  obtained  as  solution  of  the  implicit  equation:  Kv{qD,v)=  DvCqD.vO- 


In  the  table  we  have  shown  the  values  of  Yd,s  corresponding  to  a  single  sample  (Ds=0)  and  increasing 
sample  size  (calculated  from  cd(7d^)=D+Dsi  D  is  the  dimension  of  the  observing  space  =  1  in  all  these 
cases).  Note  that  for  single  samples,  the  divergence  cannot  be  detected  in  the  vertical  (Yd,s<yt))  and  it  is 
marginally  detectable  in  the  horizontal  and  in  time  (Yd,s“Yt>)-  Another  interesting  point  is  that  the  critical 
order  of  singularity  for  the  divergence  of  moments  of  the  wind  field  (YD,v)  is  consistently  close  to  the 
value  0.,  i.e,  the  corresponding  velocity  is  rather  scale  invariant. 

3.  Conckusion: 

The  combination  of  aircraft  analyses  with  the  radiosonde  results  performed  on  data  collected  in  the  same 
area  and  period,  gave  us  the  unique  opportunity  to  test  the  unified  multifractal  model  of  atmospheric 
dynamics  with  data  with  essentially  the  same  meteorological  and  climatological  characteristics.  Using  a 
single  generator  of  anisotiopy,  our  model  unifies  the  small  and  large  scale  horizontal  and  vertical 
structures  by  a  single  anisotropic  scaling  regime  rather  than  two  separate  isotropic  2D  and  3D  tegimes. 
For  intensities  near  the  mean,  we  reconfirm  that  the  mono-fractal  exponent  H  (characterizing  the 
deviauon  of  the  velocities  from  the  conserved  energy  and  buoyancy  fluxes)  are  close  to  the  theoretical 
values  obtained  by  dimensional  arguments:  Hh  =  1/3,  Hv=  3/5.  Empirically,  we  find  that  the  other 
monofractai  exponent  Ci  (characterizing  the  sparseness  of  the  mean)  is  transformed  from  the  horizontal 
to  the  vertical  using  the  anisotropy  implied  by  the  different  H  values;  Ci,h  =  Hv  Ci,v  /Hh.  The  original 
unified  scaling  model  is  therefore  adequate  for  singularities,  not  too  far  from  the  rnean  (i.e.  for  not  too 
extreme  events),  and  this  in  tropics  as  well  as  in  the  mid  latitudes. 

However,  using  the  Double  Trace  Moment  technique,  we  obtained  convincing  results  showing  that  the 
multifractal  index  a  was  not  the  same  for  vertical  and  horizontal  (and  also  probably  different  from  that  in 
time)  and  as  a  consequence  wc  obtain  somewhat  different  behaviours  for  the  extreme  fluctuations 
(associated  with  Self  Organized  Critical  structures)  along  the  vertical  when  compared  to  the  horizontal. 
In  order  to  account  for  this  effect,  we  must  go  beyond  the  original  scalar  framework  in  order  to  take  into 
account  a  more  complex  balance  between  the  fundamental  shears  and  buoyancy  forces 
Anyway,  the  underlying  dynamical  multifractai  processes  undergoes  a  first  order  phase  tiansition,  which 
explains  the  appearance  of  seif-organized  critici  structures  in  a  stochastic  manner  contrary  to  the  usual 
deterministic  models  of  self-organized  criticality.  We  therefore  propose  to  identify  (scale  by  scale)  the 
different  types  of  structures  by  the  order  of  singularities  of  their  associated  fluxes.  In  particular  the 
critical  singularity  at  which  the  phase  uansition  occui’s  defines  the  self-organized  critical  structures  whose 
dynamics  -  contrary  to  the  weaker  structures  -  are  dominated  by  the  small  scale  interactions.  The 
apparent  constancy  of  YD  values  suggests  that  they  are  new  universal  exponents.  In  addition,  the  fact  that 
the  YD.v  values  for  the  horizontal,  vertical  and  time  are  (to  within  experimental  precision)  the  same  (see 
table  1 .)  may  be  significant.  This  opens  an  original  way  of  understanding  not  only  the  generation  of 
cyclones  and  other  tropical  structures,  bi‘t  more  generally  of  coherent  structures. 
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Fig.  1  The  spectrum  of  horizontal  wind  velocity  fluctuations,  Fig.  2.  The  mean  spectrum  of  287  radiosondes  at  SOm 
averaged  over  the  3  data  sets  taken  raughly  at  one  year  resolution,  over  a  total  depth  of  13.3ktn.  The  straight  line  is 
interval  (each  contains  10  samples)  and  also  3  individual  for  reference  with  slope  -2.2  . 
spectra  obtained  by  averaging  over  the  10  samples.  The 
absolute  slope  are  clo.se  to  Kolmogorov-Obukhov  value  5/3 ; 

Pv  =  1-63  ±0.05  over  the  frequencies  range  (O(/20- 
(0(/20480{tOo=8H2)- 


Fig.  3.  A  plot  of  Log(K(q,Ti))  vs.  Logfi])  for  q=»1.3  and  q=2  Fig.  4.  Results  of  the  DTM  analysis  with  q=2.5,  2, 1.5  ,  top 
(bottom  to  top).  The  is  then  estimated  as  the  slope  of  to  bottom,  respectively. 

Log(K(q,r|))  vs.  Log(T|),  Cj  from  the  intercept  with  the 
vertical  axis.  We  display  the  straight  line  with  corresponding 
equation  y=-0.91+1.35x . 


o 


logj^v 


Fig.  5  Probability  distributions  for  layers  of  thickness  Fig.  6.  cCy)  calculated  from  the  probability  distribution  for 
varying  from  SOm  to  SOOm  (left  to  right)  with  stiaight  lines  SOm  thick  layers  (points)  compared  to  the  theoretical  bare 
with  Hv°0.7,  qiysS  for  comparison.  and  dressed  c(y)  calculated  with  the  parameters  C]s0.08, 

oi=I.85.Hv*0.5.qD=5. 


Fig.  7.  Codimension  function  c(y)  estimated  by  single  scale  PDMS  on  the  whole  data  set  (30  samples)  at  maximum  resolution 
(A=2‘'’ ).  One  may  note  tlie  tangency  to  tlic  first  bisectrice  at  the  point  (Ci,  Ci);  C|=0.3±0.05  atid  the  linear  asymptote  (y^td) 
with  the  slope  qp-  2.4  ±0.05. 
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ABSTRACT 

We  investigate  the  stability  aitcria  of  a  two-layer  shear  flow  on  the  basis  of  linear 
stability  theory  consideiing  viscosity.  The  numerical  calculation  was  made  for 
10  ^  Re  ^  2000  The  inclusion  of  viscosity  effects  enables  the  neutral  curves  derived  by 
Holrnboc  and  Hazel  to  be  closed  in  tire  (  a  ,  Ri )  plane;  as  a  result  there  exists  a  critical 
Richardson  number  Rk,  above  which  the  flow  is  stable  for  all  wavenumbers.  The  oitical 
RichatdsoD  number  is  nearly  constant  for  20  <  Re  <  1000,  and  the  stability  criterion  can  be 
represented  as  approximately  Rk  =  1.4.  The  parameter  0—  (  Ri  /  Re  which 

corresponds  to  the  Keulcgan  number,  is  found  to  be  approximately  proportional  to  Re  . 
The  results  agree  qualitatively  witli  those  of  ippeu  &  Harlcman's  experiment  for  lower  layer 
flow  on  slopes,  and  experimental  results  for  upper  layer  flow  in  an  open  channel  also 
support  the  present  numerical  results.  Applying  the  a  Rt  expansion  method  of  the 
asymptotic  analysis,  we  obtained  the  results  that  Rk  is  approximately  proportional  to  Re  for 
small  Re]  the  stability  criterion  is  represented  by  0  =  const. 

1.  INTRODUCTION 

Many  theoretical  studies  on  the  stability  of  invisdd  and  continuously  stratified  shear 
flows  have  been  performed,  presenting  much  new  knowledge  about  such  flows.  One  of 
the  most  important  results  is  the  sufficient  condition  for  stability  which  states  that  the 
gradient  Richardson  number  Ri'  must  be  greater  than  1/4  everywhere  throughout  the  flow  ( 
Miles  ).  Moreover,  it  has  been  shown  that  the  stability  criterion  can  be  generally 
described  as  Rk'  =  1/4,  where  Rio'  is  the  Richardson  number  defined  as  Ri'  at  the  center  of 
the  transition  layer  (  Drazin  &  Howard  ). 

Stability  of  an  inviscid  two-layer  flow  with  a  density  gap  and  tangential  stress  at  the 
interface  was  studied  theoretically  by  Holmboe  ,  and  numerically  by  Hazel  . 
However,  though  their  results  showed  that  the  flow  is  always  unstable  for  some 
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wavenumbeis,  they  did  not  provide  a 
definition  of  the  critical  Richardson 
number,  as  shown  in  Figs-1,  2.  This 
suggests  a  need  to  study  stability  analysis 
account  for  viscosity. 

Hayakawa  &  Unny  studied  the 
stability  of  two-layer  shear  flow, 
accounting  for  viscosity.  As  the 
stability  parameter,  however,  they 
adopted  not  the  Richardson  number  but 
other  parameters  also  including  the  wave 
number.  As  a  result,  the  critical 
Reynolds  number  or  the  critical 
Richardson  number  did  not  appear 
explicitly  ;  they  concluded  from  this  no 
critical  value  existed.  Their  results, 
however,  can  not  explain  experimental 
results  which  show  that  intcrfacial  waves 
are  always  generated  once  the  velocity 
difference  between  upper  and  lower 
layers  has  passed  a  critical  value  (  e.g. 
experiments  of  Browaud  &  Winant 
andYosbida  ). 


Fig.l  Flow  model  and  resulting  nctUnsl 
curve  by  Hohnboc 


a 


Fig.2  Flow  model  and  resulting  neutral 
curve  by  Hazel 


In  this  paper  we  numerically  investigate  the  stability  criterion  of  two-layer  shear  flow 


on  the  basis  of  the  linear  stability  theory  considering  viscosity,  and  represent  the  stability 


criterion  as  the  function  of  At  and  Re. 


2.  EIGENVALUE  EQUATION 

Wc  consider  a  two-dimensional  incompressible  parallel  flow  with  a  velocity  profile 

U*=V  tanh(y  *  /  h)  (1) 

which  is  a  statically  stable  two-layer  system  with  densities  of  fluids  p  i  and  pa  {  pi<  p 
2 )  in  the  upper  and  lower  layer,  respectively.  Supposing  a  two-layer  flow  such  as  a 
fi'csh-saline  water  system,  we  ignore  the  surface  tension  at  the  interface  and  the  difference 
in  kinematic  viscosities.  If  we  take  the  dimensionless  stream  function  of  disturbance  as 
0  (y)exp{i  a  {x-Ct)},  the  well-known  Orr-Sommcrfcld  equation  for  each  layer  is  deduced 
with  a  linearization  procedure: 

(C/  -  CM  -  -  [/'V.  ==  m  -  «  + 

1  *  (2) 
(£/  -  CXjil'  -  -  t/'Vi  =  ~  (ii'l  -  +  cVj) 

where  U  is  the  dimensionless  velocity  profile  given  by  U  =  tanh(y),  C  (  “  Cr+iCi  )  the 
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dunensionless  complex  phase  velocity,  a  the  dimensionless  wavenumber,  Rt  the  Reynolds 
number  defined  by  i?«  =  hV!  v  ,  and  primes  denote  differentiation  with  respect  to  the 
dimensionless  height  y. 

From  the  continuities  of  velocity  and  stress  at  the  interface,  boundary  conditions  can 
be  obtained  as 


ji,  =  jjJ  a.  0  (y  =  +  oo) 

«  5}'  -  0  (y  -  00) 

(^1  f*j> 

y  ir  ,  ,,  V  , 

v^r  -  -  [^[j&c)  ~ 

+  y<x{R,iU-C)  -  ZUxW,  -  yaR.V'<i>, 

=  iVi"  +  V  {/{.(C/  -  C)  -  3/«}  (4'  -  aR.U%  ~  1^*  O'  “ 


(3) 


where  t  —  p  \  !  pi  is  the  density  ratio,  Rj  =  (1-  r  ')ghlV ‘  the  Richardson  number,  and  g 
the  gravitational  acceleration.  Since  £qs.(3)  show  that  effects  of  changes  of  7  on  the 
stability  can  be  disregarded  except  the  term  containing  g  in  our  flow  field,  wc  let  7  be  the 
constant  value  0.99  (  Boussinesq  approximation  ).  Thus  wc  obtain  the  eigenvalue 
equation  from  the  boundary  conditions  as  follows; 

M(«,  C.  R.,  R,)  I  =  0  (4) 

Particular  .solutions  of  the  Orr-Sommerfcld  equation  are  solved  with  a  numerical 
integration  following  the  Runge-Kutta-Cill  procedure.  In  carrying  out  tlic  calculation,  wc 
took  the  asymptotic  solution  at  y  =  i  3  (or  ±5  when  C  is  large)  as  the  initial  value. 
Furthermore,  to  overcome  the  parasitic  growth  problem  (  Drazin  &  Reid  ),  wc  made 
rearrangements  of  viscid  and  inviscid  solutions  at  every  5  or  10  steps  using  the  filtering 
method  desaived  by  Betchov  and  Crim.inalc  so  that  independent  particular  solutions  at 
the  interface  can  be  obtained. 

In  the  case  of  a  inviscid  flow,  the  stability  is  governed  by  the  Rayleigh  equations 


and  boundary  conditions  are  written  as 

(4,  =  0  (y  =  +  00), 
j4j  —  0  (y  =  —  00), 

=  ^2.  (6) 

r(u  -  CW,  -  -iU'i,  =  (t/  -  CW2  -  t/Vz  -  Xjo^)  (>'  =  o) 

From  these  conditions,  we  can  get  an  eigenvalue  equation  similar  to  Eq.(4). 
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C.  /?,)  1=0  (7) 

Solutions  of  tlie  Rayleigli  equation  were  obtained  theoretically  by  the  method  of  Frobenius 
(written  in  Nishida  &  Yoshida  ),  and  eigenvalues  were  found  numerically  using  tlie 
solutions. 


3.  NUMERICAL  RESULTS 


(1)  Neutral  curve 

Figure  3  shows  the  neutral  curves  obtained  in  the  (  a  ,  /(/  )  plane  for  several  Rt 
values.  The  enclosed  area  of  the  curve  represents  the  unstable  region  and  tiie  area  outside 
represents  the  stable  region.  The  inviscid  flow  is  unstable  in  the  region  bounded  by  the  a 
-axis  and  line  Ri  —  2  a  denoted  Rc  .  Although  Hazel  shows  that  there  exist  two 
neutral  points  in  the  case  where  the  ratio  of  the  density  scale  to  the  velocity  scale  is  J./5  for 


the  inviscid  gradually  stratified  flow,  in  our 
neutral  point.  Hie  appearance  of  the 
neutral  curve  at  high  a  obtained  by 
Hazel  is  due  to  the  existence  of  a  density 
transition  layer,  Le.  continuity  of  density 
profile  (  Nishida  &  Yoshida  ). 
However,  considering  viscosity,  another 
neutral  point  also  appears  on  the  high  a 
side  for  our  calculation,  and  so  the 
neutral  curves  become  closed  in  the  (  a  , 
Ri  )  plane  as  shown  in  the  figure.  As 
the  unstable  region  is  reduced  with 
decreasing  Re,  we  can  say  that  the 
viscosity  generally  has  a  stabiliring 
effect.  Moreover  Fig.3  suggests  that 
the  stability  criterion  for  our  flow  system 
can  be  almost  expressed  by  Ri  alone  in 
the  broad  range  of  Re,  because  the 
unstable  region  does  not  expand  much 
into  the  high  Ri  side,  whereas  it  expands 
considerably  into  the  high  a  side  as  Re 
increases. 

Figure  4  shows  neutral  cuivcs 
described  in  the  (  Re,  a  )  plane.  The 
area  bounded  by  each  curve  is  an 
unstable  region  and  the  exterior  is  a 
stable  one.  The  curve  w'ith  Ri  —  0.0 
corresponds  to  that  of  a  homogeneous 
flow,  and  this  result  agrees  with  the 
results  of  Gotoh  .  As  seen  in  Fig.4, 


results  for  tlie  two-layer  flow  there  is  only  one 


Fig.3  Neutral  curves  in  the  (  a  ,Ri)  plane 


Fig.4  Neutral  curves  in  the  (Re,  a  )  plane 
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the  unstable  region  expands  considerably  into  tiie  high  a  side  in  the  case  of  high  Re.  It 
is  very  interesting  that  the  range  of  unstable  a  can  expand  more  than  in  the  homogeneous 
system  in  spite  of  the  fact  that  our  model  must  be  gravitationally  stable.  The  growth  rate, 
however,  is  not  so  large  as  that  of  the  homogeneous  flow. 


(2)  Stability  criterion  curve 

Figure  5  shows  a  neutral  stability  curve  drawn  in  the  (  a  ,  ih  )  plane  for  the  case  of 
Re  =  100.  As  mentioned  above,  the  neutral  stability  curve  is  closed  in  the  (  m  ,  /h  ) 
plane;  thus  there  exists  a  critical  Richardson  number  Ru,  above  which  the  flow  is  stable  for 
all  wavenumbers.  Meanwhile,  in  the  inviscid  case  the  flow  is  always  unstable  for  some 
wavenumbers;  thus  the  critical  Richardson  number  doesn't  exist  any  longer.  This  is 
essentially  different  from  results  in  continuously  stratified  shear  flows  where  the  density 
scale  is  nearly  equal  to  or  greater  than  the  velocity  scale.  In  such  cases  the  stability 
criteria  can  be  almost  complctcry  described  with  Rio'  —  1/4;  this  also  applies  to  inviscid 
flows. 

Figure  6  shows  a  neutral  stability  curve  drawn  in  the  (  /i<,  rr  )  plane  for  Ri  =  1.2. 

In  this  case  we  can  get  a  critical  Reynolds  number  Rec  instead  of  a  critical  Richardson 
number.  In  either  case  we  can  express  the  stability  criterion  by  the  relation  between  Ri 


andR«. 

Figure  7  shows  the  stability  criterion 
obtained  in  the  manner  described  above.  As 
seen  from  the  flgure,  Rk  dcacascs  as  Re 
inaeases  in  the  range  50  to  200,  and  has  a 
tendency  to  increase  in  the  other  ranges. 
However,  the  rate  of  its  inaeasc  and  decrease 
is  small  in  the  broad  range  of  20  <  < 

10(X);  thus  considering  the  cases  of  usual 
experiments,  where  Re  is  on  the  order  of  10  ‘ 
to  10  ’ ,  wc  can  conclude  that  the  stability 
criterion  of  two-layer  shear  flow  is  hardly 
dependent  on  the  Reynolds  iiumber  and  that  it 
can  be  represented  only  by  the  Richardson 
number  as  approximately  Rtc  —  1.4.  It  is 
very  interesting  that  in  spite  of  tlie  theoretical 
necessity  for  Rk  owing  to  considerations  of 
the  viscosity,  Rk  for  moderate  Reynolds 
number  is  hardly  affected  by  the  viscosity. 
However,  it  is  notable  that  Rk  has  a  tendency 
to  be  dependent  on  Re  for  the  lower  Re  and 
the  higher  Re. 

Nishida  &  Yoshida  observed  the 
hyperbolic-tangent  type  flow  of  the  fresh 
water  layer  in  an  open  channel  of  rectangular 
section  in  exchange  flow  with  a  salt  water 
layer.  An  LDV  and  a  tracer  were  used;  the 


Fig.5  Neutral  curve  for  Re=100 


Re 


Fig.6  Neutral  curve  for  Ri=1.2 


obtataed  profiles  m  the  tanb  profile  well. 
The  experimental  results  for  the  stability 
criterion  were  in  good  agreement  with  the 
numerical  results  in  the  experimental  range 
of  20  <  Re  <  200. 

(3)  Stability  criterion  and  Keulcgan  number 

Figure  8  shows  the  stability  criterion 
represented  by  9  —  {Ri  !  ,  which 

corresponds  to  the  Kculegan  number  0 
non-dimensionized  by  V.  The  '9  is 
usually  non-dimensionized  by  the  mean 
velocity  and  has  been  thought  a  dominant 
parameter  of  stability  criteria  of  tv^'O-layer 
flows.  Hereafter  quantities  marked  with  a 
bar  represent  overall  ones  such  as  a  depth 
or  a  mean  velocity,  and  quantities  without  a 
bar  represent  those  at  specific  points 
pertaining  to  the  information  near  the 
interface  such  as  a  thickness  of  the 
transition  Layer  or  velocity  gap. 

The  stability  criterion  has  vciy  little 
dependence  on  Re  once  it  is  above  the 
broad  range  mentioned  above;  we  get  a 
relation  approximately  as  follows; 

ooc  Rc-^''^  (8) 


Fig.7  Stability  criterion  curve 


Fig.8  Stability  criterion  curve 


lliis  means  that  the  viscosity  docs  not  contribute  to  the  stability  criterion  as  pointed  out  by 
Kculegan  and  supports  qualitatively  the  results  of  Ippcn  &  Harlcinan  as  follows; 


0  —  Re~^''^  (Ippcn  &  Harlcman)  (9) 

0  =  0.127  (Kculegan)  (10) 


At  fZe  <  20  and  1000  <  Re,  however,  the  contribution  of  Re  to  the  stability  criterion 
has  a  tendency  to  increase,  and  if  there  appears  a  region  where  the  gradient  of  the  stability 
criterion  curve  in  the  (  Re,  Ri  )  plane  is  unity,  we  will  obtain  a  relation  9  =  constant  as 
mcntioiicd  b&low. 


4.  STABIUIY  CRITERION  FOR  SMALL  a  Re 

Applyhig  the  a  Re  expansion  method  of  the  asymptotic  analysis  by  Tatsumi  &. 
Gotoh  to  our  two-layer  model,  wc  obtain  the  following  equation  for  eigenvalues  as  a 
first  approximation: 


2C(/9i  +  )32)[a*  +  (;Si+;S2)a+/5i*+;S2''-/8i/32] 

+  (  j8i  +  ^2  h-2  a  )  =  0  (11) 

with 

-iRc{C-l)  Real(  fii)>0 

4}2*==a*-i/i*(C+t)  Real{  R2)>0 

This  equation  agrees  with  that  derived  by  Hayakawa  &  Unny  Setting  Ci  —  0,  wc 

can  get  the  asymptotic  neutral  curves  and  the  critical  Richardson  number  for  small  Re  as 
shown  in  Figs.9,  10.  The  phase  velocity  Cr  and  the  critical  Richardson  number  Ric  arc 
approximately  represented  by 

Cr  *=  0.350(  i?<  /  a  )  (12) 

Rlc  =  0.277i?2  (13) 


Although  Cr  was  sliglitly  dependent  on  Re  for  at  moderate  values  (  Nishida  & 
Yoshida  ),  at  low  Re,  Cr  is  independent  on  Re  and  is  approximately  proportional  to 

(  Ri  /  a)  .  The  critical  Richardson  number  is  approximately  proportional  to  Re. 

This  means  that  the  stability  criterion  at  low  Re  is  represented  by 


0  ==  0.652  (14) 


Fig.9  Neutral  curves  for  small  Re 


Fig.lO  Stability  criterion  curve  for  small  Re 


5.  Conclusions 

lire  stability  criterion  of  the  two-layer  shear'  flow  has  been  investigated.  The 
results  obtained  froiu  the  present  study  are  summarized  as  follows; 

(1)  The  critical  Richardson  number  Rk  hardly  changes  over  a  broad  range  of  the  Reynolds 
number  Re,  and  tlic  stability  criterion  can  be  represented  as  approximately  Ric  =  1.4. 

(2)  At  higlicr  Re,  Ric  tends  to  increase  as  Re  increases. 
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(3)  'rhe  asymptotic  solutions  for  small  Re  show  that  Rk  is  approximately  proportional  to  Re 
and  stability  criterion  is  represented  by  the  Kculegaii  number  0  =  0.652. 
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Abstract 

The  problem  of  a  stability  of  oscillating  stratified  flow  with  elliptical  streamlines  is  con¬ 
sidered.  The  parameters  of  unstable  modes  are  found  in  dependence  of  external  frequency 
and  stratification  of  fluid.  It  is  shown  that  nonstationary  strain  r  ate  can  excite  an  instibility 
for  any  stratification  of  fluid. 


1  Introduction 

Concentrated  vorticity  regions  often  appear  in  high  Reynolds  number  flows.  The  theoretioal 
and  some  experimental  investigations  show  a  possibility  of  the  instability  of  flows  with 
elliptical  streamlines  connected  with  a  resonance  between  the  ineitial  vortex  waves  and  the 
locally  imposed  strain  field  [1-6] .  It  has  been  proposed  that  this  instability  constitute  a  relevant 
mechanism  in  turbulence  that  is  capable  of  giving  rise  to  excitations  on  all  scales.  The  elliptical 
vorticity  regions  in  external  strain  flow  may  be  nonstationary  [7],  and,  in  general,  a  vortex  may 
be  subjected  to  straining  fields  with  unsteady  strain  rates. 

We  formulate  the  problem  of  stability  for  oscillating  vorticity  region,  the  simplest  case  of 
that  is  the  flow  in  a  flexible  elliptical  cylinder  with  periodically  changing  main  axes.  The 
fluid  is  assumed  to  be  inviscid  and  incompressible.  The  linear  stability  problem  is  reduced  to 
a  system  of  equations  with  quasi-periodical  coefficients.  Fbr  small  elhpticity  it  is  possible  to 
reduce  the  governing  equations  to  a  Floquet  problem.  This  allows  to  define  the  changing  of 
stability  conditions  and  parameters  of  unstable  modes  in  dependence  of  external  frequency. 

2  Statement  of  the  problem 

The  equations  of  motion  for  inviscid,  incompressible  fluid  are  written  as 

5u  „  1  „  .  „ 

—  -t-  uVu  =  --Vp+  /0gr, 

^+uVT  =  0,  (1) 

dtvxi  =  0. 

For  the  flow  in  an  elliptical  cylinder  with  a  border 

2  2 

f{x,y,t)  =  ^  +  ~  -1=0,  (2) 

the  boimdary  condition  un|/  =  0  take  the  form 

^-+uS7f  =  0  (3) 

where  n  is  the  normal  to  the  surface  (2). 
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2.1  Basic  state 

We  assume  that  the  cross-section  area  of  a  cylinder  is  not  changed  in  time  (  ab  =  const).  Then 
the  solution  of  (1)  —  (3)  has  the  fonri 

T  =  -(Z  (4) 

where  n  --  It  describes  a  flow  with  the  constant  vorticity  fi  in  time  dependent  strain  flow. 
We  shall  consider  here  the  flow  of  a  stably  stratified  fluid  (7  >  0). 

2.2  The  stability  equations 

We  introduce  new  variables  for  velocity  u,  temperature  T  and  pressure  p  disturbances  and  for 
independent  variables  a;,  y,z,t  as  follows 

cia‘  nb’  nc’^'"nv’^  Qc  ’ 

x'  =  ^v'  =  y.  z'  =  -~  =  a——  fsl 

a'^  b'^  c' dt 

where  c  — 

The  linear  equations  for  disturbances  take  the  form  ( the  primes  are  omitted  henceforth  ) 

(l-l-£)(Du-f  2/tu-w)  « 

{l-£)(Dv-2/m-t-u)  =  -^, 

(1  -  +  ATw  =  0, 

divu  -.=0,  (6) 

where  D  =  ^  e  =  and  AT  =  2(/?y7)*/^/n  is  nondimentionai  Brunt-Vaiaisala 

frequency. 

We  suggest  that  the  eccentricity  has  the  form 

c  =  «o  cos(wof)  (7) 

For  unbounded  flow  the  system  (6)  may  be  transformed  by  the  substitution 

u  =  u(£)exp(ik(t)r),  (8) 

with  a  vector  k  =  {hcost,  hsmt,ti)  to  the  set  of  ordinarily  equations  [3,4] 


du  _  kxC 

dt  ~  r+£ 


—  2^ti  -I-  V, 


dv  kyG  . 


2 


(9) 


Gz= 


dS  N  „  .  , 

dt  ~  (1 

2{kyu  -  kxv)  +  2ij.(kxU  -  kyv)  - 


i+< 


4.iL 


+  (Tr^2)i75 


It  contains  the  coefficients  with  two  periods  2v  and  Stt/wq- 

For  small  values  of  eccentricity  parameter  to  we  have  M  =  Is  taking  into  account 
only  the  terms  of  the  order  1  on  e  and  making  the  transformation  to  the  cylindrical  coordinate 
system  {r,ifi,z  ),  we  receive  the  equations 


Dur  -  2uy,  4-  DeUr  cos2^  —  sin 2(p  = — 


3r’ 


Duy,  +  2ut  —  De(Ur  sin  2tfi  +  cos  2(p) 


Dw-N0  = 

az 

DO  +  Nw^  0. 


The  system  (10)  is  considered  in  the  region 


x^+2/^  <  1 


rd^' 


(10) 


with  the  boundary  condition 

We  shall  seek  a  solution  of  equations  (10)  in  the  form 

U=£CaU«,  5  =  (11) 

where  Ua  is  the  solution  of  the  eigenvalue  problem  for  unperturbed  equations  (10)  . 

The  function  set 


{xir  +  /a  =  (2  +  q)Jn+i{hr)  cos{kz}  exp{irvp), 


{ut  -  iuy,)a  =  (2  -  Q)Jn-i(hr)cos(fcz)exp(fTiv?), 


Wc  =  q—Jn{k,r)  sm{kz)  exp(inip) 

K 

Qa  =  iN~Jn{h.r)  sin(fcz)  exp(ini^)  (12) 

K 

describes  the  inertial  waves  in  a  stably  stratified  fluid  rotating  as  a  whole  and  has  the  imagine 
characteristic  values  vj^-  The  ’’vector”  subscript  a  =  {j,n,k}  defines  the  wave  numbers  on 
the  variables  r,ip,z,  correspondingly.  The  index  j  numbers  the  roots  of  the  equation 


qh 


JnW 

dh 


+  2nJ„(h)  =  0, 


(13) 


following  from  the  boundary  condition  n7-lr=i  =  0. 

The  frequency  Uq  is  connected  with  disturbances  parameters  by  the  relations 


,  +  Acr'^  k 

u;c.  =  qa-n,q  =  - 
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(a> 


Figure  1:  The  general  dependence  k/h  on  ujq  for  n,n'  --  ±1  and  a)  N  <  1,  b)  1  <  <  2,  c) 

2  <  N. 


The  general  picture  of  spectra  for  azimuthal  wave  numbers  n  =  1  and  n'  =  —1  is  shown  in 
Fig.  1.  We  can  mark  out  three  cases.  The  first  case  take  place  for  Af  <  1  (Fig.l(a)).  There 
is  a  coincidence  of  frequencies  for  some  wave  number  ratio  a  and  this  leads  to  instability  of 
stationary  vortex  [6,9,10].  A  coincidence  is  absent  for  AT  >  1  and  instability  may  be  caused  by 
a  resonance  with  external  frequency. 

The  Ca  satisfy  to  equations 

(  ^  +  €0  COS(u;ot)  Co'  =  0  ( 14) 

This  system  has  a  Floquet  type. 

The  general  structure  of  the  expression  for  the  interaction  coefficients  Vaa'  shows  that  they 
are  nonzero  only  for  azimuthal  wave  numbers  n'  =  n  ±  2  and  their  values  are  small  if  ha' 
[6].  Therefore  we  consider  here  only  the  interaction  between  the  modes  having  the  same  value 
of  ha  =  hai  =  h.  It  is  does  not  vanish  in  the  limit  h  — »  oo  and  can  describe  the  stability  of 
an  tmbounded  flow  or  the  small  scale  instability  of  the  vortex  in  the  neighborhood  of  its  core. 
The  asymptotic  value  of  this  coefficient  is 


8  2  +  N^cr-^ 


(15) 


3  Conditions  of  the  instability 

At  the  first  order  of  perturbation  theory  on  parameter  £oi  we  can  take  into  account  only  the 
interaction  between  two  modes  [6]  and  the  system  (  13)  is  reduced  to  the  sets  of  two  coupled 
equations 

{—  -  ilJa)Ca  +  +  i)  COS(wot)Ca‘  =  0, 

+  iUa)Ca'  +  ^oV{~  -  i)  COS{wot)Co  =  0  (16) 

at  at 

In  the  case  wo  =  0  the  solution  of  equations  (16)  defines  the  instability  in  a  stationary 
vortex,  considered  in  refs.  [1-6|. 
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Fig-jiG  2:  The  comparison  of  instability  borders  for  unbounded  flow  solution  (9)  (solid  lines) 
and  for  approxiniate  solution  of  (17)  (djished  lines).  Upper  branch  for  e  =  0.5,  low  branch  for 
£  =  0.2. 
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Figure  3;  The  border  of  instability  in  dependence  of  TV  (e  =  0.1)  (dashed  line).  Solid  line 

1/2 

corresponds  to  asymptotic  value  a  =  N/2€q 


The  leading  instability  in  flows  with  elliptical  streamlines  is  defined  by  the  interaction 
between  the  modes  having  the  same  wave  numbers  [6]. 

fbr  £o  <  1  we  obtain  the  instability  described  by  expression  for  growth  rate  S 

=  (17) 

They  define  the  resonance  conditions  (or  the  inertial  modes  with  the  frequency  Wa  and  the 
strain  flow  frequency  wo. 

The  results  of  analyses  show  that  the  resonance  conditions  for  small  value  e  are  possible 
only  for  Wq  =  ±wo/2.  The  regions  of  instability  following  from  (17)  are  piusented  in  Fig.  2 
for  AT  =  0  (solid  lines  show  the  borders  calculated  according  to  (9)).  These  results  show  that 
effective  interaction  between  the  modes  take  place  only  for  Cq  >  0. 

Let  us  consider  the  stability  of  strongly  stratified  fluid  N  >  2.  In  this  case  the  effective 
interaction  is  possible  only  for  large  values  of  (jplace  for  <7  >  N/2eQ^,  (wq  =  2).  This  result 
corresponds  to  numerical  data,  following  from  equations  (9)  (see  Fig.  3). 
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SUMMARY 

In  PWR’s,  stratified  flows  may  appear.  This  situation  sometimes  arises  when  the  flow  is  non- 
isothermal.  For  piping  systems,  due  to  gravity  effects,  hot  water  fills  the  top  portion  of  the  pipe  section 
while  the  cold  £ind  therefore  heavier  water  settles  down  at  the  bottom.  This  particular  loading  could 
partly  explain  mechanical  damages  (like  cracks)  encountered  in  some  piping  systems. 

Several  mock-ups  and  numerical  studies  have  been  performed  during  the  past  years.  This  paper 
presents  numerical  calculations  performed  on  the  geometry  of  the  FLUO  experiment  studied  at  CEA. 
The  goal  of  this  work  is  a  better  under.standing  of  the  stratification  phenomena  and  the  '^vall  effects  on 
temperature  phenomena.  Indeed  previous  studies  indicated  that  wall  effects  or  azimuthal  fluxes  through 
a  conducting  wall  may  have  to  be  accounted  for. 

The  numerical  study  reported  in  this  paper  rehes  on  the  CFD  code  ESTET  3.1  developped  at 
EDF  in  the  past  years,  coupled  with  a  module  (Syrthes  1.0)  solving  the  thermal  phenomena  inside  the 
conducting  wall.  A  second  aspect  looked  at  is  related  to  the  temperature  fluctuations  which  may  lead  to 
thermal  stripping.  Comparisons  between  experimental  data  and  numerical  simulation  ate  presented. 

1.  INTRODUCTION 

Several  mock-ups  have  been  used  in  previous  studies  [1],(2],(3),[4],[5],  to  gain  some  understanding 
of  parameters  likely  to  influence  the  stratification  phenomena.  Theses  mock-ups,  sometimes  full  scale,  did 
point  out  that  wall  effects  may  in  some  cases  play  a  part  in  the  phenomena.  For  exemple  when  a  thermal 
stratification  is  being  created,  wall  inertia  is  taking  place.  Even  when  a  stable  state  has  been  reached,  the 
conductive  well  still  infiuences  the  phenomena,  through  azimuthal  conduction.  Indeed  transfer  through 
the  wall  may  be  greater  than  across  the  sharp  fluid  interface,  where  gravity  effects  reduces  the  exhange 
going  on  between  hot  and  cold  layers.  Therefore  simulating  the  global  phenomena  requires  thermal 
equations  to  be  solved,  both  inside  fluid  and  solid  regions. 

A  fairly  general  purpose  development  lias  been  proposed  [6]  to  handle  the  problem.  It  is  bsised 
on  the  CFD  code  ESTET  3.1  coupled  with  a  module  (Syrthes  1.0)  solving  the  conduction  equation  inside 
the  solid  wall.  The  originality  of  the  approach  is  that  ESTET  3.1  uses  finite  volumes-linites  differences 
technique  on  a  structured  grid  while  the  module  Syrthes  1.0  discretizes  the  thermal  equations  on  an 
unstructured  grid  (triangles  in  2D,  and  tetrahedra  in  3D),  and  uses  a  finite  element  technique.  This 
development  base  been  used  on  the  present  case,  indeed  one  goal  of  this  work  is  to  help  validating  the 
numerical  tool.  Confronting  exper'  nentai  and  numerical  approaches  on  a  wider  range  of  applications 
help  increasing  the  confidence  we  place  in  the  ability  of  the  numerical  tool  to  predict  real  situations,  for 
which  experimental  approaches  turn  out  to  be  both  difficult  and  expensive. 

Another  aspect  looked  at  is  related  to  the  temperature  fluctuations  which  may  lead  to  thermal 
stripping  phenomena.  Experimental  results  show  that  the  amplitude  of  the  fluctuations  tends  to  decrease 
when  approaching  the  wall. 


2  PRESENTATION  OF  THE  EXPERIMENTAL  FACILITY. 

A  sketch  of  the  experimental  facility  is  presented  on  figure  (1).  Made  of  perspex  it  allows  good 
visualisations  (Laser  techniques  can  also  be  used  to  investigate  velocity  fields).  One  side  wall  is  made 
of  conducting  metal.  The  experimental  facility  has  been  built  at  CEA  and  all  measurements  have  been 
performed  by  Tenchine  and  Baroiil  [7]  at  CEA. 


40nim  S  nun 


Figure  1  ;  Geometry  of  the  mock-up  FLUO 


This  small  size  mock-up  (see  dimensions  in  mm),  is  composed  of  two  legs  connected  together 
with  a  T  junction.  A  cold  flow  is  injected  upwards  through  the  vertical  pipe  and  forms  an  horizontal 
flow  after  the  elbow.  A  hot  flow  is  injected  downwards  through  the  upper  vertical  pipe.  Flow  rates  and 
temperatures  of  cold  and  hot  legs  arc  monitored  to  stay  as  stable  as  possible.  Regarding  measurements, 
thermocouples  have  been  used  for  temperature.  Two  rakes  of  thermocouples  forming  a  cross  (see  sketch 
1)  allow  to  access  temperature  profiles.  For  each  experiment,  four  locations  along  the  x  direction  have 
been  studied  in  detail  :20  mm,  60  mm,  100mm  and  160  mm  after  the  T  junction.  Measurements  in  the 
near  wall  vicinity  ate  quite  challenging. 


3  COMPUTATIONAL  APPROACH 

ESTET  is  a  general  purpose  code  solving  the  averaged  Navier-Stokes  equations.  Thus,  the  basic 
equations,  (mass,  momentum  and  energy  conservation)  read  ; 


dp  ,  dp(/i  ^ 
9t  dxi 


(1) 


dUi  ^  ..  dUi  d  f  (dUi  ^  _ 

dt  ’  dxj  p  dxj  dxi) 


In  these  equations,  {/,■  are  the  components  of  the  mean  velocity,  u;  the  velocity  fluctuation,  p’ 
is  the  pressure  difference  from  an  hydrostatic  equilibrium  involving  a  reference  density  T  is  the  mean 
temperature,  Pm  ^d  Km  ate  the  molecular  viscosity  and  conductivity.  The  eddy  viscosity  concept  has 
been  used  to  close  the  sytem.  It  means  that  Reynolds  stress  tensor  and  turbulent  heat  flux  are  assumed 
to  be  colinear  to  mean  strain  tensor  and  mean  temperature  gradient.  Spectral  equilibrium  as  well  as 
constant  energy  transfer  (of  value  e)  along  the  inertial  subrange  is  assumed,  leading  to  the  following 
expressions. 


_  /dUi  dUj\  2/ 


(5) 


with 


„  pC^  k^ 

Pt=pCn —  and  A,  =  — - —  (6) 

£■  ffT  £ 

The  determination  of  k  and  e  the  turbulent  kinetic  energy  and  its  dissipation  rate  respectively, 
is  done  by  the  following  transport  equations  (see  Launder  [8]). 

{^j  +  C?  grad  k  =  ^  div  ^(/i  +  ^)grad  +  P  +  G  —  c  (7) 

^  +  U  grad  e  =  j  div((p  +  ^)5rad  e)  +  C..  |(P  +  (1  -  C.JG)  -  C.,  j  (8) 


where  ; 


HifdUi^dUj 


(PifOUj 

\  p  ^dxt 


^  .,dui  .  ^  K,.  dT 


The  choice  of  the  constant  is  still  under  discussion.  For  the  present  calculation,  we  follow 


f  Cti  =1  if  G  <  0  stable  stratified  flow  .  . 

(  =  0  if  G  >  0  unstable  stratified  flow  '  ' 

This  term,  relating  buoyancy  effects  and  turbulence,  is  of  importance  in  stratified  flows,  since 
it  ensures  the  stability  of  such  stratified  flows  by  inhibiting  the  turbulent  mixing  at  the  interface. 


An  equation  for  the  temperature  fluctuations  variance  has  been  used.  It  relies  on  a  simplified 
modelling  for  the  dissipation  term  (see  Rodi  [10]),  assuming  a  constant  ratio  R  between  dynamical  and 
thermal  turbulent  time  scales. 


00'^  89^ 


r,' "  ffe  c)dxi)^  ar  £  Rk 


(11) 


Usual  boundary  conditions  apply.  At  the  wall,  a  wall  function  approach  is  used. 

In  order  to  solve  tlie»e  equations,  ESTBT  uses  orthogonal  grids.  Fairly  complex  3D  geometries 
can  be  approximated  since  slanted  boundary  cells  are  allowed. 

Numerirally  the  code  uses  a  finite  differences-finite  volumes  method  based  upon  a  fractioneJ 
step  technique.  Advection  is  solved  by  a  three  dimensional  characteristic  method.  Diffusion  is  handled 
through  a  spatial  splitting  technique,  and  mass  conservation  is  ensured  by  solving  the  resulting  Poisson 
equation  with  a  conjugate  residual  method.  More  details  about  the  code  ESTKT  can  be  found  in  reference 
[11], 

The  module  Syrthes  1.0  is  solving  the  conduction  equation  within  solids  with  efficient  finite 
element  techniques  on  non  structured  grids.  The  equation  to  be  solved  is  : 


=  div  {k,  grad  T)  + 

with  |im  V  (i,y,r)efi 

and  boundary  conditions  on  F  =  Pj  U  P,  (12) 

T{x,  y,z,t)-9{x,y,z,t)  V  (x,  y,  z)  e  Pd 
dT 

-k,-^=qix,y,z,t)  V(x,y,r)6P, 


In  equation  (12)  p,  Cp,  and  k,  respectively  density,  specific  heat,  and  conductivity  of  the  solid, 
are  allowed  to  vary  in  space  and  time,  ©o  is  the  initial  distribution,  4^  a  heat  source,  and  6  (Dirichlet) 
and  q  (Neumann)  are  the  boundary  conditions.  These  conditions  may  also  vary  with  time  and  space. 

For  optimisation  reasons,  elements  available  are  limited  to  6  nodes  triangles  in  2D,  and  10 
nodes  tetrahedra  in  3D.  The  discretization  used  is  of  isO'P2  type,  which  means  that  variables  vary 
linearly  between  two  nodes  of  the  element.  Within  each  time  step  an  iterative  procedure  described  in  [6], 
ensures  the  transfer  of  information  through  the  interface  between  the  solid  and  fluid  regions. 
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4  GRIDS  USED 

As  stated  earlier,  the  fluid  region  is  descretized  with  a  rectangular  mesh  generated  here  vrith 
the  pre-processor  CEZANNE.  In  order  to  reduce  slightly  the  number  of  nodes  only  half  of  the  domain 
has  been  simulated.  A  previous  calculation  has  shown  that  lateral  walls  arc  not  influencing  the  middle 
plane,  therefore  a  symmetry  condition  has  been  used.  The  mesh  (see  figure  2)  chosen  is  (69  x  10  .x  29). 
Tests  on  a  coarser  mesh  and  finer  meshes  indicate  that  the  solution  is  almost  mesh  independent,  when 
taking  finer  meshes  than  the  one  chosen  here. 


Figure  2  :  Grid  used  in  the  fluid  region 

The  mesh  of  the  adjacent  solid  wall  has  been  generated  using  the  mesh  generator  SIMAIL.  The 
mesh  (see  figure  3)  is  composed  of  12180  tetraliedra  and  18997  nodes.  It  is  interesting  to  note  that  a 
refinenrent  in  the  region  where  the  steepest  gradients  are  likely  to  occur  has  been  chosen.  This  is  possible 
since  the  module  Syrthes  1.0  allows  nodes  not  to  be  coincident  at  the  interface  between  solid  and  fluid 
regions. 


Figure  3  ;  Mesh  used  in  the  solid  region 


5  RESULTS  OF  THE  SIMULATION 

Four  cases  have  been  simulated  numerically.  The  foflowing  tablf  is  presenting  the  operating 
conditions  corresponding  to  these  cases. 
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Ciue  1 

Cuf£  2 

Cafie3 

CaK4 

VccU 

0.026 

0.026 

0.026 

0.0!>2 

Ta>u 

20 

20 

wmmm 

Vhm 

0.026 

0.052 

40 

30 

Table  1  :  Test  matrix  (velocity  in  m/s  and  temperature  in  degree  C) 

Initially  the  simulation  starts  with  a  held  set  at  a  unifornially  cold  temperature,  then  at 
time  1  =  0,  a  hot  flow  is  injected  through  the  upper  vertical  pipe.  Due  to  gravity  effect  a  co-courant 
stratification  forms  downstream.  It  is  interesting  to  underline  the  fact  that  ESTMT  is  able  to  predict 
(like  in  the  e.xpeiiment)  that  not  counter-flow  forms  in  this  particular  geometry,  allhough  the  Froude 
number  is  small  enough  to  allow  the  creation  of  such  a  counter-flow  in  different  geometries  as  has  been 
demonstrated  in  [5].  After  some  time,  a  converged  slate  is  reached.  Figure  4  presents  respectively  the 
velocity  fleld  and  the  temperature  held  and  the  temperature  llucluatioii  variance  on  the  middle  plane  for 
case  4.  The  hot  jet  is  influencing  the  incoming  cold  flow,  however  for  tlie  present  case  it  can  be  seen  that, 
the  mixing  between  the  two  layers  stays  quite  small.  This  is  partly  due  to  the  fart  that  at  the  interface 
the  stably  stratified  flow  tend  to  inhibit  the  turbulent  diffusion  between  the  two  layers.  At  the  junction, 
there  is  simultaneously  high  temperature  gradients  and  turbulence  Therefore  production  of  temperature 
fluctuations  exists.  Then  due  to  tlie  stable  stratification  effect,  a  decrease  in  the  level  of  temperature 
variance  is  predicted.  Tlie  same  type  of  figures  could  be  presented  for  all  cases. 


As  stated  in  tlie  introduction,  the  simulation  presented  here  includes  the  calculation  of  the 
thermal  field  within  the  solid  wall.  At  the  beginning,  wall  thermal  inertia  is  leading  to  observe  temperature 
differences  between  the  two  sides  of  the  solid  wall.  However  after  some  time  the  following  isotliermals  are 
obtained  within  the  wall. 


Figure  5  :  Solid  temperature  in  section  ]00nun,10s,  20s  and  lOOs  after  injection 


The  same  phenomena  is  illustrated  by  figure  6,  where  it  is  clear  that  conduction  through  the 
wall  takes  place  and  loads  to  heat  the  cold  fluid  layer  in  contact  with  the  solid  wall. 


Figure  6  ;  Solid  lemperatucc 


Some  more  quantitative  comparisons  have  been  done  between  experimental  data  and  numerical 
results.  I’ictures  7  to  10  present  non  dimensional  comparisons  of  temperature  profiles  and  temperature 
fluctuations  profiles  at  sections  20mm,  60mm,  lOOinm  and  160mm. 


Figiuc  7  :  Temperature  and  rms  fluctuations  profiles  for  case  1 


Figure  10  :  Temperature  arid  rms  fluctuations  profiles  for  case  4 

Regarding  the  temperature  fluctuation  attenuation,  the  calculation  is  reproducing  a  decrease  in 
the  level  of  the  temperature  variance  when  approching  the  wall.  Indeed,  in  the  simple  model  used  in  this 
study  (see  equation  12),  the  production  term  is  getting  smaller  due  to  reduction  of  turbulent  viscosity 
when  approaching  the  wall.  Moreover  the  dissipation  term  is  proportionnal  to  the  ratio  of  e  and  k  which 
increases  quite  a  lot  in  the  vicinity  of  the  wall.  The  combination  of  the  two  trends  leads  to  predict  a 
strong  reduction  of  the  temperature  variance  when  approaching  the  wall. 
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Figure  11  :  Attenuation  of  the  temperature  fluctuations  when  approaching  the  wall 

Figure  fll)  presents  a  temperature  variance  profile  (case  4),  for  a  given  section  (here  lOOtnm), 
to  show  the  attenuation  near  when  approaching  the  wall.  Interpretation  should  however  be  carefully 
done,  indeed  the  attenuation  being  frequency  dependent,  it  seems  most  unlikely  that  a  simple  k  —  e  based 
model  can  reproduce  fmthfully  the  phenomena  happening  in  that  region. 

A  large  eddy  simulation,  which  whould  take  into  account  the  different  eddy  size  and  tlie 
attenuation  through  the  conductive  layer  would  seem  much  more  adequate.  Moreover,  it.  would  lead 
to  the  prediction  of  a  time  dependant  evolution  of  the  temperature  (which  is  really  what  mechanical 
engineer  are  looking  for),  taking  into  account  the  instantaneous  inertia  of  the  wall.  Such  a  simulation  is 
planed  in  the  future. 

6  CONCLUSION 

A  numerical  simulation  has  been  perfonned  with  ESTET  on  the  geometry  of  experimental 
mock-up  FLUO  studied  at  CEA.  Comparisons  between  experiments  and  calculations  agree  reasonnably 
wall  on  the  mean  temperature,  but  an  accurate  simulation  of  near  wall  temperature  fluctuations  will 
icquirc  more  work  to  be  done. 
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Synopsis 

The  paper  deals  with  a  vertical  H-D  model  of  wind-driven 
flow  In  a  water  body.  The  hydrodynamic  equations  are  written 
In  the  conservative  form  In  the  Sousslnesq  approximation 
on  the  assumption  of  vertical  hydrostatic  pressure  distribu¬ 
tion.  The  transport  equations  Include  advectlve  terms.  The 
two-equation  turbulence  closure  model  based  on  the  equations 
for  turbulent  energy  and  Its  dissipation  Is  used.  Some  results 
of  the  numerical  simulations  of  the  wind-induced  currents  and 
their  effect  on  mixing  have  been  presented. 


1  .  introduction 

Mixing  in  stratified  water  bodies  can  be  conditioned  by  a 
variety  of  natural  factors  including  wind  action  and 
horizontal  shear  flow  induced  by  that,  waves  (surface  and 
Internal  ones),  unstablllty  etc.  An  intensity  of  a  turbulent 
mixing  Is  varied  considerably  in  stratified  water  bodies,  such 
as  lakes  and  reservoirs.  Therefore  to  describe  the  mixing  pro¬ 
cesses  in  stratified  flows  with  the  use  of  numerical  modeling 
It  Is  essential  to  apply  such  turbulence  models  which  allowa 
wide  range  of  phenomena  and  conditions.  On  this  account  the 
two-equation  turbulence  closure  model  founded  on  the  two  equa¬ 
tions  for  the  turbulent  energy  and  Its  dissipation  Is  used. 

A  vertical  two-dimensional  (H-D)  model  of  laterally  ave¬ 
raged  stratified  flow  In  an  oblong  water  body  was  proposed 
In  the  paper[1].  The  model  was  subsequently  applied  to  the  si¬ 
mulation  of  unsteady  stratified  flows  In  a  channel  [«]  and  In 
an  estuary  [0,4]. 


2.  Formulation  of  a  vertical  plane  problem 

The  plane  turbulent  stratified  flow  in  a  water  body  is 
considered  with  use  of  2-D  vertical  model  [1].  The  equations 
of  momentum,  continuity  and  heat  (mass)  transport  are  as 
follows : 
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the  equation  of  state 

p  =  p^[1 -6.8><10"^<T-4)^]  . (4) 

Here  t  Is  the  time,  (x^.Xg)  are  axis  of  coordinate,  (u^,Ug)  - 

are  velocity  components,  T  Is  the  temperature  of  water,  p  M  p^ 

are  the  density  of  water  and  Its  reference  value,  respective¬ 
ly;  z  Is  the  deviation  of  a  water  surface  from  Its  undisturbed 
position,  g  Is 'the  acceleration  of  gravity,  and  are  the 

coefficients  of  exchange  In  the  horizontal  and  vertical  di¬ 
rections  . 

The  coefficients  of  the  vertical  turbulent  exchange  coef¬ 
ficients  are  defined  by  means  of  the  equations  of  turbulence 
energy  and  Its  dissipation  rate 

Se  9u  e  du  e  3  Se  9  9e 

—  +  — —  4-  — ^  =  - K  —  +  -  K  —  + 

9t  9x,  9x.  9x,  9x^  9x^  9x^ 
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+  8  +  0-6  .  lb; 

9s  9u  s  9u  s  9  9e  9  9e 

—  +  — ^  ~  =  -  K  —  +  -  K  —  + 

9t  9x,  9x„  9x,  9x,  9x„  9x^ 

1  cl  1C  c 

+  f  ic,  (8  +  G)  +  c  e)  .  (6) 

e  1  2 


where  e  Is  the  turbulent  energy,  e  Is  Its  dissipation  rate, 


-  a  - 


8  =  K 


ty. 


-5  3T 

G  =  -  i.aB«io  g  K  (■r-4)  —  , 

K  =  a  I  .  =  V  +  K,  =  A  +  a^K^, 

^  ^  *^vs  =  ^  “e^’ 

a  =  o.oy,  Qg  ^  '  *^6  ^  0.77,  c^  =  1.44, 

Gg  =  ^ .  0  1 1  . 0  -  o .  a  exp  ( -Hei^ )  ] ,  a,^,  =  0 . 8 , 

Ke^  =  e®/(.V8). 

here  K  le  an  eddy  viscosity,  V  Is  the  molecular  vlscosl- 
Kor  the  system  (1 )-(6)  the  following  boundary  conditions 


are  imposed.  On  the  water  surface  at  x  =  ztx  ,t): 
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On  the  horizontal  bottom  at  z  =  z  : 
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S  =  C. 


( 1  a ) 


Here  a  wind  friction  stress;  y’  and  y^  -  the  rough¬ 
nesses  <■'"  water  surface  and  bottom,  respectively. 

Ooi'Mderlng  below  the  cases  when  a  channel  Is  hounded 
with  vertical  wa^ls  the  boundary  conditions  are  taKen  as  the 
follcwO'.g: 


u 
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O, 


(18) 


The  above  problem  Is  solved  numerically  using  a  seml- 
Impllcit  finite-difference  scheme,  which  is  formulated  for  the 
spatially  staggered  Aralcawa  C-grld  [b].  The  calculation  algo¬ 
rithm  is  developed  with  the  use  of  the  fractional  step  method. 
In  combination  with  the  double  sweep  method. 


a. Numerical  simulations 

The  model  was  used  to  simulate  a  some  turbulent  shear 
flows  which  are  similar  to  those  Induced  by  wind  In  a  water 
body,  it  Is  assumed  that  ^  ^  Some  of  the  calculations 

were  performed  for  comparing  with  the  laboratory  experimental 
data. 


The  first  comparison  was  done  with  the  experimental  re¬ 
sults  by  W.P. Baines  and  i).J. Knapp  [6]  for  wind-driven  currents 
In  a  laboratory  flume.  The  results  of  simulations  and  measure¬ 
ment  data  are  presented  In  Kig.l  for  the  currents  at  the  mi¬ 
ddle  part  of  the  flume.  The  computation  was  made  with  the  fo¬ 
llowing  data:  Tie  =  u  h/V  =  1900  and  2870,  a  water  depth  In  the 

*  .1/2 
flume  h  =  O.am,  the  length  1=8. Om.  Here  u^=(T  /p^}  Is  a 

dynamic  velocity.  The  computed  ■'ty  profiles  given  In  the 

Klg.1  are  practically  the  same  f  experiments. 

The  second  comparison  was  car.*  out  for  the  shear  stra¬ 
tified  flow  In  the  annular  flume  under  a  rotating  lid  at  the 
conditions  of  the  H.Kato  and  O.M. Phillips  experiments  [7].  it 
Is  worth  to  remind  that  the  experiments  were  conducted  with  a 
constant  shear  stress  at  the  lid  upon  the  the  surface  of  wa¬ 
ter  In  the  flume.  At  the  Initial  moment  of  rest  the  salt  water 
layer  has  a  linear  density  distribution  over  the  depth. 

To  simulate  the  case  the  computation  was  carried  out  with 
a  value  of  the  density  gradient  dp/dx^=  1  .y2“10'^g/cm^/cm,  the 

lid  stress  T  =0.998  gynes/cm?,  the  depth  h=0.8m,  Por  numerical 

W 

simulation  It  Is  assumed  that  a  concentration  of  salt  In  water 
is  proportional  to  the  salt  water  density  and  that  the  coeffi¬ 
cient  of  the  turbulent  dlffuslvlty  of  salt  In  water  Is  equal 
to  the  turbulent  thermal  dlffuslvlty.  The  computational  re¬ 
sults  are  given  In  Pig.  2. 

The  qualitative  comparison  of  the  computational  results 
with  the  experimental  data  shows  that  the  theory  describes 
satisfactory  the  process  of  motion  generation  observed  In  the 
experiment,  initially  the  turbulent  shear  flow  Is  generated  In 
the  upper  layer  of  linearly-stratified  fluid.  Then  It  pene¬ 
trates  Into  the  underlying  quiescent  fluid.  Similar  to  the  ex¬ 
perimental  data,  the  computation  ones  reveals  a  significant 
variation  of  the  density  at  the  lower  part  of  mixing  layer  and 
the  fluid  rt  •  ed  under  it.  The  evolution  of  mixing  layer  depth 
computed  Is  Tuantltaolvely  In  a  rather  good  agreement  with  the 
experiment. 

Next  the  computations  were  performed  to  simulate  the 
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Wind-Induced  currents  In  a  plane  oilong  water  tody  of  rectan¬ 
gular  form.  At  first  the  computations  were  carried  out  for  the 
homogeneous  fluid  (p  =  const).  The  currents  In  a  deep  water 
tody  length  of  1000  m  and  depth  of  lOOm  are  compared  with  that 
In  a  similar  water  hody  of  a  smaller  size  {/dOm  and  Hm,  respec¬ 
tively).  In  both  cases  the  wind  velocity  Is  the  same?  10  m/s. 
The  wind  shear  stress  is  determined  according  the  relatlon- 
shlpJ 

1  /p  =3.igb‘'lO~^  w^  (w.  Is  the  wind  velocity  In  m/s). 

w  0 

Tig.  3  presents  the  computed  velocity  field  (a,c)  and  the 
eddy  viscosity  distribution  (b,d)  for  the  terminal,  steady- 
state  situation.  At  the  depth  of  100m  the  turbulent  mixed  lay¬ 
er  penetrates  only  Into  the  upper  part  of  the  water  volume.  In 
the  case  when  the  depth  equals  2m  the  turbulent  mixing  occupi¬ 
es  all  volume. 

Then  an  unsteady  flow  In  a  deep  stratified  water  body  was 
considered.  The  fluid  Is  assumed  to  be  Initially  at  resj,  with 
linear  stratification  (  the  surface  temperature  of  20  0  and 
the  bottom  one  of  lO'^C).  The  water  currents  are  Induced  by 
the  same  wind  speed  of  10  m/s. 

The  results  of  computation  are  presented  In  T’lg.  4  with 

the  use  of  the  following  non-dimensional  parameters: 

K°=[100/(u^h))K  -  the  normalized  dimensionless  eddy  viscosity 

*  V 

and  t°=  (u^/h)t  (u^=  ''^,/Po^  “  dimensionless  time,  it  Is 

seen  that  the  recirculation  area  coincides  with  the  turbulent 
mixing  area. Both  are  located  in  upper  part  of  water  volume. 
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h'lg.a.  Velocity  field  and  eddy  viscosity  distribution  in 
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a  m  (<’  dJ.  Vectors  ■ — ►  with  a  square  are  negligibly  small  and 
specified  only  Its  directions. 
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Layer  Formation  in  Stratified  Circular 

Couette  Flow 


B,  M.  Boubnovt  E.  B.  Giediier*  and  E.  J.  Hopfinger^ 


Abstract 

The  stability  of  circular  Cou.ette  flow  with  axial  density  stratiflcntion,  char¬ 
acterized  by  the  buoyancy  frequency  N,  is  consid-’red  for  differect  values  of  the 
non-dimensional  width  gap  e  between  the  cylinders.  It  is  shown  that  onset  of  in¬ 
stability  and  the  structure  of  the  resulting  flow  regimes,  namely  non-ax'.syir..'netric 
vortices,  Taylor  vortices  ana  the  related  layei’  formation  strongly  depend  on  N  in 
addition  to  Reynolds  number  and  e, 

1  Introduction 

One  of  the  classical  hydrodynamic  sfcabihtyr  problems  of  major  imp.ortance  if?  the 
flow  of  fluid  conliaed  to  the  annulus  between  concentric,  rotating  cyhnders.  Since 
the  pioneering  works  by  Couette  (1890)  and  Taylor  (1923)  a  very  large  nmnber  of 
experimental  and  theoretical  studies  have  considered  different  aspects  of  instabilil  v 
and  transitions  of  this  flow  configuration  (see  for  instance  I)i  Prima  &.  Swianey,J  931; 
Andereck  et  al.,1986;  Chessat  Inoss, 1994)  .Various  modifications  of  this  problem 
have  also  received  considerable  attention  and  these  include  the  influence  of  axiui 
flow  (Gravas  &  Martin, 1978;  Lueptov  et  al.,A9&2),  unsteadyness  of  the  rotation 
rate  (Cooper  et  al.,1985)  and  the  effect  of  radial  temperature  or  density  varia¬ 
tions  with  and  without  an  axial  gra'ntational  field  (Snyder  is  Karlsou,1964;  Yao  & 
Rogers, 1989;  Kubotani  et  al.,1389;  Ali  &  Weidinaa,1990j. 

In  the  simpleat  case  of  Couett^^Taylcr  flow,  with  only  the  inner  cylinuor  ro¬ 
tating.  a  variety  of  different  regimes  are  observed:  Taylor  vortices,  wav'y  vortices, 
modulated  wavy  vortices,  turbulent  Taylor  vortices.  When  additional  effectr  are 
included  (Coriolis  force,  velocity'  shear,  rad.al  density  stratifleatiou  etc.)  significant 
changes  in  stability  occiy  and  the  flow  states  reveal  a  reach  variety  of  phenomena 
(  e.g.  Andereck  et  al.,1985,  found  more  than  fifteen  principal  flow  regimes  betv/een 
independently  rotating  cylinders  in  homogeneous  fluid).  Surprisingly,  the  case  of 
the  interaction  of  centrifugal  and  buoyancy  forces  -  Couette  fie  w  witli  axial  density 
stratification  has  not  received  any'  attention. 

The  aim  of  this  work  is  to  study  experimentaUv  and  with  tho  help  of  linear 
stability  theory,  the  instabilities  and  transition  regimes  in  Couette  flow  with  axial, 
linear  density  statificaiion  for  the  case  when  only  the  inner  jylindei:  rotates.  It  ir. 
shown  that  derisity  stratification  has  a  strong  effect  on  the  onset  vf  instability  and 
the  resulting  vortex  structures  giving  ris*?  to  layer  formation.  It  is  noteworthy  to 
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mencion  that  descrete  layers  are  formed  and  the  results  axe  thought  to  be  relevant 
for  equatorial  zonal  jet  formation. 

The  instability  and  flow  states  of  the  small  gap  problem  have  been  treated 
in  some  detail  in  Boubnov  et  al.,  (1994).  Here,  we  will  put  more  attention  on 
the  influence  of  the  gap  between  the  cylinders  on  the  flow  instability  and  layer 
formation. 

The  main  non-dimensional  pai'ameters  of  the  problem  are  the  usual  Reynolds 
number  Re  =  Qa(l>  —  a^jv  (see  e.g.  Andereck  et  al.,1985),  the  non-dimensional 
gap  width  e  =  ~  (a  and  6  are  the  radii  of  inner  and  outer  cylinders  respectively, 
fl  -  rotation  rate  of  the  inner  cylinder,  and  the  viscosity  v  is  taken  constant  be¬ 
cause  of  its  weak  dependence  on  density).  The  stratification  is  expressed  by  the 

Briint-Vaisala  frequency  IV"  =  ,  (p  is  the  density  and  g  the  gravitational 

acceleration),  and  tliis  introduces  an  additional  non-dimensional  parameter  which 
is  the  Froude  number  Ft  =  fl/JV. 


2  Experimental  apparatus  and  procedure 

The  experimental  installation  for  circular  Couette  flow  in  stratified  fluid  is  similar 
to  those  which  axe  used  for  studjdng  Couette-Taylor  flow  in  homogeneous  fluid. 
It  consists  of  long  coaxial  trmi.sparent  plexiglass  cylinders  with  the  outer  cylinder, 
the  bottom  and  upper  surface  being  at  rest  and  the  inner  cylinder  rotating  with 
constant  angular  velocity  fl.  The  outer  cylinder  has  an  inner  radius  of  b  =  Slnim, 
w’hile  three  different  inner  cylinders  with  outer  radii  a=20,  30  and  40  mm  were  used, 
giving  respectively  non-dimensional  gap  widths  e=1.55,  0.7  and  0.275.  The  last  case 
of  e  =  0.275  permits  to  interpret  the  results  within  the  email  gap  approximation 
theory  and  is  still  suitable  for  the  study  of  the  vortex  and  layer  structures.  The 
length  of  the  cylinders  L  was  taken  large  enough;  L  ~  573mm,  giving  F  =1  L/(6  — 
a)  s=  52, 27  and  18  for  e  =  0.275, 0.7  and  1.55  respectively.  In  most  experiments  the 
upper  surface  of  the  cylinder  was  rigid,  and  only  in  experiments  with  large  density 
gradient,  when  N  >  1.5rad/s,  the  upper  boundary  was  free,  because,  in  order  to 
reach  a  large  value  of  JV  it  was  necessary  to  fill  the  space  between  cylinders  to  a 
height  less  than  L,  In  our  experiments,  stable  density  stratification  protects  against 
propagation  of  disturbances  from  the  top  and  bottom  surfaces  to  the  fluid  interior 
and  there  is  practically  uo  influence  of  end  boimdaiy  conditions  on  the  flow  regimes 
(which  is  not  the  case  in  non-stratified  fluid,  where  end  boundary  conditions  can 
be  very  important  in  the  onset  of  instability). 

The  inner  cylinder  rotation  for  a  given  fl  was  maintained  constant  within.  1% 
and  the  value  of  fl  could  be  changed  continiously  from  0.1  to  3.7rad/s.  Constant 
cylinder  rotation  was  reached  in  less  than  2s  aud  when  ft  <.  ftc,-  a  stable,  steady 
state  flow  was  established  in  a  time  of  about  1  minute.  The  time  for  onset  of 
instability  of  the  zonal  axisymmetric  flow  depends  how  close  the  rotation  rate  is  to 
critical  conditions. 

Generaily,  experiments  were  mode  by  starting  with  the  fluid  rest  and  by  setting 
the  rotation  of  the  inner  cylinder  at  the  desired  value.  Changing  the  rotation  rate 
of  this  cylinder  from  one  value  to  another  was  used  only  near  onset  of  instability  of 
the  azimutal  flow  and  also  in  special  experiments  devoted  to  studying  the  variations 
of  the  formed  layer  structures  and  transitions  between  different  regimes. 

The  linear  stratification  was  accomplished  by  using  a  salt  solution  and  the 
standard  "double- box”  filling  method.  The  time  of  filling  was  of  the  order  of  two 
hours  Normally,  density  measurements  were  made  at  four  heights,  but  in  som*; 
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controlled  experiments  these  measurements  were  closer  spaced.  The  linearity  of 
the  density  profile  was  also  verified  with  the  help  of  shadowgraph,  in  which  the 
outer  surface  of  the  inner  cylinder  appears  £is  a  line  inclined  at  some  angle  to  the 
vertical,  proportional  to  the  density  gradient.  The  deviations  of  the  density  profiles 
from  linearity  in  the  main  part  of  the  fluid  column  (0.1  <  z/L  <  0.9,  where  2:  is 
the  vertical  coordinate)  were  less  than  5%.  The  value  of  N  was  changes  in  the 
limits  0.3b  <  N  <  1.73rad/s.  After  an  experiment  with  one  rotation  rate  fl  was 
finished  and  the  formed  layer  structure  was  allowed  to  diffuse,  the  linearity  of  the 
main  stratification  was  checked  and  a  new  experiment  could  be  started. 

In  order  to  reduce  optical  distortions  due  to  the  curvature  of  the  cylinder  the 
apparatus  was  placed  in  a  large  square  box  filled  with  water  (also,  there  is  water 
in  the  inner  cylinder).  For  the  flow  visualizations  two  different  and  complementary 
techniques  were  used:  the  shadograph  technique,  sensitive  to  the  second  derivative 
of  density  which  allows  us  to  see  the  horizontally  everaged  density  structures,  and 
particle  streak  line  methods  to  visualize  the  vortex  motion.  Aluminium  powder  and 
kalliroscope  particles  were  used  in  this  case.  The  aluminium  particle  aie  almost 
isotropic  and  move  together  with  the  fluid  and  show  the  motions  in  the  vortices, 
while  plane  kalliroskope  flaques  outline  the  total  structure  of  the  flow. 

3  Narrow  gap  (e=0.275) 

3.1  Experimental  results 

First  we  will  summarize  the  observations  of  flow  patterns  in  the  narrow  gap  ex¬ 
periments  €=0.275  (  Boubnov  et  al.,1994).  The  regime  diagram  in  fl  -  A'  space  is 
shown  in  Fig.l. 

To  produce  this  diagram  we  used  the  following  procedure.  For  each  value  of 
N,  the  rotation  rate  Q  was  increased  by  small  increments  until  the  critical  value 
of  fic(A)  for  onset  of  instability  was  reached.  For  fl  <  Qc{^)  the  flow  has  only  an 
azimuthal  component  of  velocity  (circular  Couette  flow)  with  no  changes  in  the  den¬ 
sity  field  along  the  vertical  axis  (regime  A,  Fig.l).  This  steady  flow  is  established  in 
about  1  minute  or  5  rotation  periods  after  beginning  of  rotation  of  the  inner  sylin- 
der.  For  >  f2c(-^)  on  ffre  other  hand,  the  shadowgraph  images  indicate  vertical 
variations  in  density  with  the  appearance  of  weU  identifiable  layers  of  nearly  equal 
height  (Fig.2),  By  this  means  it  was  thus  possible  to  determine  flc  as  a  function  of 
N.  In  the  neutral  case  of  A  =  0  the  critical  value  of  ft  has  been  determined  firom 
tile  onset  of  motion  of  particles  suspended  in  the  fluid.  For  the  present  experimen¬ 
tal  conditions  ftc(O)  w  0.2,  giving  a  Reynolds  number  iiec(O)  =  ftca(6  —  a)/i/  w  90, 
in  agreement  with  the  expected  value  (Di  Prima  &c  Swjnney,1981).  For  A  =  0  the 
instability  of  Couette  flow  is  baked  with  axisymmetric  Taylor  vortices  of  vertical 
size  equal  to  the  width  of  the  gap. 

For  stratified  Couette  flow  when  A  is  large  enough  (A  >  0.4)  and  ft  just  above 
ftc(A),  the  first  unstable  structures  are  of  height  approximately  equal  to  one  half 
of  the  gap  width  (nj  =  ^  ss  |,  region  S  in  Fig.l,  nj  is  the  non-dimensional  layer 
height  or  layer  height  factor).  The  bound  of  transition  between  regimes  A  and  S, 
i.e.  the  neutral  stability  curve  is  the  curve  a  in  Fig.l. 

With  increasing  ft,  the  usual  Taylor  vorticies  are  also  appearing.  Steady  Taylor 
vortices  with  vertical  wave  length  factor  n  =  =  1  (fc  is  the  vertical  wave 

number)  giving  nj  =  1  are  observed  for  values  of  ft  and  A  being  in  the  region  T, 
Fig.l.  Between  regions  S  and  T  there  exists  a  transition  region  ST  in  whicli  both 
-eginies  with  nj  «  1/2  and  n;  =  1  are  observed.  When  we  move  to  larger  ft  (for  the 
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Figure  1:  Main  instability  regimes  for  stratified  circular  Couette  flow:  Experiments  with 
£  =  0.275.  Theory:  inviscid  instabihty  bomid  for  n  =  1/2;  —  ■  —  •  -  and 

- ,  viscous  instability  bounds  for  n  -  1/2  and  n  =  1/1  respectively.  The  solid  lines 

are  included  to  show  more  clearly  the  experimentally  observed  transitions  between  the 
regimes. 


(a)fi  =  0.6s"^  (b)  n  =  0.9s~'  (c)  fl  =  1.2s"*  (d)n  =  2.4s~* 


Figure  2;  Shadowgraph  visualizations  of  the  change  in  layer  height  for  different  angular 
velocities  fl  of  the  inner  cylinder  for  £  =  0.275,  N  =  1.2s"^.  (a),  h  w  (6  —  a)/2;  (c),  h  ss 
{b  —  a);  (d),  h  w  2(6  —  a);  (b),  transition  from  h  w  (6  —  a)/2  to  h  Rs  (6  —  a). 
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gap  width,  h  t£  (Fig  2a  Moi«io\«t.  the  lurtvc;'  ic  this  tvgjiar  are  iw4  axsiym 
metric  and  hate  an  eili|Hicaj  torm  in  the  piaiM  ;irrpr;v<lii-uia:  to  \Zif  axis  tOc 
cylinders.  This  means,  that  a  vortex  tubi  is  ckiac  to  the  intaet.  loLatmg  cvhniieir  on 
oppiosite  sides  of  it  and  close  to  the  noarotaluig  outer  cylinder  at  points  dO  '  awav 
The  neighbouring  vortex  tube  is  rotated  by  IKT  This  pair  ot  vortex  tubes  with  the 
same  wave  length  factor  n  ts  1/2  produces  the  lavvr  structure  nt  %  1/2.  The  layer 
height  h  close  to  the  instability  bound  depiends  not  only  uu  the  gap  width  but  also 
on  stratification  A'  and  the  angular  velocity  fl.  I'his  experimental  dependence  can 
be  represented  as  (for  fl/A/  <  0.5) 

3.2  Theoretical  results 

The  circular  Couettc  flow  is  given  by 

u°  ==  Ar  Ur  =  0,  u)°  =  0, 

whe’^e 

A  =  =  -^4’  ^  ^  =  I  (2) 

0^  —  fx'‘  —  1  b 

and  (ur,U:fi,w)  aie  the  velocity  components  in  the  cylindrical  coordinates  system 
(r,  ip,  z] .  The  density  stratification  is  po(.^:)  ~  po~  oz  with  a  =  const  and,  hence, 
N  w  const. 

When  neglecting  the  diffusion  i«rra  in  the  nias.s  conservation  equation  (large 
Prandtl  or  Schmidt  number),  the  linearized  equations  for  axisymmetric  [Qjdp  =  0) 
disturbances,  periodic  in  the  axial  direction  ai'e  (Boubnov  et  al.,  1994) 

(ur,u,p,u;)(r,  z,<)  =  (ur,u,^,u;)(r)e*^’^‘''‘**^  (3) 


/irZ 
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Figure  3.  Critical  curve  for  onset  of  instability  for  different  gap  widths  (e  ;  o  —  0.275;  x  — 
0.7;  A  —  1.55).  is  the  value  of  N  above  which  the  linear  dependence  of  fldN)  on  A' 
is  a  good  first  approximation.  The  solid  line  is  traced  only  to  show  the  near  linearity  of 
the  experimental  points. 


with  boundary  conditions 

^Ar‘‘a.b  =  0>  {ijD  -  ia))u^|r=a,6  =  0.  “  »w)Up|r=a,6  =  0  (5) 

For  inviscid  {i/  =  0)  and  small  gap  («  =  -  —  1  -♦  0),  expressions  (4), (5)  reduce 
to 


^2 


iV2  -  464 


G,  G  =  (Ar)  C7|{=o,2<  =  0,  ^  = 


62  _  ^2 


(6) 


where  the  wave  number  is  defined  hy  k  =  and  n  is  the  wave  length  factor. 
Hence,  ^  corresponds  to  the  number  of  vortices  on  the  height  equal  one  gap  width. 

The  solution  of  equation  (6)  is  (7  =  ),  where  t/j  are  the  roots 

of  the  Bessel  function  equation  (r/j)  —  0  and  r/i  =  |^  gives  the 

following  conditions  for  inviscid  instability  (Im(w)  0): 


n  /T3Tr.n 

N  -  y  2  2ir  ^  ’ 

For  one  vortex  across  the  gap  we  have  rji  «  2.9.  The  bounds  corresponding  to  the 
right  hand  side  of  (7)  for  n  =  5  is  shown  in  Fig.l  by  a  dashed  double-dotted  line. 
So,  above  this  line  the  axisjTnmetric  inviscid  disturbances  with  n  <  5  axe  unstable. 

For  the  viscous  case  the  results  obtaind  from  (4), (5)  for  instability  of  monotonic 
type  ijj  =  ifls,  s  <  0  give  the  bounds  shown  on  Fig.l  by  a  dotted  (for  n  =  y)  and 
dashed-dotted  (for  n  =  5)  lines.  In  the  neutral  case  N  ==  0  the  disturbances 
with  n  =  I  are  unstable  if  >  0.18  that  correspomls  to  the  usual  estimates  (for 
j  =  0.8,  ft  V  0.2  (see  Andereck  et  al.(1986))). 
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Figuie  4:  Non-dimensional  minimum  layer  height  as  a  function  of  N  foj-  e  = 
0.275(o),  0.7(x),  1.55(A). 


Figure  5:  Sketch  of  vortex  motions  (a)  and  corresponding  shadograph  pictures  (b)  for 
the  case  of  e  =  1.55.  Case  (c)  is  a  nearly  turbulent  state. 


4  Wide  gaps 

In  our  experimental  study  we  used  also  two  large  gaps  e  =  0.7  and  1.55  which  do  not 
satisfy  the  small  gap  approximation.  Nevertheless,  as  in  the  small  gap  experiments, 
the  critical  value  of  for  onset  of  instability  is  also  a  nearly  linear  function  of  N. 
The  experimental  points  collapse  reasonably  well  onto  one  curve  when  plotted  in  a 
way  shown  in  Fig.4  where  Nc  is  the  value  of  N  above  which  the  linear  dependence 
of  nc(Ar)  on  IV  is  a  good  first  approximation. 

The  main  reason  for  using  wide  gaps  was  to  give  some  answer  to  the  question 
whether  or  not  the  minimum  layer  height  depends  on  the  gap  width.  The  minimum 
layer  heights  normalized  by  the  gap  width  b  —  a  are  presented  in  Fig.4.  There  is  a 
definite  dependence  on  the  gap  width  with  hmm  being  about  (5— a)/2  for  e  =  0.275 
and  decreasing  to  about  (6  — a)/3  for  e  =  1.55.  It  is  not  clear  at  this  stage  whether 
hmin  depends  on  «  or  (6  —  a)  keeping  for  insteince  e  the  same  (dependence  on 
Reynolds  number). 

The  vortex  structures  and  resulting  layers  in  the  wide  gap  «  =  1.55  are  asym¬ 
metric  (Fig.Sb)  and  have  the  appearance  of  a  double  helix  as  is  shown  in  Fig.Sa. 
A  pair  of  vortices  originates  at  the  iimer  cylinder  and  propagate  toward  the  outer 
boundary,  mixing  fluid  in  between  them.  On  the  opposite  side  a  density  interface 
forms  in  the  central  plane  of  the  vortex  pair.  The  vortex  pairs  on  diametrally 
opposite  sides  are  shifted  vertically  by  one  vortex  si^e  or  layer  height.  How  these 
join  is  not  clear;  a  spiral  local  structure  is  one  possibility.  The  whole  pattern  ro¬ 
tates  with  a  constant  velocity  less  than  f2.  For  the  large  angular  velocities  the  flow 
regimes  in  the  large  gap  case  are  similar  to  the  Taylor  vortices  regimes  (n  =  1)  in 
the  small  gap  system.  Taylor  vortices  of  size  equal  to  the  gap  width  are  present  (or 
interacting  Taylor  vortices).  The  main  diflference  here,  compared  with  the  small 
gap,  is  stronger  turbulent  motions  and  hence  more  intensive  mixing  in  the  layers. 


References 

[1]  M.  Couette,  Arm.  Chim.  Phys.  21  (1890)  433. 

[2]  G.  I.  Taylor,  Philos.'Ifans.R.Soc.London  Ser.A  233  (1923)  289. 

[3]  R.  C.  Di  Prima  &  H.  L.  Swirmey,  Hydrodynamic  histabUity  and  the  Transition 
to  Tarhxdence  (ed.  H.  L.Swinney  &  J.  P.CoUub,  Springer- Verlag, New  York, 
1981)  45  139. 

[4]  C.  D.  Andereck,  S.  S.  Liu  H.  L.  Swirmey,  J.Fluid  Mech.164  (1986)  155. 

[5]  H.  A.  Snyder  &  S.  K.  Karlsson,  Phys.FMds  7  (1964)  1696. 

[6]  N.  Gravas  &:  B.  W.  Martin,  J.Fluid  Mech.  86  (1978)  385. 

[7]  E.  R.  Cooper,  D.  F.  Jankowski,  G.  P.  Neitzel  &  T.  H.  Squire,  J.Fluid  Mech 
161  (1985)  97. 

[8]  L.  S.  Yao  &  B.  B.  Rogers,  J.Fluid  Medi.  201  (1989)  279. 

[9]  H.  Kubotani,  S.  M.  Miyama,  M.  Sekiya  &  Y.  Kojima,  Progr.Theor.Phys.  82 
(1989)  523. 

[10]  M.  Ali  &  P.  D.Weidman,  J.Fluid  Mech.  220  (1990)  53. 

[11]  R.  M.  Lueptov,  A.  Doctor  &:  K.  Min,  Phys.Fluids  A  4  (1992)  2446. 

[12]  P.  Chossat  &  G.  looss,  Appl.  Math.  Sc.  102, Springer  Verlag  (1994) 

[13]  B.M.  Boubnov,  E.B.  Gledzer  &:  E.J.  Hopfinger.  Subm.  to  J.Fluid  Mech., 1994. 


8 


1 


stratified  Taylor- Couette  flow:  numerical  simulation 

P.ORLANDI 


UniveTsiid 


di  Roma  **La  Scpicma**  Di^ariimento  di  Mcccanxca  t  A&ronautiai,  Fialy 


Abstract 

The  combined  effect  of  stratification  and  rotation  is  very  important  in  several  geophysical 
applications.  For  a  better  understanding  of  the  vortical  structures  Boubnov  et  al.  (1993) 
designed  a  Taylor-Couette  experiment  with  stable  stratification,  where  the  rotation  of  the 
inner  cyhnder  SI  and  the  frequency  N  related  to  the  mean  vertical  density  gradient 
play  opposite  effects.  By  increeising  SI  Taylor-Couette  instabilities  form  as  recirculating 
cells,  on  the  other  hand  by  increasing  N  the  formation  of  these  cells  is  shifted  to  higher  SI. 
As  in  the  fiow  without  stratification,  the  instabilities  depend  on  the  width  of  the  gap.  The 
purpose  of  the  present  study  is  to  perfoim  numerical  experiments  for  the  same  conditions 
as  in  the  real  experiments.  The  numerical  validation  of  the  experimental  outcome  permits 
a  better  understanding  of  the  instabilities.  Since  the  experiments  showed  no  azimuthal 
waves,  numerical  simulations  of  the  axisymmetric  case  are  thought  to  be  a  good  first 
approximation  of  the  real  flow. 


1.  Introduction 

In  many  geophysical  applications  the  combined  effect  of  density  stratifications  and  rota¬ 
tion  give  rise  to  different  types  of  vortical  structures.  For  example  in  the  equatorial  regions 
the  stratification  of  the  sea  seems  to  be  the  cause  of  the  observed  recirculating  ceils  along 
the  vertical  direction  extending  in  the  nord-south  direction.  In  an  attempt  to  understand 
the  causes  for  these  different  cells  Boubnov  ei  al.  (1993)  set-up  a  Taylor-Couette  labora¬ 
tory  experiment  with  stable  stratification.  This  simplified  experiment  could  explain  some 
of  the  features  of  the  geophysical  fiows  but  also  it  is  a  very  interesting  case  per  se.  A 
large  number  of  Taylor-Couette  experiments  have  been  performed  in  a  concentric  annulus 
without  stratification,  among,  them  one  by  Gorman  and  Swinney  (1982)  devoted  to  study 
the  wavy  vortex  regime,  wliich  occurs  at  Reynolds  numbers  above  the  critierd  Rcc  at  which 
the  flow  goes  from  the  Couette  regime  to  the  Taylor-Couette  regime. 

Numeric.'^^l  simulations  were  also  performed  to  reproduce  these  transitions.  Marcus 
(1984)  reproduced  the  experimental  results  in  the  different  regimes  and  Vastano  and  Moser 
(1991)  extended  the  study  to  the  evaluation  of  the  Lyapunov  exponents  in  this  closed  sys¬ 
tem.  Pseudospectral  methods  were  used  in  these  simulations  and  it  is  well  known  that 
these  methods  are  very  onerous.  In  the  present  paper,  we  used  a  finite  difference  scheme, 
second  order  accurate  in  time  and  space.  The  method  has  been  tested  by  reproducing  the 
critical  Reynolds  number  for  the  onset  of  the  Taylor  vortices  regime  and  the  results  were 
in  good  agreement  with  the  experimental  results,  pseudospectral  simulations  and  linear 
stability  theory. 

In  the  presence  of  stratification  the  aim  was  to  reproduce  the  fi,  N  diagram  obtained  in 
the  Boubnov  et  al.  experiments.  In  the  small  gap  case  6  =  {b  —  a)/a  ~  0.275  the  numerical 
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simulation  confirmed  the  experimental  and  the  linear  stability  theory  outcome,  nennely 
the  linear  dependence  of  fte  on  N.  As  in  the  experiment  it  was  also  found  that  the  size 
of  the  Taylor  cell  increases  with  fi.  That  is  at  low  the  vertical  size  of  a  single  roll  is 
Lc  =  fi/(&  —  a)  SB  0.5,  it  becomes  Lc  sb  1  for  larger  Q  and  finally  Lc  ss  2.0.  This  behavior 
was  foxmd  when  the  numerical  simulations  were  performed  by  setting  the  rotation  of  the 
inner  cylinder  at  the  desired  speed  at  t  =  0.  The  time  evolution  of  the  maximum  of  Vr 
shows  that  for  Le  =  0.5  it  reaches  a  steady  value.  On  the  other  hand  for  Lc  —  I,  the  velocity 
oscillates  with  a  single  frequency  at  low  il  and  with  a  large  band  of  frequencies  at  high 
Q.  For  Lc  =  2  the  frequency  spectrum  has  a  large  band.  All  these  results  were  obtained 
by  axisymmetric  simulations,  and  this  might  be  a  very  strong  limitation.  By  changing  the 
way  by  which  the  inner  cylinder  is  put  into  rotation  the  scenario  was  different.  At  low  N 
stationary  cells  with  size  Lc  —  0.5  and  non-stationary  with  size  ie  =  1  were  obtained  but 
no  cells  with  size  Lc  =2  are  observed.  At  high  N  on  the  contrary  only  stationary  cells  with 
Lc  =  0.5  were  obtained.  The  aim  of  the  simulation  was  to  complement  the  experimental 
observations  and  to  explain  the  experimental  inaccuracies  in  the  distinction  between  the 
different  regimes.  In  fact  by  flow  visualisations  Boubnov  et  of.(1993)  produced  schematic 
plot  of  streamftmetion,  that  could  be  erroneous  meiinly  because  of  the  unsteadiness  of  the 
flow. 


2.  Physical  model 

The  Navier-Stokes  equations  in  primitive  variables  were  solved  together  with  the  equa¬ 
tion  for  the  perturbed  density.  By  assuming  as  reference  velocity  the  rotation  velocity  of 
the  iimer  cylinder  fla,  as  reference  length  the  -width  gap  6 -a,  and  by  introducing  the  quan¬ 
tity  cr  =  (T  —  To)/S7’(6  —  a),  -with  To  =  Stz  the  reference  temperature,  the  dimensionless 
equations  are: 


with 
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Where  the  Reynolds  number  is  Re  =  —  a)alv,  the  Richadson  number  is  Ri  = 

(iV/n)^[(6  —  c)/<i]*  with  —  gST0  and  Pr  —  vjk.  The  quantity  St  is  the  constant  tem¬ 
perature  graidient,  which  when  positive  accounts  for  a  stable  stratification.  The  continuity 
equation  with  the  quantities  qi  is 


dqr  ,  ^  _ 

dr  ^  dQ  dz  ~ 


(3) 


The  system  of  equations  was  integrated  by  a  numerical  scheme  based  on  a  fractional  step 
method.  The  accuracy  was  tested  for  severed  flows  in  cylindrical  coordinates  (Verzicco 
&  Orlandi  1993).  In  the  present  case  since  there  are  two  horizontal  walls  we  used  a 
non-imiform  grid  in  the  radial  direction  to  capture  the  vorticity  gradients  near  the  walls. 
Periodicity  was  assmned  in  the  vertical  direction  and  its  size  was  changed  depending  on 
fi.  At  low  Q  the  vertical  extension  was  Lt  —  Lf(b  —  a)  —  2  to  reproduce  the  formation  of 
two  and  one  cells.  At  higher  fl  the  size  was  £j  =  4  to  capture  one  cell  with  Lc  ~  2. 

As  initial  condition  we  used  the  Couette  profile  qa  —  Superimposed  to 

this  we  introduced  a  random  velocity  distribution  of  with  an  .plitude  qu  =  .0125  at 
the  interior  and  reduced  to  one  fourth  in  a  layer  near  the  walls.  The  incompressibility  of 
the  perturbed  velocity  allows  the  calcxilation  of  qr.  The  initial  perturbed  density  had  a 
random  distribution  similar  to  that  of  As  initial  parameters  we  assigned  the  values 
of  the  experiments  a,  b,  fl,  v  and  iV,  firom  these  queintities  Re  and  Ex  were  evaluated. 
The  major  part  of  the  simulations  were  performed  by  a  grid  129  x  129.  When  the  vertical 
extension  was  Lt  —  4  the  mesh  size  remained  unchanged  and  257  points  were  used. 


3.  Results 

In  the  available  literature  experimental  and  numerical  results  concerning  the  critical 
Reynolds  number  have  been  reported  for  q  =  a/b  =  0.875,  different  firom  t]  =  a/b  =  0.784 
used  in  the  Boubnov’s  experiment.  We  therefore  evaluated  Rcc  for  tj  =  a/b  ~  0.875  to  check 
the  quality  of  the  numerical  method.  The  pseudospectral  simulations  give  Rce  =  118.4 
which  is  in  very  good  agreement  with  Re^  =  118.2  obtained  fi-om  the  linear  stability  theory 
with  a  =  3.13.  We  performed  the  simulations  with  random  initial  disturbances  described 
above  and  with  Lt  =  27r/a,  using  a  grid  48  x  48  in  r  and  z.  We  found  Rcc  =  118.8 
corresponding  to  ft  =  0.52.  This  critical  value  was  obtained  by  calculating  dlog\vr\max /dt, 
at  different  values  of  ft,  after  the  transient.  Whatever  the  value  of  qu  the  short  transient 
consisted  ii*  a  rapid  decay  of  the  disturbances  which  afterwards  either  grow  or  decay, 
depending  on  whether  ft  is  above  or  below  the  critical  value.  The  choice  of  an  initial 
random  perturbation  makes  the  present  simulations  closer  to  what  occurs  in  an  experiment. 
On  the  other  hand  the  eigenfunctions  of  the  linear  stability  theory  were  generally  used  in 
the  previous  numerical  simulations  by  Marcus  (1984)  and  Vastano  &:  Moser  (1991).  This 
different  choice  of  the  initial  perturbation  could  be  the  reason  for  the  small  difference 
between  the  present  Rce  =  118.8  and  Re^  ~  118.4  in  the  pseudospectral  simtdations.  We 
think  the  reason  can  not  be  attributed  to  the  accuracy  of  the  numerical  method  since  we 
performed  grid  refined  calculations.  The  dependence  of  the  critical  Rce  on  the  vertical  size 
Lt  was  checked  by  evaluating  the  critical  fte  for  £*  =  3  giving  ftc  =  0.55.  The  results  did 
not  change  by  introducing  a  clean  disturbance  g,  =  qu  sin(27rr)  sin(2xz/a)  with  the  radial 
distribution  still  different  from  that  of  the  eigenfunctions  of  the  linear  stability  theory. 
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Figure  1  .  Critical  rotation  speed  versus  N  for - ,  linear  stability  theory  6  =  0.275; 

-  X - ,  linear  stability  theory  6  =  1.55;  present  results  for  6  =  0.275, - eind 

6  =  1.55 .  ;  Boubnov  et  al.  exp.,  +  ,  ^  =  0.275,  •  ,  5  =  1.55. 

Boubnov  et  al.  (1993)  evaluated  for  three  values  of  the  non-dimensional  gap  width  how 
fie  changes  with  stratification  and  they  observed  that  the  critical  value  increased  linearly 
with  N.  They  performed  also  linear  stability  calculation,  in  the  narrow  gap  case  in  the 
limit  of  ^  »  0  and  found  the  following  relationship 

fi,(JV)-fi,(0)  =  i^£cV^i\^  (4) 

The  numerical  simulations  were  performed  for  non-dimensional  gap  values  of  ^  =  0.275 
and  6  =  1.55  and  respectively,  in  the  non-stratified  case,  the  critical  fie  were  fie  =  0.208 
and  fic  =  0.111  in  perfect  agreement  with  the  experiments.  In  Fig.l  we  reported  the 
experimental  and  the  niunerical  values  of  [fi<:(iV’)  —  fi<;(0)](\/J)“l.  The  dependence  of  fic 
on  N  given  by  the  inviscid  linear  theory,  Eq.  (4),  is  shown  for  comparison.  On  plotting 
the  results  of  the  inviscid  theory  the  values  of  fie(O)  for  the  small  and  wide  gap  have 
been  subtracted.  The  experimental  results  collapse  reasonably  well  whereas  the  numerical 
results  do  not  collapse  on  a  single  curve.  The  simulations  were  done  with  a  128  x  12S  and 
a  coarse  grid  but  the  difference  still  persisted.  At  the  critical  speed  the  size  of  the  Taylor 
cell  was  £c  *  G.5. 

It  is  of  interest  to  investigate  whether  the  size  of  the  cell  changes  with  rotation  rate  or 
Reynolds  number.  In  the  experiment  Boubnov  et  al.  found  a  strong  dependency  on  fi. 
We  know  that  from  flow  visualisations,  especially  when  some  unsteadiness  is  present,  it 
is  difficult  to  have  a  clear  picture  of  the  streamfunction.  Moreover,  as  in  all  the  fiows  in 
closed  systems  the  number  of  cells  could  depend  on  how  the  inner  cylinder  reaches  the 
desired  speed.  For  example  it  is  possible  to  reach  the  desired  rotation  in  a  very  short 
transient  starting  from  rest,  or  the  desired  rotation  can  be  obtained  by  different  stages 
where  at  each  one  the  simulations  are  performed  for  a  sufficiently  long  time,  usually  larger 
than  30  rotation  periods.  We  performed,  therefore  two  sets  of  simulations  at  N  =  0.4  and 
N  =  1.8  where  the  final  rotation  fi  =  3.0  was  reached  in  different  ways. 
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Figure  2.  Taylor  Couette  calculations  with  128  x  257  non-uniform  grid  ^  =  0.275  , 
N  s=  1.8.  The  rotation  is  laci'eased  non  0  by  successive  steps  to  fl  =  3.0. 


Fig.2  shows  (solid  line)  for  iV  =  1.8  that  the  maximum  of  the  velocity  component  K 
initially  decreases  and  then  increases  rapidly  and  trough  an  oscillation  reaches  a  steady 
state.  At  this  point  the  rotation  of  the  inner  cylinder  is  increased,  oscillations  are  again 
observable  with  a  .smaller  amplitude  (dashed  line)  and  these  are  dumped  to  reach  a  new 
state  with  a  greater  velocity.  At  each  stage  this  behavior  is  repeated  and  finally  a  condition 
is  reached  with  steady  cells  of  size  it  ~  0.5.  On  the  contrary  when  at  f  =  0  the  inner 
cylinder  is  suddenly  put  into  rotation  at  0  =  3.0,  Fig.3  shows  that  no  steady  state  is 
reached  and  the  maximum  of  Vr  oscillates  with  a  large  band  of  frequencies.  This  condition 
is  reminiscent  of  a  tm'bulent  state  and  it  should  occur  in  a  three-dimensional  simulation  at 
higher  rotation  speed.  We  are  expecting  that  an  axisymmetric  Simula  lion  more  difficulty 
should  produce  velocities  with  a  spectrum  with  a  a  large  band  of  frequencies  than  in  the 
three  dimensional  case,  These  simulations  show  that  the  solutiim  is  ver^^  sensitive  to  the 
way  by  which  the  nnal  state  is  reached.  In  the  case  of  Fig.3  the  exact  size  of  the  ceU  is 
difficult  to  establish  because  the  vortical  structures  change  in  time.  We  could  speculate 
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Figure  3.  Taylor  Couette  calculations  with  128  x  257  non-uniform  grid  ^  =  0.275  , 
N  =  1.8.  The  rotation  is  suddenly  increased  from  0  to  f2  =  3.0. 


that  1  <  I-e  <  2.  The  experiments  on  the  other  end  seem  not  to  show  this  dependency  on 
initial  conditions. 

For  N  =  0.4,  even  when  the  high  rotation  is  reached  throu  a  several  stages  an  unsteeidy 
flow  is  produced.  The  results  for  N  =  0.4  have  been  further^nore  analysed  to  see  by  which 
mechanism  the  passage  from  Lc  =  0.5  to  Le  =  1.0  takes  place,  a  very  difficult  task  in  the 
laboratory.  At  H  =  1.8,  the  contour  plots  of  azimuthal  vorticity  shown  in  Fig.4  indicate 
that  there  are  cells  with  Lc  =  0.5  with  thin  layers  of  opposite  sign  vorticity  near  the  inner 
and  outer  walls.  These  wall  layers,  for  effect  of  the  still  large  perturbations  at  this  Reynolds 
number  loose  the  symmetry  and  at  their  turn  break  the  symmetry  of  the  large  vortical 
structures  at  the  centre.  The  symmetry  breaking  give  rise  to  a  sort  of  merging  between 
the  wall  and  the  vorticity  structures  at  the  centre.  The  larger  cell  is  then  again  unsteady, 
it  persists  at  higher  rotation  and  at  12  =  3.0  a  new  merging  is  initiated  which  will  give  rise 
at  a  cell  of  size  Lg  =  2. 


Figure  4.  Taylor  Couette  by  128  x  128  6  =  0.275  ,  vorticity  field  at  t  =  120  with 

N  =  0.4  at  a)  fi  =  2.1  ,  b)  =  2.4  ,  c)  =  2.7  ,  d)  =  3.0  , 


4.  Conclusions 

In  the  present  paper  we  performed  numerical  simulation  of  the  stratified  Taylor-Couette 
flow  experimentally  investigated  by  Boubnov  el  a/.(1993).  The  numerical  method  was 
tested  by  evaluating  the  critical  rotation  number  in  the  absence  of  stratification  for  r?  = 
0.875  previously  studied  experimentally  and  ntunerically.  The  calculations  were  then  ex¬ 
tended  to  find  the  critical  rotation  number  in  the  presence  of  axial  stratification.  In  this 
case  Boubnov  el  al.  (1993)  performed  the  linear  stability  rmalysis  by  finding  a  linear  rela¬ 
tionship  between  Sic  and  the  stability  parameter  JV,  in  the  limit  of  6  tending  to  zero.  The 
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present  results  lie  on  a  straight  line  with  the  slope  intermediate  between  the  theoretical 
and  the  experimental  one.  The  independence  of  the  results  on  the  grid  size  was  cliecked 
as  well  as  on  the  time  step. 

In  the  experiment  the  size  of  the  Taylor  vortices  were  analysed  by  looking  at  flow  vi¬ 
sualisations.  Flow  visualisations  can  be  misleading  when  some  sort  of  unsteadiness.  The 
size  of  the  vortices  could  also  depend  on  the  way  the  rotation  speed  is  reached.  Thus  we 
decided  to  perform  simulations  reaching  a  high  rotation  speed  trough  a  series  of  stages  and 
also  by  assigning  the  desired  rotation  at  t  =  0.  Completely  different  answers  were  obtained 
depending  on  the  stratification.  For  high  N  and  a  step  by  step  increase  in  rotation  the  size 
of  the  Taylor  cell  remained  iinchanged  and  is  equal  to  =  0.5.  In  the  case  of  small  N 
{N  =  0.4)  on  the  other  hand  a  step  by  step  increase  in  rotation  gave  0.5  <  Le  and  in  the 
case  of  a  sudden  increase  we  found,  as  in  the  experiment,  that  the  size  of  the  cell  reached 
the  value  Le  =  2.  By  looking  at  the  vorticity  field  we  speculated  that  the  formation  of 
cells  with  a  large  size  is  due  to  merging  of  the  inner  vorticity  with  the  thin  layers  near  the 
walls. 
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opinion  on  this.  Should  I  change  the  equations  by  introducing  the  mean  vertical  density 
variation?  In  this  case  the  numerical  simulations  should  be  closer  to  the  experiment  where 
the  stratification  was  obt2uned  by  density  rather  than  by  temperature. 

About  correction  you  corrected  Fig.l  putting  the  linear  stability  teory  line  below  the 
experiments.  .  was  copying  this  figure  from  one  of  your  trasparency  where  the  experimen¬ 
tal  results  of  Oc(n)-Oc(0)*eps**(-l/2)  lyed  below  the  teoretical  results.  If  I  am  plotting 
Oc(n)*eps**(-l/2)  instead  Oc(n)-Oc(0)*eps**(-l/2)  the  experimental  results  do  not  coa¬ 
lesce  on  a  single  curve.  I  am  litle  confused  and  1  need  an  answer  from  you  or  from  Boubnov 
or  Glezer.  Could  you  thank  Boubnov  too  for  the  further  correction. 

I  am  sending  through  my  department  only  the  conference  fee  I  will  pay  the  banquet  and 
the  accomodation  deposit  in  Grenoble,  if  it  is  possible. 


REgards  Paolo 
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Abstract 


The  interaction  of  streamwise  vortices  with  a  density  interface  is 
investigated  by  the  experiments  and  the  computations  of  the  stratified  cavity 
flow.  The  flow  pattern  of  the  primary  circulation  is  quite  different  from 
that  of  homogeneous  fluid.  The  results  show  that  the  deepening  of  a  mixed 
layer  into  a  region  of  constant  density  gradient  proceeds  with  three 
dimensional  deformation  of  the  interface  and  that  the  pairs  of  counter¬ 
rotating  streamwise  vortices  appear  in  the  strong  shear  layer  near  the 
interface.  The  comparison  between  the  three-dimensional  and  two-dimensional 
computations  indicates  that  this  streamwise  vortical  structure  contribute  the 
mixing  across  the  interface. 

1.  Introduction 


Numerous  experiments  on  the  mixing  in  stratified  fluids  have  been  made 
to  obtain  a  universal  form  of  the  entrainment  law.  At  present,  however, 
there  is  no  consensus  but  a  wide  variety  of  entrainment  laws  and  the 
mechanisms  have  been  proposed.  Indeed  different  investigators  in  the 
experiments  using  similar  apparatuses  and  ranges  for  the  Richardson  number 
have  reported  different  entrainment  rates.  The  knowledge  of  the  subject  is 
summarized  by  a  recent  review  by  Fernando  (1991). 

The  turbulent  shear  flows  ne2ir  an  interface  have  some  common  features. 
It  is  well  known  that  when  the  wind  blows  over  the  sea  streaks  may  appear  on 
the  surface.  They  are  caused  by  Langmuir  circulation  which  is  a  parallel 
system  of  counter-rotating  streamwise  vortices  beneath  a  free  surface.  The 
streakincss  has  been  also  found  in  wall  turbulence,  which  is  attributed  to 
the  presence  of  streamwise  vortices  in  the  inner  layer.  Although 
understanding  of  the  mechanism  of  their  formation  has  not  been  satisfactory, 
there  is  enough  evidence  to  support  their  existence.  Since  a  density 
interface  has  the  same  effect  on  the  flow  as  a  wall  and  a  free  surface  by 
suppressing  the  motion  to  penetrate  it,  it  is  expected  that  in  the  turbulent 
shear  flow  near  the  density  interface  exists  such  a  flow  structure  of 
streamwise  vortices,  which  possibly  contributes  to  the  mixing  across  the 
interface. 


The  aim  of  the  present  study  is  to  examine  this  possibility  in  both 
experiments  and  computations  on  the  stratified  flow  in  a  cavity.  The 
recirculating  flow  in  a  cavity  has  been  one  of  the  targets  for  validating  the 
computational  methods.  Among  a  lot  of  studies  of  the  cavity  flow  Freitas  et 
al.  (1985)  have  showed  in  their  experiment  and  computation  that  the 
streamwise  vortices  appear  on  the  bottom  wall  and  that  their  presence  may 
modify  the  flow  structure.  The  stratified  cavity  flow  can  be  considered  as 
one  of  the  simplest  models  for  the  mixing  by  the  surface  shear  flow  induced 
by  wind  in  the  closed  region.  In  this  study  we  will  examine  the  deepening 
process  of  the  mixed  layer  into  a  region  of  constant  density  gradient  in  a 
lid  driven  cavity  and  discuss  the  effect  of  three-dimensional  flow  structure 
on  the  mixing. 
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2.  Method 


2.1  Experiment 


The  experiments  were  carried  out  using  a  rectangular  Perspex  tank  with  a 
length  L  of  20  cm,  a  depth  D  of  20  cm  and  a  lateral  span  B  of  40  cm  on  the 
top  of  which  a  belt-drive  system  was  mounted  as  shown  in  figure  1.  A  speed- 
variable  SW  motor  equipped  with  a  reduction  gear  and  a  timing-belt  and  pulley 
set  drove  the  1  mm  thick  synthetic-resin  belt  at  selected  speeds  U  from  2.0 
cm/s  to  4.0  cm/s. 

The  tank  was  filled  with  a  salt  solution  such  that  the  density  increased 
linearly  with  depth.  The  initial  density  profile  was  measured  by  traversing 
a  conductivity  probe  and  the  buoyancy  frequency  was  calculated  from 


Q  dp{x^) 

Po  dx-i 


(1) 


where  P(x3)  is  the  density  at  a  given  vertical  coordinate  xa,  Po  is  the 
reference  density  P  (0) ,  g  is  the  acceleration  due  to  gravity.  The  value  of  M 
was  varied  over  0.2-0.7/s.  The  narrow  gap  between  the  lower  surface  of  the 
moving  belt  and  the  top  of  the  tank  was  sealed  with  a  styrene-foam  plate  to 
prevent  the  salt  solution  from  leaking  out. 

The  experiments  were  started  by  turning  on  the  motor.  The  belt  achieved 
its  selected  speed  immediately  at  time  t=0,  and  the  depth  and  characteristics 
of  the  mixed  layer  were  monitored  at  discrete  times  thereafter.  Since  in 
running  the  density  interface  was  usually  distorted  by  the  fluid  motion,  the 
depth  of  the  mixed  layer  was  defined  as  a  spanwise-averaged  depth  of  the 
lowest  level  to  which  the  mixed  layer  penetrated,  and  it  was  determined 
visually  from  a  shadowgraph  as  shown  in  figure  6.  The  density  profiles  were 
also  measured  by  stopping  the  belt  temporarily  to  insert  a  conductivity  probe 
and  transverse  it  vertically  at  various  times  during  an  experiment. 

The  fluid  motions  were  visualized  by  suspending  aluminium  particles  in 
the  salt  water  and  then  slit  lighting  the  tank  from  the  side.  Photographs 
were  taken  with  a  35mm  camera  with  exposure  time  of  4  to  6s  to  obtain  well 
defined  pathlines  in  the  flow  field. 

2.2  Computation 


The  Navier-Stokes  equations  for  a 
gravity  included  can  be  written  as 

d  V, 


dt 


heterogeneous  fluid  with  the  force  of 


+  V  ■  (  uu  )  I  =  — Vp  —  p  +  Re  (2) 


u  is  the  flow  velocity,  P  is 


iii6&u  trii^  u6vi&,iiOiiS  of  >0  s.nu  p 


where  k  is  the  unit  vector  along  the  x  i  axis 
the  density,  p  is  the  pressure,  and  P 
from  a  state  of  hydrostatic  equilibrium.  All  the  variables  are  made 
dimensionless  with  respect  to  the  reference  density  Po,  the  speed  U  of  the 
upper  wail  and  the  depth  D  of  the  cavity,  and  Re  is  the  Reynolds  number  UL/v 
(  V  :the  kinematic  viscosity  )  and  Fr  is  the  Froude  number  U/  /gD.  If  the 
fluid  is  assumes  to  be  incompressible  and  diffusive,  we  have  the  continuity 
equation 


V  •  u  =  0 


(3) 


2 


(4) 


and  the  transport  equation  for  the  variation  of  the  density 

~~  +  V-{pu)  =  ii5-^vV 

where  p’=p-l  and  Rs=UL//c  (/t:the  diffusivity  of  salt).  The  e.'cplicit  use  of 
the  deviation  eind  the  variation  of  the  density  is  essential  to  the  accurate 
computation  of  such  a  flow  affected  by  these  small  quantities. 

The  solution  procedure  used  here  is  the  finite  volume  method  similar  U) 
the  MAC  method  by  Harlow  and  Welch  (1965).  The  discretization  using  the 
volume  fluxes  across  the  faces  of  the  cell,  the  pressure  and  the  density  at 
the  centre  of  the  cell  as  primitive  variables  attains  the  second-order  of 
accuracy  in  space  while  the  time  advancement  is  made  by  the  first-order 
accurate  Euler  explicit  method.  The  simultaneous  iterative  procedure 
proposed  by  Chorin  (1968)  is  applied  to  satisfy  the  continuity  equation.  In 
this  procedure  instead  of  solving  the  Poisson  equation  the  pressure  is 
determined  from  the  divergence  of  the  velocity  vector  as  the  steady  solution 
of  the  equation 


dp  _  <9(V  •  u  ) 

df.  ~  dt 

where  ^  is  an  artificial  variable  for  the  iteration. 

No-slip  boundary  conditions  on  velocity  is  imposed  at  the  walls  while 
no  boundary  condition  on  pressure  is  necessary  in  the  simultan  jous  iterative 
procedure.  In  evaluating  the  diffusion  terms  for  u  and  P’  in  the  equations 
(2)  and  (4)  the  gradients  of  these  quantities  in  the  direction  normal  to  the 
boundary  are  assumed  to  be  constant. 

The  computations  were  performed  in  the  same  way  as  the  experiments.  The 
upper  wall  was  started  impulsively  at  a  constant  speed  over  a  linearly 
stratified  fluid  in  the  cavity  with  the  same  geometry.  The  computations 
presented  below  used  the  rectangular  grid  systems  with  uniform  spacing  of 
1/20  and  1/40,  and  according  to  the  linear  stability  restriction,  the  time 
increments  were  set  to  be  1/100  and  1/400,  respectively.  The  initial  density 
difference  between  the  values  at  the  top  and  at  the  bottomAp  /  powas  0.00082 
and  the  Froude  number  Fr  \,'as  0.0143,  which  corresponded  to  the  experiment  at 
N=0.2/s,  U=2.0cm/s. 

It  is  difficult  to  solve  the  nonlinear  flow  with  very  weak  diffusivity 
because  of  limited  resolution.  Since  the  present  computational  method  does 
not  include  any  artificial  dissipation,  the  fluid  motions  of  all  the  scales 
included  should  be  resolved  explicitly  over  the  finite  grid  points  to  obtain 
reasonable  solutions.  For  this  reason  the  Reynolds  number  and  the  salt 
diffusivity  in  the  computational  conditions  did  not  corresponds  to  those  in 
the  experiments  :  Re=3000,  Rs=3000  or  6000  for  the  computation  while  Re=3500- 
4000,  Rs=  10  •  for  the  experiment. 

First  the  Uvo-dimsnsional  computation  was  carried  out  using  the  finer 
grid  system  to  study  the  formation  of  the  density  interface  in  the  experiment 
and  the  deepening  of  the  mixed  layer.  Assuming  that  the  density  gradient 
increases  to  a  maximum  at  the  density  interface,  the  depth  of  the  mixed  layer 
was  determined  from  the  horizontaliy  averaged  field.  Next  the  three- 
dimensional  computations  were  conducted  to  examine  the  effects  of  the  three- 
dimensional  motions  on  the  mixing  process.  The  periodic  conditions  were 
assumed  in  the  spanwise  direction  in  some  cases.  In  such  cases  a  random 
three-dimensional  perturbation  of  the  velocity  fields  with  the  magnitude  of 
3%  of  U  was  given  to  the  initial  field  to  cause  the  flow  to  be  three- 
dimensional. 
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3.  Results 


When  the  upper  wall  started  to  move  the  adjacent  fluid  dragged  by  the 
wall  collided  with  the  downstream  vertical  wall  and  penetrated  to  some  finite 
depth  almost  immediately.  After  this  initial  stage  a  primary  circulation 
formed  in  the  top  downstream  corner  which  then  grew  gradually  into  the  region 
of  constant  density  gradient.  Figure  2  shows  a  typical  photograph  of  the 
primary  circulation  in  the  centre  plane.  This  pattern  of  the  primary 
circulation  bounded  by  a  stratified  fluid  beneath  as  it  were  a  wall  is  quite 
different  from  that  in  homogeneous  fluid.-  In  the  upper  layer  upstream  of  the 
primary  circulation  some  smaller  secondary  eddies  can  be  seen  as  well,  but 
the  fluid  motion  in  the  lower  layer  is  not  clear  in  this  photograph  because 
it  is  much  slower.  Figure  3  shows  a  series  of  density  profiles  taken  at 
intervals  of  half  a  day  which  indicates  that  the  total  mass  has  been 
conserved  during  the  experiment.  The  density  interface  with  a  considerable 
density  step  has  been  formed  by  mixing  the  upper  layer  to  be  uniform.  This 
process  and  the  density  profiles  shown  on  figure  3  are  similar  to  those  given 
by  Linden  (1975)  in  the  experiment  on  the  mixing  with  no  mean  shear. 

Figure  4  shows  the  time  evolution  of  the  primary  circulation  and  the 
density  field  produced  by  the  two-dimensional  computation.  The  flow  pattern 
of  the  primary  circulation  and  the  secondary  eddies  with  the  opposite 
rotation  shows  qualitative  agreement  with  the  flow  visualization  experiment. 
The  main  feature  to  notice  on  the  contour  maps  of  density  is  that  the  primary 
circulation  raise  heavy  fluid  out  of  the  interface  as  it  penetrates  into  the 
region  of  the  constant  density  gradient.  However,  the  density  gradient  of 
the  lower  layer  decreases  in  time  and  as  a  result  the  density  step  at  the 
interface  is  much  smaller  than  expected  from  the  measured  density  profile  as 
shown  in  figure  3.  This  rapid  diffusion  of  density  is  due  to  the  extremely 
low  value  of  Rs. 

The  depth  of  the  mixed  layer  as  a  function  of  time  is  plotted  on  figure 
S(a)  for  comparison  between  the  two-dimensional  computation  and  the 
experiment  at  the  same  N  and  U,  The  line  is  the  best  fit  to  the  experimental 
data.  The  computed  data  are  the  depth  of  the  finite  grid  points  at  which  the 
density  gradient  is  maximum,  and  therefore  they  are  represented  by  discrete 
values.  Further  there  are  some  points  indicating  the  bottom  of  the  cavity  in 
the  process  of  the  deepening  because  the  density  step  in  the  interface  is  not 
large  enough  to  recognize  it.  Neglecting  these  points,  the  result  of  the 
two-dimensional  computation  shows  a  much  reduced  rate  of  the  deepening  of  the 
mixed  layer  compared  with  the  experimental  data. 

Figure  6  shows  the  shadowgraphs  of  the  density  interface  taken  from  the 
downstream  side.  The  interface  is  of  a  wave  shape  in  the  speuiwise  direction, 
sharper  near  the  crests  and  flatter  in  troughs,  the  wave  length  of  which 
increases  as  the  interface  descends.  Figure  7  gives  the  flow  structure  in 
the  X  8  -X  a  plane  across  the  primary  circulation,  which  displays  the  presence 
of  some  pairs  of  counter-rotating  vortices  in  the  upper  layer  near  the 
interface  distorted  by  them.  These  streamwise  vortices  move  around,  varying 
in  size  and  keeping  their  life  for  a  while.  Since  they  raise  the  interface 
by  a  few  cm  and  seem  to  break  it  at  the  crests  as  shown  in  figure  6,  they  are 
considered  to  contribute  to  the  mixing  across  the  interface. 

To  study  this  vortical  structure  near  the  interface  and  to  examine  how 
much  it  contributes  to  the  mixing,  the  three-dimensional  computations  was 
carried  out.  Figure  5(b)  shows  the  Increase  in  depth  of  the  mixed  layer 
produced  by  the  computation  with  the  periodic  boundary  condition  being 
imposed  in  the  spanwise  direction.  The  same  line  fitted  to  the  experimental 
data  as  figure  5(a)  is  plotted  for  a  reference.  This  shows  that  the  rate  of 
the  deepening  in  the  three-dimensional  computation  is  much  higher  than  that 
in  the  two-dimensional  computation  and  closer  to  the  experimental  data.  The 
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flow  structure  in  the  x  a  -x  s  plane  is  shown  in  figure  8.  There  are  many  pairs 
of  counter-rotating  streamwise  vortices  of  various  scales  on  the  density 
interface,  among  which  the  large-scale  vortices  seem  to  correlate  with  the 
strong  distortion  of  the  interface.  These  results  imply  that  the  three- 
dimensional  structure  of  streamwise  vortices  near  the  interface  increases  the 
rate  of  the  mixing  across  the  interface. 


4.  Concluding  remarks 

The  deepening  of  a  mixed  layer  in  a  stratified  cavity  flov/  have  been 
examined  by  the  experiments  and  the  computations.  The  results  show  that  the 
streamwise  vortices  exist  in  the  mixed  layer  near  the  density  interface  and 
that  they  contribute  to  the  mixing  across  the  interface. 

This  work  was  supported  by  a  Grant-in-Aid  for  Scientific  Research  and 
through  grants  from  the  Society  of  Scientific  Research  Promotion  of  Naval 
Architecture.  I  would  like  to  thank  K.Takamatsu,  S.Hirano,  N.Kimura,  Y.Ikeda 
and  K.Maruno  for  their  help  in  running  the  experiments  and  the  computations. 
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Figure  2.  Visualization  of  primary  circuUtion  at 
the  centre  plane  at  N»0.20/»,  U<«2.6cni/s, 
t— 32min,  using  aluminium  particles  in  salt 
water  with  the  exposure  time  of  68. 
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Figure  3.  Density  profiles  showing  the  penetration  of  a  mixed  layer  into  the  region  of  a  constant 
density  gradient  at  N-0.71/s,U-2.0  cm/s,  O  tt«0:  •  !t=12hour:  ®  ;t=24hour. 
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Figure  7.  VisualizaiioD  of  streamwise  vortices  near  a  density  intei£u:e  in  the  x  a  -x  s  plane  4 
cm  upstream  of  the  downstream  wall  at  N^O^O/s,  U=2.6cm/s,  t»47mia,  using  aluminium 
particles  in  salt  water  with  the  exposure  time  of  4&. 


Figure  8.  Streamwise  vortices  near  a  density  intetfaoe  in  the  3D  computation  at  N-0J2^ 
U=2cm/s  (Rs-6000,  coarser  grids,  with  aide  walls,  B»2D),  (b)  streamwise  vortidty  contours, 
(c)  density  contours  in  the  x  a  -x  s  planes  4cm  upstream  of  the  dowmbeam  wall  at 
txSOOOs. 
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Characteristics  of  turbuience  by  a  breaking  gravity  wave  beiow  its  critical  level 
Andreas  Dornbrack  and  Thomas  Gerz 

DLR,  Institute  of  Atmospheric  Physics,  82230  Oberpfaffenhofen,  Germany  | 


Introduction 


The  generation  of  turbulence  by  overturning  internal  gravity  waves  is  an  important 
factor  in  the  microscale  dynamics  of  the  atmosphere  and  ocean.  For  instance,  the 
overturning  of  internal  gravity  waves  and  the  resulting  turbulence  are  thought  to  be 
the  primary  cause  for  clear-air  turbulence  (Pao  and  Goldburg,  1969)  and  the  occu¬ 
rence  of  thin  turbulent  layers  in  free  atmosphere  (Sato  and  Woodman,  1982:  Nastrom 
and  Eaton,  1993;  Sidi,  1993). 


One  of  the  fundamental  mechanisms  leading  to  the  breaking  of  gravity  waves  and  to 
the  production  of  turbulence  is  the  interaction  of  an  internal  gravity  wave  with  a  critical 
level.  In  a  shear  flow,  a  critical  level  is  the  height  where  the  phase  speed  of  a  wave 
equals  the  mean  flow  speed  (Booker  and  Brethedon,  1967).  As  a  propagating  wave 
approaches  its  critical  level,  the  wave  propagation  is  strongly  suppressed;  the  wave 
amplitude  decays  exponentially  in  the  region  above  the  critical  level  (the  trapping 
effect  of  the  critical  layer).  At  the  critical  level,  all  momentum  of  the  wave  is  trans¬ 
ferred  into  the  mean  motion.  Depending  on  the  excitation  energy  of  the  initial  wave 
field  and  on  shear  and  stratification  of  the  basic  flow,  turbuience  can  be  generated. 


The  gravity  wave  critical  layer  interaction  is  difficult  to  study  observationaliy  in  the  free 
atmosphere  because  of  the  broad  spectrum  of  scales  which  prevent  the  observation 
of  isolated  events.  In  the  stably  stratified  boundary  layer,  the  gravity  wave  critical  level 
interaction  can  only  be  investigated  by  support  of  simple  models.  Nappo  (1991)  pre¬ 
sented  a  climatological  study  of  turbulent  events  over  simple  and  complex  terrain  in 
the  nighttime  boundary  layer.  He  supposed  that  the  major  portion  of  the  frequently 
observed  sporadic  outbreaks  of  turbuience  are  caused  by^  wave-turbulence  inter¬ 
action  near  critical  levels.  Nappo  and  Chimonas  (1992)  used  a  linear  wave  model  to 
support  this  hypothesis  and  to  study  the  wave  exchange  between  the  ground  surface 
and  the  critical  level.  In  the  laboratory,  the  interaction  can  be  observed  under  con¬ 
trolled  conditions  by  defining  wavelength  and  amplitude  of  the  disturbances  and  by 
skilful  set-up  of  the  mean  flow  (Thorpe,  1981;  Koop  and  McGee  (1986);  Delesi  and 
Dunkerton,  1989).  Hitherto,  mainly  two-dimensional  numerical  simulations  of  the 
interaction  have  been  made  (Winters  and  O'Asaro,  1989;  Mobbs  and  Rabbitt,  1992; 
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Andreassen  (1993)  and  Ddrnbrack  and  Schumann  (1994)  confirm  the  finding  of  sta¬ 
bility  calculations  by  Winters  and  Riley  (1992)  and  Lin  et  al.  (1993)  that  a  three-di¬ 
mensional  treatment  of  the  problem  is  necessary. 


In  this  paper,  the  nonlinear  interaction  of  a  vertically  propagating  internal  gravity  wave 
with  the  critical  layer  and  the  subsequent  generation  of  turbulence  are  investigated 
by  means  of  three-dimensional  numerical  simulations.  We  consider  a  constant  shear 
flow  with  zero  mean  over  a  wavy  surface  in  a  stably  stratified  fluid  with  constant 
Brunt-V^SciiS  frequency.  The  length  x,  width  y,  and  height  z  of  the  domain  are 
(1.56, 1.56, 1) H,  respectively.  The  surface  is  sinusoidal  in  x  direction  with  one 
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wavelength  and  amplitude  6  =  0.03H.  At  the  begintting  (time  0),  the  fluid  is  at  rest 
(see,  e.g.,  Fig.  1).  For  t>0,  the  mean  flow  is  towards  the  left  in  the  iower  half  and 
towards  the  right  in  the  upper  half  of  the  domain,  such  that  the  fluid  is  at  rest  at 
z  =  Q.5H.  The  sinusoidal  corrugation  excites  gravity  waves  with  zero  phase  speed. 
Hence,  the  critical  layer  is  situated  at  z=  C.5H.  The  bulk  Richardson  number  Rl  of  the 
mean  flow  just  after  initialization  is  one. 

Based  on  the  successful  comparison  of  a  two-dimensional  version  of  the  model  with 
the  laboratory  obsen/ations  by  Thorpe  (1981)  -  presented  in  Dornbrack  and  Schu¬ 
mann  (1994),  we  discuss  here  results  of  three-dimensional  simulations  for  two  dif¬ 
ferent  models  of  viscosity.  For  a  smooth  breaking,  we  use  a  direct  numerical  simu¬ 
lation  (DNS)  with  constant  viscosity.  The  flow  structure  remains  essentially  two-di¬ 
mensional.  The  mixing  takes  place  as  a  process  of  repeated  rolling-up  of  density 
surfaces.  The  flow  shows  permanently  overturning  waves  which  generate  vertical 
motions  in  a  quasi  periodic  manner  without  real  turbulence.  In  the  large-eddy  simu¬ 
lation  (LES),  the  initial  field  is  randomely  disturbed  and  a  turbulent  viscosity  is  used. 
The  turbulent  viscosity  is  assumed  to  be  proportional  to  the  fluctuation  of  the  local 
shear  and  is  a  function  of  the  Richardson  number.  The  breakdown  of  the  convectively 
unstable  regions  occurs  immediately  after  the  appearance  of  instability  and  three-di¬ 
mensional  small-scale  turbulence  is  generated.  The  mixing  produced  by  the  LES  is 
much  more  efficient  than  the  two-dimensional  counterpart  in  the  DNS. 

The  governing  equations  and  the  numerical  model,  including  Initial  and  boundary 
conditions,  are  described  in  detail  in  Odrnbrock  and  Schumann  (1994).  Here,  we 
restrict  ourselves  to  the  discussion  of  the  simulation  results. 


Results  and  Discussion 

Fig.  1  and  Fig.  2.  depict  the  flow  evolution  by  means  of  contour  plots  of  the  temper¬ 
ature  field  for  DNS  and  for  LES,  respectively.  The  amplitude  of  the  excited  waves 
increases  with  height  (up  to  nearly  35)  but  falls  to  zero  just  below  the  critical  level. 
No  wavy  motion  is  found  above  this  level  which  acts  as  an  absorber  whereby 
momentum  is  transfered  to  the  mean  flow  causing  an  advection  in  the  positive  x-di- 
rection.  This  process  gradually  transports  colder  fluid  over  warmer  fluid,  leading  to 
regions  of  reduced  temperature  gradients  (characterized  by  thickening  of  the  marked 
areas).  The  local  Richardson  number  drops  and  the  regions,  which  are  mostly  found 
above  the  trough,  become  convectively  unstable.  Between  these  sites  of  instability 
the  gradient  Is  enhanced  (characterized  by  thin  marked  areas).  The  resulting  struc¬ 
ture  is  aiso  reported  from  observations  of  Keivin-Helmhoitz  instability. 

The  first  overturning  occurs  at  about  f=  14(„,  where  H/AU  {AU  is  the  velocity 
difference  between  top  and  bottom).  Only  for  times  larger  than  18?^.  the  wave 
structure  evolves  significantly  different  in  DNS  and  LES.  The  uniform  viscosity  case 
shows  a  smoothly  breaking  regime,  which  consists  of  the  repeated  rolling-up  of  con¬ 
tour  lines,  whereas  the  turbulent  viscosity  case  leads  to  a  fully  turbulent  mixed  layer 
below  the  critical  level. 

In  the  DNS,  we  see  no  indication  of  the  onset  of  secondary,  smaller-scaJe  instabilities, 
neither  in  the  statically  unstable  cores,  nor  in  the  braids,  where  a  shear-driven  insia- 
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bility  could  be  possible.  In  fact,  at  t=  36t„,  we  do  observe  small-scale  disturbances 
in  the  braids  over  the  crest.  However,  these  disturbances  are  damped  due  to  vis¬ 
cosity  and  no  further  growth  can  be  observed.  In  the  DNS,  the  main  characteristic  is 
the  continuous  generation  of  overturning  waves  induced  by  shear  and  primary  waves. 
After  the  overturn  of  the  first  wave  between  f=  30  and  365.,,  we  find  a  second 
unstable  region  which  itself  creates  a  smaller  wave  with  growing  amplitude. 

In  contrast  to  the  DNS,  we  see  in  the  LES  that,  when  t<  18t,/,  the  overturning  wave 
breaks  immediately  causing  a  strong  turbulent  mixing  in  the  unstable  regions.  As  in 
the  DNS,  we  observe  a  tendency  to  build  up  a  secondary  wave  structure  at  the  same 
time  and  position.  But  this  structure  is  destroyed  quickly  by  the  mixing.  At  the  end 
of  simulation  we  find  large  areas  of  reduced  density  gradients  but  only  small  portions 
of  the  fluid  are  convectively  unstably  stratified. 


Figure  3.  Typical  vertical  profiles  of  mean  quantities.  Horizontally  averaged  profiles  of 
the  mean  velocity  U,  the  temperature  and  the  Richardson  number  Fti  at 
beginning  of  tlie  simulations  (solid  line)  and  during  the  breaking  (dashed  line). 
Velocity  and  temperature  are  normalized  by  the  corresponding  reference  values. 

Fig  3.  shows  the  horizontally  averaged  profiles  of  the  mean  velocity,  the  temperature 
and  Richardson  number  at  the  beginning  of  the  simulations  and  during  the  breaking 
at  fa40t^for  the  DNS.  Below  the  critical  level  the  mean  velocity  increases  in  time. 
While  the  increase  up  to  about  t=  ZOt^t  is  similar  in  the  DNS  and  the  LES,  the  final 
speed  up  at  f-  40(,/  is  0.01 1 AL/  in  the  DNS  and  just  0.007AU  in  the  LES.  The  layer 
directly  influenced  by  the  momentum  transfer  be^een  the  wave  and  the  mean  flow 
has  a  thickness  of  about  H/4.  Just  below  the  critical  level  the  Richardson  number  is 
much  larger  compared  to  the  initial  value  due  to  the  decreasing  shear  and  the 
increasing  stratification  at  this  altitude.  Below  this  str.bly  stratified  layer,  the  shear  is 
large  and  the  Richardson  number  drops  below  the  critical  value  and  becomes  even 
negative  indicating  a  layer  with  small  or  negative  temperature  gradients. 

Which  instability  -  convective  or  Kelvin-Helmholtz  type  -  is  responsible  for  the 
breaking  event?  Assuming  that  Ri  <  0.25  is  a  necessary  condition  for  the  onset  of  the 
breaking  process,  we  realize  with  Fig.  4  that  regions  with  Rl<  0.25  are  also  regions 
of  weak  lateral  vorticity  (hence,  weak  shear).  Therefore,  also  the  local  temperature 
gradient  must  drop  in  order  to  bring  Rl  below  0.25.  This  suggests  that  the  breaking 


process  is  mainly  caused  by  the  wave-induced  convective  instability  and  not  by  a 
mainly  shear-driven  Kelvin-Helmholtz  instability. 


Figure  4.  Vortical  cross-soction  of  the  vorticity  cOy  (a)  and  the  Richardson  number  Ri  (b) 
at  t=6Qt^  (DNS).  In  (b),  the  dashed  line  is  Ri=0.25,  the  solid  lines  denote  neg¬ 
ative  values.  Same  scale  as  in  Fig.  1 . 


Figure  5,  Profiles  of  the  momentum  flux  i/\V.  (a)  DNS  and  (b)  LES.  The  times  are: 

f-OU _ ;  _ :  r-12U _ ;  f.24U:  _  •  _  : 

_ . 

One  of  the  most  important  features  of  the  absorption  of  a  wave  at  the  critical  level  is 
the  acceleration  of  the  mean  flow.  This  acceleration  requires  a  vertical  gradient  of  the 
shear  stress,  because  hulht-'-difv/Idz.  Idealized  waves  with  infinite  extent  have  an 
uniform  momentum  flux  and  the  gradient  is  zero,  i.e.  on  average  the  fluid  is  never 
forced.  In  our  simulations,  the  profiles  of  Uv/  manifest  a  strong  vertical  structure  (Fig. 
5).  Initially,  the  vertical  flux  of  horizontal  momentum  is  constant  (zero  for  the  dis¬ 
turbed,  slightly  negative  for  the  uniform  viscosity  case).  At  fa6C»/,  the  t/^v'-proflle 
exhibits  vertically  a  wavelike  structure.  Its  amplitude  increases  with  altitude  but 
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slrongly  decreases  to  the  initial  value  just  below  the  critical  level.  Between  t|  =  0.3H 
and  T|  =  0.5H  the  gradient  is  negative  and  large  and  causes  the  strong  acceleration 
of  the  mean  flow.  Due  to  the  wavelike  structure  of  the  profiles,  other  layers  exist 
below  this  region  with  an  accelerated  or  decelerated  motion.  At  f>  the  number 
of  waves  is  increased  and  at  f>  24t„,,  the  shear  stress  is  nearly  uniform  below  the 
critical  level.  After  the  breaking  event,  the  shear  stress  is  heavily  reduced  and 
becomes  negative  in  the  formerly  forced  region^  The  reduction  is  much  stronger  in 
the  LES  than  in  the  DNS.  This  means,  the  turbulent  mixing  (which  now  actually 
includes  the  third  dimension)  in  the  LES  is  much  more  efficient  than  the  more  or  less 
two-dimensional  regime  of  the  DNS. 


Figure  6.  Vertical  cross-section  of  the  (u,w)-vectors  at  different  times  (DNS).  The  mean 
profile  U(z)  is  subtracted  from  tho  local  velocity  field.  Plotted  are  vectors  of  a 
magnitude  from  0.05  to  0.2  U„^  Same  scale  as  in  Fig.  1 . 

Fig.  6  shows  the  vector  plots  of  the  pertubation  velocity  field  in  a  xz-plane  at  four 
different  moments  for  the  DNS.  The  direction  of  the  vector  arrows  above  the  surface 
is  upwards  in  the  positive  x-directicn.  Therefore,  the  vertically  propagating  wave 
carries  small  packets  of  positive  momentum  towards  the  critical  level  (f=  Qtrtt).  At  the 
critical  level  the  momentum  is  transferred  to  the  mean  flow  causing  its  acceleration. 
The  interaction  between  the  fixed  surface  wave  and  the  critical  level  (Ll=0)  can  be 
denoted  as  a  Kind  of  resonance.  The  critical  level  experiences  a  long  lasting  excita¬ 
tion  due  to  the  continious  momentum  deposition  at  just  the  position  where  the  wave 
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encounters  the  critical  level  (t  =  24t,,and  f=  36t,f).  At  other  levels  the  mean  flow  U(z) 
of  the  fluid  prevents  such  an  excitation. 

We  conclude  that  the  differences  in  the  flow  evolutions  due  to  different  simulation 
techniques,  namely  DNS  and  LES,  correspond  to  physical  breaking  events  observa¬ 
ble  in  a  rather  viscous  fluid  (as  DNS)  and  in  a  fluid  with  small  effective  viscosity  (as 
LES). 
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ABSTRACT 

Numerictd  simulations  of  unsteady,  two-layer  flows  past  an  isolated  two-dimensional  ob¬ 
stacle  are  compared  with  laboratory  measurements.  Two  numerical  models  are  considered: 
a  streamfunction-vorticity  formulation  valid  for  a  Boussinesq  fluid,  and  the  SOLA-VOF 
coding  for  the  primitive  equations.  A  detailed  model-data  comparison  of  the  interface  po¬ 
sition  and  drag  force  over  a  wide  Proude  mxmber  range  is  discussed.  Inviscid  runs  with  the 
streamfunction-vorticity  model  accurately  simulate  the  upstream  propagating  disturbances 
and  reproduce  the  interface  displacement  in  the  vicinity  of  the  obstacle.  Model  drag  forces 
from  a  Bernoulli  calculation  agree  with  experimental  forces  over  pent  of  the  Froude  number 
range  considered.  However,  at  higher  Proude  numbers  the  obstacle  drag  is  underestimated 
by  the  model  due  to  neglect  of  viscous  effects.  Simulations  with  SOLA-VOF  axe  generally 
less  accurate  than  with  the  vorticity-streamfunction  model. 
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ABSTRACT 

We  have  studied  the  effects  of  the  Richardson  and  Schmidt  numbers  on  the  mixing 
efficiency  of  decaying  grid  turbulence  in  a  stratified  fluid.  A  scaling  analysis  was  used  to 
predict  how  the  efficiency  should  vary  with  the  grid  Richardson  number /?to,  and  towed  grid 
experiments  were  performed  to  verify  some  of  the  predictions.  Experiments  with  salt  and  heat 
show  that  the  Schmidt  number  has  little  effect  on  the  efficiency  over  the  range  of  Rio 
considered,  a  result  that  can  be  explained  by  comparing  mixing  and  decay  time  scales. 


I.  INTRODUCTION 

One  of  the  fundamental  problems  in  the  study  of  mixing  in  stratified  fluids  is  to 
determine  the  mixing  efficiency,  or  the  fraction  of  the  work  done  on  the  fluid  that  appears  as  a 
change  in  potential  energy.  Different  forms  of  the  efficiency  are  used,  but  we  adopt  a  flux 
Richardson  number  bas^  on  the  mean  potential  energy  change  APE  during  a  turbulent  event 
and  the  toml  work  W  done  on  the  fluid  to  create  the  event: 

R  -  ape 

f  W  (1.1) 

Since  dimensional  analysis  and  simple  physical  arguments  suggest  that  the  efficiency  can  v^ 
with  the  stability  of  the  flow  and  possibly  the  stratifying  agent,  we  review  some  of  the  previous 
studies  of  these  effects  and  extend  them  with  scaling  arid  e^riments. 

Several  studies  have  focused  on  the  effects  of  strstification  on  the  efficiency  of 
turbulence  generated  by  a  grid  towed  horizontally  through  a  linearly-stratified  fluid.  For  weak 
stratifications,  entrainment  arguments  (Linden  1979)  and  a  gradient-transport  analogy  (Brittcr 
1985)  both  yield 


Rf  “  Rio 


(1.2) 


where  the  grid  Richardson  number  Rio  =  N  is  the  initial  buoyancy  frequency,  M  is 

the  grid  mesh,  and  U  is  the  grid  speed.  For  stronger  stratifications,  Brittcr  (1985)  used  results 
from  a  Lagrangian  dispersion  analysis  and  experiments  to  predict  that 
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(1.3) 


Data  for  0.01  <  Rio  <  0.8  (Britter  1985,  Rottman  &  Brittcr  1986)  fit  this  relationship 
reasonably  well,  but  the  exponent  of  a  power  law  fit  to  data  for  3  x  lO'^  <  Rio  <  8  x  lO'^ 
(Barrett  and  Van  Atta  1991)  falls  between  0.5  and  1.  The  behavior  for  stronger  stratifications  is 
even  less  certain:  Linden  (1979, 1980)  believes  that  since  buoyancy  forces  will  suppress  the 
turbulence,  the  efficiency  should  decrease  to  zero,  while  Rottman  &  Britter  (1986)  propose  Rf 
should  approach  a  constant. 

Since  all  of  the  previous  grid  towing  experiments  used  salt  to  establish  the  stratification, 
less  is  known  about  the  effect  of  the  molecular  diffusivity  D  of  the  stratifying  agent.  Oscillating 


grid  experiments  with  a  two-layer  system  (Turner  1968)  showed  that  the  entrainment  rate  for 
turbulence  in  heated  water  exceeds  that  for  turbulence  in  salt  water,  but  an  argument  based  on 
the  range  of  scales  contributing  to  mixing  suggests  that  Sc  should  have  no  effect  when  Sc  >  1 
(Ivey  and  Imberger  1991).  In  faa,  mixing  efficiencies  based  on  rates  of  change  of  potential 
energy  and  work  input  are  independent  of  the  Schmidt  number  for  all  but  the  strongest 
stratSications  (Ivey  et  al.  1994). 

To  unify  previous  predictions  and  explore  the  effects  of  strong  stratification  on  mixing 
efficiency,  we  developed  a  scaling  analysis  Aat  predicts  four  regimes  of  Rf-Rk  behavior,  and 
to  study  effects  of  the  Schmidt  number,  we  compared  time  scales  of  mixing  and  decay.  We 
performed  towed  grid  experiments  in  heat-stratified  and  salt-sttatified  water  to  check  the 
analyses. 


II.  THEORY 

A.  Scaling:  relationship  between  R/and  Rio 

To  derive  relationships  between  R/andRio,  we  relate  the  mean  potential  energy  change 
to  the  vertical  mass  flux  p'  u'j  tlirough  the  equation  for  the  mean  density  and  obtain  an 
expression  for  R/ in  terms  of  a  vertical  overturn  scale  and  a  decay  time  for  the  turbulence.  We 
then  examine  four  regimes  of  turbulence  behavior  to  estimate  the  overturn  scale  and  decay  time. 


1.  General  expression  and  scaling  for  the  flux  Richardson  number 

Computing  the  flux  Richardson  number  from  (1.1)  requires  estimates  for  the  potential 
energy  change  and  the  work  done  by  the  grid.  The  change  in  mean  potential  energy, 

APE  =  g|  x^ApdV 

V  (2.1) 

where  Ap  is  the  change  in  mean  density,  is  the  vertical  coordinate,  and  V  is  the  volume  of  the 
fluid,  can  be  computed  by  multiplying  both  sides  of  the  mean  density  equation  by  gxs  and 
integrating  over  both  the  fluid  volume  and  the  duration  of  the  mixing  event.  For  turbulence 
generated  by  a  grid  towed  in  a  rectangular  tank  with  length  L,  width  B,  and  depth  H,  we  neglect 
mean  flow  and  variations  in  horizontal  directions  and  obtain 
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(2.2) 


The  tenxis  represent  potential  energy  changes  due  to  turbulence,  diffusion  of  the  density  profile, 
and  losses  from  ^he  surface,  respectively.  If  losses  are  negligible  and  the  Peclei  iiumber  Um!D 
is  large  then 


«.H _ 

APE  *  gLBj  |p'u',dx,d: 

0  0  (2.3) 

Rottman  and  Briuer  (1986)  used  a  similar  expression  to  compute  R/  fiom  flux  measurements. 

We  approximate  the  integrals  in  (2.3)  by  simply  multiplying  an  estimate  for  the  vertical 
mass  flux  by  the  depth  and  a  time  for  decay  of  the  turbulence  To-  The  mass  flux  can  be 
replaced  with  a  re.statement  of  the  definition  of  the  vertical  flux  correlation  coefficient 
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R-pw  P  ^  3 


(2.4) 


p'u' 


where  the  tildes  denote  RMS  values.  If  the  horizontal  length  scale  scales  with  the  grid  mesh 
and  horizontal  components  of  the  turbulent  velocity  scale  with  the  grid  speed,  continuity  yields 
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(2.5) 


where  /:  is  a  venical  overturning  scale.  For  all  but  very  strong  stratifications  the  RMS  density 
fluctuation  should  scale  as  the  product  of  the  mean  density  gradient  and  the  vertical  overturn 
scale 


P  ~ 


(2.6) 


where  po  is  the  mid-depth  density.  Then,  since  the  work  done  by  the  grid  can  be  found  by 
multiplying  the  drag  force  Fa  by  the  length  of  the  tow  Lt 


W  =  FqL,  =  4Cj,PoU'bHL,  (2.7 

(where  Co  is  the  grid's  drag  coefficient),  we  use  (2.3)  through  (2.7)  in  (1.1)  and  ignore 
constants  to  obtain 


-  Rpw(h)  NrDKio  (2.8, 

To  relate  the  mixing  efficiency  to  the  grid  Richardson  number  with  (2.8),  we  must 
estimate  die  decay  time  Tp  and  the  vertical  overturn  scale  h.  In  the  next  section,  we  classify  the 
behavior  of  the  turbulence  based  on  the  stratification  strength— or  grid  Richardson  number, 
estimate  the  decay  time  and  vertical  overturn  scale  to  compute  die  mixing  efficiency  from  (2.8), 
and  determine  the  values  of  Rio  for  which  the  behavior  should  change. 


2.  Regimes 

a.  Regime  I:  Weak  stratification 

If  there  is  no  stratification,  there  is  nothing  to  mix,  and  the  efficiency  must  be  zero.  If 
the  stratification  is  weak,  the  turbulence  should  be  nearly  isouopic  and  relatively  unaffected  by 
buoyancy.  Thus,  we  assume  that  the  vertical  and  horizontal  scales  of  the  eddies  are  equal  (A  ~ 
Af),  that  the  decay  time  scale.s  as  the  eddy  turnover  time  (To  -  M/U),  and  that  the  correlation 
coefficient  is  constant  Substituting  these  estimates  in  (2.8)  yields 

“  ^0  (2.9) 


which  agrees  with  (1.2). 


b.  Regime  11:  Significant  stratiticadon 


For  cases  with  stronger  stratification,  we  assume  the  turbulence  is  still  nearly  isotropic 
but  account  for  buoyancy  effects  on  the  decay.  Previous  stratified  turbulence  experiments  (for 
example,  Barrett  and  Van  Atta  1991)  have  shown  that  tiie  decay  time  Tp  is  approximately  tzJN. 
Since  buoyancy  may  also  affect  the  correlation  coefficiait,  we  retain  it  and  obtain 

(2.10) 

If  the  correlation  coefficient  is  independent  of  stratification,  then  Britter's  result  (1.3)  is 
recovered. 

We  can  determine  when  this  regime  begins  by  finding  the  value  of  UtIM  in  an 
unstratified  turbulence  experiment  (Comte-Bellot  and  Corrsin  1966)  for  which  the  same  amount 
of  decay  (which  we  take  to  be  the  value  of  the  streamwise  turbulence  intensity)  has  occurred  as 
in  the  stratified  turbulence  experiments  at  r  =  n/N.  This  process  suggests  the  transition  between 
regimes  I  and  II  should  occur  when  Rio  =  4  x  lO'^. 


c.  Regime  III:  Strong  stratification 

When  the  stratification  is  so  strong  that  vertical  overturns  are  inhibited,  the  largest 
overturn  scale  h  is  the  Ozmidov  scale  Lq  =  (e/tspy^.  Assuming  an  inertial  estimate  for 
dissipation  £  ~  VVM  still  holds--at  least  near  the  grid--and  keeping  the  decay  time  estimate  Tp  - 
V wc  find 


Figure  1.  Schematic  of  the  variation  of  the  mixing  efficiency  with  grid  Tdehardson  number 
and  transitions  between  the  re^mes  as  predicted  by  the  scaling  analysis.  The 
regime  III  behavior  and  highV?to  boundary  are  bas^  on  an  inertial  estimate  for 
dissipation.  Tlie  scaling  does  not  predict  the  magnitude  of  the  efficiency. 


(2.11) 


Rj  Rp^Rlp 

If  the  dissipation  does  not  depend  on  the  grid  mesh  (that  is,  e~  iP-N)  then  the  exponent 
changes  from  -1  to  -1/2.  In  either  case,  the  scaling  supports  Linden's  (1979, 1980)  idea  that 
the  efficiency  reaches  a  peak  and  decreases.  Without  detailed  measurements  in  strongly 
stratified  flows,  we  can  say  only  that  the  peak  should  occur  when  Rio  =  0(1). 


d.  Regime  IV:  Waves  only 

When  the  stratification  is  so  strong  that  the  grid  generates  only  wave.'J,  no  mixing 
occurs,  and  the  efficiency  is  zero.  This  regime  should  begin  when  no  scales  are  turbulent,  or 
when  the  Ozmidov  and  Kolmogorov  scales  are  equal  (sec,  for  example,  Gibson  1980)-that  is, 
Rio  -  0(Re). 


B.  Time  scale  analysis 

Although  the  scaling  analysis  in  section  IIA  predicts  the  effect  of  stratification  on  the 
mixing  efficiency,  it  does  not  give  information  on  the  effect  of  the  Schmidt  number.  To 

investigate  Schmidt  number  effects,  we  compare  time  scales  of  mixing  and  decay  to  determine  ( 

whether  mixing  can  occur  before  the  turbulence  decays.  If  the  ratio  J  of  the  mixing  time  to  the  j 

decay  time  is  small,  mixing  occurs  before  the  turbulence  decays,  and  if  J  is  large,  she  turbulence  1 

decays  before  mixing  can  occur.  We  consider  only  the  So  1  case  here,  although  we  have  also  f 

analyzed  the  Sc  <  1  case.  ' 

We  model  the  muting  as  a  combination  of  two  processes:  stiiring  the  scalar  from  the  ! 

large  scales  to  the  small  and  diffusing  the  scalar  aaoss  the  small  scales.  For  So  1,  stirring 
also  consists  of  two  steps:  stirring  from  the  large  scale  L,  to  the  Kolmogorov  scale  via  the 

energy  cascade  and  stirring  from  the  Kolmogorov  scale  to  the  Batchelor  scale  Lb  via  small-scale  j 

straining.  Estimates  of  the  two  stirring  times  from  BroadweU  and  Breidcnthal  (1982)  and 
Batchelor  (1959),  respectively,  give  a  total  stirring  time 

where  Re^uLjv  and  the  c/s  arc  constants.  Combining  (2.12)  with  the  standard  diffusion 
estimate  Tmd  ~  Lb  gives  the  total  mixing  time.  For  moderate  stratifications  ( Ri  =  {NL,/uf 
<  1),  the  ratio  of  the  mixing  time  to  the  decay  time  {Tp  ~  N  *)  is 

J  =  =  Ri'^^fA, +Re-l/2(A  +  A,logSc)] 

*D  ‘  2  3  J 

where  the  A/s  are  constants  that  can  be  found  from  data  of  previous  experiments. 

In  this  form,  (2.13)  cannot  predict  the  mixing  efficiency,  but  it  docs  show  how  the 
Schmidt  number~as  well  as  the  Reynolds  and  Rich^son  numbers— might  affect  the  mixing. 

Since  J  depends  on  the  logaiithm  of  Sc,  differences  in  mixing  of  heat-stratified  water  and  salt- 
stratified  water  should  be  small  for  moderate  stratifications.  For  stronger  stratifications,  when 
the  largest  overturning  scale  is  the  Ozmidov  scale,  a  similar  analysis  shows  that  Schntidt 
number  effects  may  become  important  when  e/vl^  is  small;  results  from  numerical  simulations 
(Ivey  et  al.  1994)  support  this  prediction. 
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III.  EXPERIMENTS 


A.  Procedures  and  equipment 

To  perfonn  the  experiments,  a  4-m  long,  0.8-m  wide  tank  is  filled  to  a  depth  of  0.35  m 
and  stradfl^  with  linear  distribudons  of  either  s^t  or  heat.  Initial  density  profiles  are  measured 
with  a  Precision  Measurements  Engineering  model  125  temperature-conductivity  probe.  A 
wooden  biplane  grid  with  rectangular  bars,  5-cm  mesh,  and  36%  solidity  is  towed  through  the 
water  at  sp^s  between  4  and  20  cm/s  to  create  turbulence,  and  the  drag  force  on  the  grid  is 
measured  witli  a  Western  Load  Cell  force  transducer  and  integrated  over  the  tow  length  to 
obtain  the  work  done  on  the  water.  After  about  five  minutes,  when  the  motions  in  the  tank  have 
decayed,  the  grid  is  towed  again.  After  a  set  of  four  or  eight  tows,  the  fluid  is  allowed  to  settle 
for  an  additional  twenty  minutes  before  density  profiles  are  measured  at  several  locations  along 
the  centerline  of  the  tank.  The  flux  Richardson  number  is  taken  as  the  slope  of  the  least-squares 
line  fit  to  the  potential  energy  change  after  n  tows 

L  0 

(APE)  -  gBj  J  x-CPn  -  pQ)dx3dx 

o-H  (3.1) 

(where  Pn  is  the  density  profile  after  n  tows)  plotted  against  the  total  work  done  on  the  fluid. 

The  major  uncertainty  is  due  to  heat  losses.  Losses  are  reduced  by  insulating  the  tank 
sides  and  bonom  with  7.S-cm  thick  Styrofoam  and  heating  and  insulating  the  Plexiglas 
enclosure  above  the  water  surface.  With  these  precautions,  the  ratio  of  the  mass  change  in  a 
profile  to  its  initial  value  is  less  than  10~^.  Since  we  use  (3.1)  to  calculate  the  potential  energy 
change,  any  heat  loss  tends  to  decrease  APE.  Estimates  bas^  on  (2.2)  suggest  that  this  error 
can  be  from  1  to  20%. 


B.  Results 

The  results  of  our  experiments  resemble  those  from  other  experiments  in  several  ways 
(figure  2).  Most  of  the  work  done  by  the  grid  (more  than  96%)  is  dissipated,  and  if  the  scaling 
antiysis  is  correct  and  the  efficiency  decreases  for  higher  Pro,  then  an  efficiency  of  about  4% 
should  be  the  maximum.  Also,  density  profiles  evolve  as  in  other  experiments:  Turbulence 
causes  a  flux  along  the  gradient,  and  near  the  top  and  bottom  of  the  profiles,  where  the  fluxes 
must  vanish  (at  least  approximately),  mixed  layers  form.  Additional  tows  cause  the  mixed 
layers  to  entrain  fluid  and  erode  the  gradient  zone. 

Although  the  trends  of  the  data  from  different  experiments  agree,  the  values  can  differ 
by  as  much  as  a  factor  of  three.  Reasons  for  this  discrepancy  include  differences  in  grid 
geometry,  drag  coefficient  estimates,  and  methods  for  computing  the  flux  Richardson  number. 
However,  since  the  profile  evolution  depends  on  tlie  bounc^ry  conditions,  the  most  likely 
explanation  is  that  the  efficiency  depends  on  the  depth,  or  the  length  scale  ratio  HIM,  which 
probably  sets  the  mixed  layer  size.  In  fact,  simply  plotting  the  data  against  Ria  -  (NH/U)'^ 
collapses  data  from  the  different  experiments  to  wiAin  20%  over  most  of  the  range.  To 
suppress  effects  of  HIM,  we  have  used  the  same  depth  for  every  run  shown  in  figure  2. 

The  data  give  some  support  to  the  scaling  analysis.  Power  laws  fit  to  our  salt  water 
data,  heated  water  data,  and  data  from  Btiner  (1985)  and  Rottman  &  Britter  (1986)  for 
5  X  10-3  <  Rio  <  1  give  exponents  between  0.5  and  0.6.  As  long  as  the  vertical  flux  correlation 
coefficient  depends  only  weakly  on  the  grid  Richardson  number,  these  results  agree  with  the 
regime  II  scaling  (equation  2.10).  The  high-Rio  boundary  of  regime  II  may  be  correct  since  the 
data  for  Rio  >  1  suggest  that  the  efficiency  has  reached  a  peak;  however,  more  data  are  needed 
to  investigate  both  the  high  and  low  Rio  behavior  more  thoroughly. 


Figure  2.  Effects  of  stratification  and  Schmidt  number  on  the  mixing  efficiency. 

♦  Present  data-'Salt  water,  •  Present  data--hcatcd  water,  o  Britter(  1985), 
X  Rottman  &  Britter  (1986),  +  Baireit  &  Van  Atta  (1991). 


For  the  range  of  grid  Richardson  numbers  we  have  used,  the  effect  of  the  Schmidt 
number  is  ncgligible-within  the  accuracy  of  our  experiments.  TTic  efficiencies  for  heated  water 
are  up  to  10%  lower  than  those  for  salt  water,  but  as  we  mentioned  in  section  III.A,  heat  losses 
can  leduce  the  potential  energy  change  and  Rf  by  up  to  20%.  ITius,  the  measurements  agree 
with  the  suggestion  of  the  time  scale  analysis  that  Schmidt  number  effects  arc  small  when  Sc  > 
1. 


IV.  SUMNiARY  AND  FUTURE  WORK 


We  have  examined  effects  of  stratification  and  diffusivity  of  the  stratifying  agent  on  the 
mixing  efficiency  of  decaying  grid  turbulence.  We  related  the  efficiency  to  the  grid  Richardson 
number  by  computing  the  potential  energy  change  from  the  mean  density  equation  and 
esumatirig  the  decay  tiine  and  vertical  overturn  scale.  Data  from  towed  gnd  experiments 
suggest  that  tiie  predictions  for  cases  with  significant  stratifications  (regime  II)  are 
approximately  correct.  ITic  experiments  also  confirm  the  idea  from  a  time  scale  analysis  that 
effects  of  the  Schmidt  number  are  small  when  5c  >  1. 


Future  work  includes  investigating  the  behavioral  higher  and  lower /fio,  detennining 
the  dependence  of  the  vcnical  flux  correlation  coefficient  on  Rio,  and  developing  analytical 
work-including  the  time  scale  analysis  and  a  linear  theory-to  predict  the  efficiency  for  the 
regimes  not  accessible  with  experinKnts.  Once  the  simple  case  of  grid  turbulence  is 
understood,  the  efficiency  of  phenomena  more  relevant  to  ocean  mixing,  such  as  breaking 
internal  waves,  can  be  studied. 
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Abstract.  Urban  air  pollution  problems  may  be  analysed  with  a  pronostic  model,  which 
is  able  to  describe  the  evolution  of  the  urban  boundary  layer,  coupled  with  a  dispersion  model 
for  chemically  reacting  pollutants,  which  takes  into  siccount  all  significant  reactions.  A  code 
is  developed  on  the  basis  of  ARPS  (University  of  Oklahoma),  a  3D,  nonhydrostatic  model 
where  fully  compressible  equations  are  solved  with  time-splitting  procedure.  The  set  of  time 
dependent  equations  is  dicretized  in  a  general  coordinate  system,  allowing  a  fine  description 
of  the  terrain.  Subgrid  phenomena  are  parametriaed  with  a  subgrid-scale  mixing  coefficient  for 
momentum  and  scalars  from  a  Smagorinsky-Ltlly  closure  scheme. 

Test  cases  are  carried  out  in  order  to  analyse  phenomenology  and  provide  validation  for 
constitutive  elements  of  the  model  as  regard  dynsmics  evolution.  Isolated  hills  are  classicaly 
used  to  test  the  representation  of  a  complex  terrain  as  well  as  the  production  of  large  eddy 
recirculations  and  the  production  of  orography  induced  wave.  Various  cases  of  stratification 
are  considered  and  compared  against  known  solutions. 

Then,  an  idealized  valley  is  simulated  to  highlight  geographical  effects  on  the  local  winds. 

1.  INTRODUCTION.  The  specific  attention  to  the  urban  air  quality  is 
due  to  increasing  photochemistry  events  especially  in  cities  located  in  deep  val¬ 
leys.  Among  the  various  pollution  sources,  road  traffic  is  usually  the  predominant 
one,  associated  vnth  disadvantageous  topographical  and  climatological  charac¬ 
teristics  of  the  city.  The  dynamics  of  the  atmosphere  above  such  sites  is  mainly 
governed  by  local  thermal  conditions  with  weak  synoptic  influence,  and  wind  di¬ 
rection  determined  by  the  valley  configuration.  Pollution  problems  are  mostly 
associated  to  low  wind  conditions,  with  significant  stratification  including  often 
an  inversion  layer.  Pollutants  emitted  into  this  inversion  layer  can  build  to  high 
concentrations  because  of  the  trapping  between  the  valley  slopes,  and  can  be 
harmful  for  people,  animals,  and  plant  life. 

Because  of  the  large  structural,  temporal,  and  spatial  variability  of  the  ur¬ 
ban  lower  atmosphere,  it  appears  that  measurements  will  not  suffice  to  assess 
and  to  predict  the  flow  structure,  the  dispersion  processes,  and  the  air  quality  or 
pollutant  contents,  and  their  impact.  The  improvement  of  the  knowledge  of  the 
combined  physics  and  photo-chemistry  of  the  urban  atmosphere  rall.i  for  the  de¬ 
velopment  of  a  new  generation  of  numerical  simulation  codes  taking  into  account 
natural  complex  terrain,  modelized  heterogeneous  urban  canopy,  parametrized 
eddy  mixing  at  subgrid  scales  and  urban  characteristic  chemistry.  The  develop¬ 
ment  of  sub-meso  scale  models  (i.e.  scales  up  to  20  km,  where  the  atmospheric 
flow  is  strongly  influenced  by  the  orography  and  the  ground  characterization) 
will  allow  to  study  the  interactions  of  the  city  fabrics  and  urban  sources  of  heat 
and  pollutants,  with  the  surrounding  orography.  This  is  a  special  importance  for 
the  cities  located  in  valleys  where  the  urban  radiative  budget  interacts  with  the 
along-valley  2md  katabatic  cross-valley  winds. 
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Such  code  is  under  development  within  a,  national  collaborating  project,  on 
the  basis  of  ARPS  (Advanced  Regional  Prediction  System,  University  of  Ok¬ 
lahoma),  a  3D,  non  hydrostatic  model  where  fully  compressible  equations  are 
solved  with  time  splitting  procedure.  Although  our  code  (ARPS-SM)  is  devoted 
to  the  simulation  of  the  atmospherical  dynamics  within  complex  orography,  a 
hrst  step  is  dedicated  to  its  validation  on  more  simplified  flows  with  well  mau'ked 
effects  of  buoyancy  and  where  the  geographical  effects  govern  the  local  dynamic. 

The  flow  over  an  isolated  hill  is  the  simpliest  and  the  most  studied  atmo¬ 
spherical  test  case  in  which  the  buoyancy  forces  play  a  major  role.  The  aim  of  this 
study  is  to  analyse  the  gravity  waves  due  to  the  displacement  of  air  parcels  above 
hill  within  a  stably  stratified  atmosphere.  These  so-called  mountain  lee-waves 
have  been  observed  in  mountaineous  regions  all  over  the  world  and  predicted 
by  numerous  codes  (for  example  [4]  and  [11]  ).  For  various  cases  of  stratification 
(characterized  by  the  atmospherical  Froude  number)  the  predicted  response  of  the 
atmosphere  can  be  compared  to  both  analytical  solutions  or  previous  numerical 
results,  in  order  to  validate  the  ARPS-SM  code. 

Beside  this  validation  aspect,  first  results  of  simulation  within  a  stylized 
valley  hightlight  the  geographical  effect  on  the  development  of  local  winds,  and 
the  trapping  effect  due  to  a  specific  atmospherical  situation  characterized  by  an 
inversion  layer.  This  last  configuration  tends  to  represent  the  Isere  valley  located 
on  the  North-East  part  of  Grenoble.  As  all  deep  valleys,  the  dynajnics  of  the 
atmsophere  is  strongly  influenced  by  the  diurnal  and  complex  evolution  of  the 
stratification. 


2.  THE  SET  GF  EQUATIONS.  At  the  sub-meso  scales,  the  dyuanuc 
fields  keep  up  with  a  mean  anelastic  continuity  equation  {d{pUi)fdxi  —  0.).  The 
density  fluctuations  act  with  a  very  small  time  constamt  to  bring  back  the  flow 
to  a  non  divergent  .state.  Therefore,  the  least  auicurate  set  of  equations  is  the 
Boussinesq  system,  which  will  be  a  poor  approximation  unless  the  vertical  scale  is 
less  than  the  density  scale  height.  The  Boussinesq  system  was  probably  the  most 
used  for  atmospheric  applications.  But  now  with  the  new  numerical  developments 
and  the  new  scales  of  interest,  it  is  thus  necessary  to  go  further  than  the  classical 
Boussinesq  hypothesis  to  take  into  account  of  a  more  complete  thermodynamic 
in  order  to  simulate  flows  at  sub-meso  scales  where  the  local  density  variations 
can  be  of  the  order  of  uiaguitude  of  the  varlatious  of  the  meau  gradient. 

The  type  of  numerical  solver  is  then  dependent  on  the  type  of  the  physical 
restrained  hypothesis.  As  we  mentionued  above  the  effect  of  acoustic  waves  is  not 
relevant  at  our  studied  scales.  Historically,  nonhydrostatic  model  using  anelastic 
equations  [7]  where  sound  waves  are  filtered  out,  were  first  put  into  practical 
use.  In  the  late  1970s,  along  with  the  advancement  of  computer  science  and 
techniques  of  numerical  computation,  nonhydrostatic  models  using  compressible 
equations  where  sound  waves  were  not  filtered  out  were  developed  and  put  into 
practical  use.  Taiiguay  et  al.  [12]  treated  the  terms  related  to  sound  waves  semi- 
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implicitly  in  both  the  horizontal  and  vertical  direction,  whereas  Klemp  et  al.  [5] 
used  a  so-called  "time  splitting”  technique  in  which  the  sound  waves  are  explicitly 
time  integrated.  The  interest  of  this  last  approach  is  the  explicit  formulation  of 
the  pressure  which  avoids  the  inversion  of  a  complex  matrix  at  each  time  step. 
Moreover,  this  technique  is  easier  to  be  implemented  on  the  parallel  or  vector 
computers. 

2.1.  The  governing  equations.  The  3D  non  hydrostatic  governing  equa¬ 
tions  of  ARPS-SM  include  the  prognostic  equations  for  momentum,  pressure, 
potential  temperature  and  the  equation  of  state. 

A  base  state  (PniQmPn)  is  defined  to  be  horizontally  homogeneous,  hydro¬ 
static  and  time  invariant. 

.  .  P(x,y,z,f)  =  APix,y,z,t)  +  Pniz) 

'  ^  Q(x,y,  2,  t)  =  AQ{x,  y,  z,  t)  +  ©^(z) 


with  dPJdz  =  —(fn9  an<i  Pn  =  pnR^n  (^)  **•  hn  this  paper,  P,  st2md3 

for  the  3  components  of  the  velocity,  0  is  the  potential  temperature,  P  is  the 
total  pressure  whereas  AP  is  the  perturbation  pressure,  p  stands  for  the  fluid 
density,  c  is  the  sound  velocitj,  y  is  the  kinematic  viscosity,  R  and  Cp  are  the 
universal  gas  constant  and  the  specific  heat  at  constant  pressure.  /,•  represents  the 
Coriolis  contribution  terras  within  the  momentum  equations,  whereas  P,-  stands 
for  the  buoyancy  force.  The  source/sink  term  Se  represents  the  contribution  from 
radiation  and  any  other  heating/  cooling  process. 

The  {$)  variable  denotes  the  large  scale  field  of  the  variable  $  after  the  filter¬ 
ing  operation  using  A  as  the  characteristic  length  of  the  filter  (  A  =  (A*AyA,)'''^). 
The  subgrid-scale  field  is  noted  The  variable  $  is  thus  substituted  by  $  = 
{$)  H-  (j)  and  the  equations  are  written  as  : 


(2) 


dm  ..j.ern  _  1  d{P) 

at  dxj  "  {p)  dxi 
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Since  the  pressure  is  directly  responsible  for  the  mass  balance  in  the  system 
through  the  pressure  gradient  forces  in  the  momentum  equations  (2),  it  should 
be  accurately  predicted.  For  this  reason,  the  pressure  is  chosen  over  density  cis 
the  prognostic  variable  and  diagnose  density  from  temperature  and  pressure  (eq. 
5).  The  pressure  equation  (3)  is  obtained  by  taking  the  material  derivative  of 
the  equation  of  state  and  replacing  the  time  derivative  of  density  by  velocity 
divergence  using  the  mass  continuity  equation. 

The  determination  of  the  subgrid  scale  turbulent  fluxes  (momentum  (u.Uj) 
and  heat  (u,'0)  )  is  based  on  the  eddy  viscosity  concept  calculated  with  the  clas¬ 
sical  Smagorinsky/Lilly  expression  [9]. 


(u.-Uj)  =  :^k,gSij  -  vt 


dxj  dxi  } 


dxi 


where  : 

*  the  subgrid-scale  kinetic  energy  is  defined  with  : 


A:„  =  2(0.43Af 


,(dm  ^ 


dxj  dxi  ) 

*  the  subgrid'Scale  eddy  viscosity  is  parametrized  as  : 


‘'t 


^  uXj  oXi  ! 


*  the  subgrid-scale  eddy  diffusivity  is  given  by  :  lU  =  VtjPrt  . 

N  and  Prt  stand  for  the  Brunt  Vaisala  frequency  and  the  turbulent  Prandtl 
number  respectively. 

2.2.  The  numericcJ  method.  The  governing  equations  are  written  in  a 
curvilinear  coordinate  system  (^,  ??,  that  is  orthogonal  in  the  horizontal  plane. 
The  spatial  discretization  uses  a  second-order  quadratically  conservative  spatial 
differences  on  the  Arakawa  C-grid  [1].  The  time  integration  is  totally  explicit 
in  time  and  is  made  by  means  of  the  so-called  ’’time  splitting”  tscbnique  [5]. 
The  equations  are,  therefore,  split  into  sound-wave  and  gravity-wave  components 
with  sound  wave  components  being  time-integrated  with  a  small  time  step,  and 
remaining  terms  being  evaluated  with  a  large  time  step.  The  temporal  discretiza¬ 
tion  is  carried  out  by  the  second-order  leapfrog  scheme  with  Asselin  time  filter 
[2]  at  each  iteration  on  the  big  time  step. 

2.2.1.  Boundary  conditions.  The  ground  is  the  only  boundary  associated 
with  the  mountain  wave  problem.  We  require  the  normal  velocity  to  vanish  at 
the  surface. 

The  radiation  boundary  condition,  which  requires  that  all  energy  transport 
be  dii'ected  out  of  the  domain,  is  approximated  at  the  upper  boundary  through  the 
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Rayleigh  damping.  In  the  absorbing  layer  (zi  <  z  <  Zf),  only  the  perturbations 
of  a  variable  from  its  upstream  value  are  damped.  The  damping  terms,  which 
are  added  to  the  right-hand  side  of  equations  (2  and  4),  are  : 


=  r(z)($  -  $)  with  t(z)  =  a  ^ 


1  —  cos 


Z  -  Zb 


Zt  - 


The  finite  difference  formulation  requires  lateral  boundary  conditions  in  which 
the  inflow/outflow  must  be  correctly  parametrized.  The  lateral  boundary  condi¬ 
tions  are  similar  to  the  wave  permeable  boundary  conditions  proposed  by  Orlan- 
ski  [8].  The  formulation  of  the  phase  velocity  is  based  on  the  work  published  by 
Thompson  [13]. 


2.2.2.  Initial  conditions.  At  the  initial  time,  t=0.,  all  the  prognostic  vari¬ 
ables  are  initialized  to  the  those  dehning  the  base  state  atmosphere. 


3.  DEVELOPMENT  OF  MOUNTAIN  LEE  WAVES.  This  part  con¬ 
cerns  the  analysis  of  the  different  thresholds  of  mountain  lee  wave  appearance  over 
a  2D  hill  obtained  with  3D  simulations.  The  obstacle  is  defined  by  ; 


where  h  is  the  mountain  height  and  L  is  the  mountain  half  width  at  half- 
height.  The  atmospheric  flow  U  at  the  inlet  is  uniform  with  height,  and  we 
consider  the  Brunt-Vaisala  frequency  N  constant  in  the  vertical  section.  At  the 
scales  of  interest  (17  =  5  mls,L  =  2  Am),  the  Rossby  number  (i?o  =  Ul fL)  is 
much  greater  than  unity,  therefore  the  Coriolis  force  within  eq(2)  is  neglected. 

The  2D  test  case  is  probably  the  most  studied  but  not  as  clearly  resolved. 
When  we  want  to  evaluate  the  atmospheric  model  performances,  it  is  natural  to 
choose  a  configuration  for  which  linear  and  non  line^u■  analytical  solutions  have 
been  obtained.  We  can  thus  vahdate  our  arbitrary  decisions  such  as  the  numerical 
method,  the  initialization,  the  boundary  conditions  ... 

The  nondimensioual  height  or  Froude  Number  F  =  Nh/U  acts  only  as 
an  amplitude  factor  in  the  linear  theory  [10]  developed  for  not  elevated  relief 
{Nh/U  «  1),  whereas  the  nondimensional  width  NL/U  gives  the  structure  of 
the  flow.  For  small  value  of  this  number,  no  energy  is  transferred  in  the  vertical, 
the  vertical  perturbation  is  thus  absorbed.  For  value  around  unity,  non  hydro¬ 
static  effects  are  well  marked,  the  energy  is  propagated  downhill  and  vertically. 
For  higher  value  of  NL/U,  the  energy  is  propagated  straight  up.  We  chose  to  val¬ 
idate  the  code  on  this  last  configuration  described  by  an  analytical  expression.  In 
fig.  1,  the  iso-0  obtained  from  the  analytical  solution  (a)  and  from  the  simulation 
(b)  are  compared.  The  height  h  is  chosen  in  order  to  be  within  the  scope  of  the 
hydrostatic  hypothesis  (i.e.  F  «  I,  F  =  0.5  ).  The  wave  structure  (wavelength 
and  phase)  is  correctly  predicted  with  a  slight  underestimation  of  the  wave  am- 
pliiude.  The  magnitude  of  the  vertical  velocity  is  higher  in  the  simulation,  which 
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tends  to  amplify  the  velocity  close  to  the  ground.  The  results  obtained  by  Stein 
[11]  with  the  hydrostatic  model  PERIDOT  show  the  same  tendency. 

The  Long  model  [6]  takes  into  account  the  non  linear  effects,  and  can  thus 
predict  the  destabilization  of  the  vertical  potential  temperature  profile  due  to 
higher  obstacle.  The  non  linearities  are  directly  responsible  of  the  iso-©  bending 
which  can  produce  the  destabilization  of  the  initially  stable  vei  cical  profile.  The 
Froude  number  F  =  NhfU  gives,  in  this  Ccise,  the  structure  of  the  flow.  This 
theory  is  valid  for  2D  flow,  and  uniform  U  and  N  profiles.  The  critical  Froude 
number  is  determined  as  the  wave  breaking  threshold,  and  found  equal  to  0.85 
for  a  2D  bell  mountain.  This  threshold  has  to  be  compared  to  the  unity  value 
predicted  with  the  linear  theory.  Thus,  the  non  linearities  tend  to  break  the  wave 
for  lower  obstacle  than  the  linear  theory.  For  F  >  Fcritt  the  flow  is  subjected 
to  important  modifications.  In  fig.  2,  we  present  the  calculated  longitudinal 
component  of  the  wind  and  the  iso-0  for  F  =  1.4.  We  observe  a  strong  increase  of 
the  wind  close  to  the  ground  and,  the  creation  and  then  the  downhill  propagation 
of  a  "hydraulic  jump”  predicted  by  the  Long’s  theory.  These  modifications  could 
be  responsible  of  the  storms  (after  [3])  such  as  the  one  in  Boulder  in  1972,  with 
intense  winds  near  the  ground,  and  developed  turbulence  in  altitude  close  to  the 
wave  breaking  regions.  For  even  higher  hill  (Fig.  3,  results  of  the  simulation 
for  F  =  2.0),  the  flux  deceleration  is  more  and  more  marked.  The  flux  is  then 
stopped  onto  the  obstacle,  the  lower  level  air  layers  do  not  have  enough  kinetic 
energy  to  overcome  the  buoyancy  force  which  tend  to  prevent  them  to  get  over  the 
obstacle.  This  type  of  atmospherical  situation  can  further  intense  photochemical 
episode  by  the  pollution  trapping  upwind  of  the  hill.  The  threshold  of  the  air 
block  can  not  be  predicted  by  the  Long’s  theory.  Our  results  have  been,  then, 
compared  with  Stein  [11]  and  show'  the  saune  behavior. 

4.  VALLEY  GENERATED  LOCAL  WINDS.  Valleys  create  their  own 
climates  by  containing  and  channeling  airflow  within  their  physical  boundaries 
and  by  uaving  different  radiation  budgets  on  their  valleys  slopes.  It  is  important 
to  study  and  understand  valley  microclimates,  mainly  in  relation  to  air  pollution 
and  land  use  planning  considerations.  Very  little  previous  work  has  been  done 
in  modeling  strong  inversion  conditions  within  small  valleys.  For  a  first  study, 
we  have  thus  considered  an  idealized  valley  described  in  fig.  4.  The  initial 
conditions  axe  that  a  zero  wind  flow  atmosphere  with  a  stable  stratification  {N  — 
10"^s  above  the  inversion  layer  initially  located  at  z  =  1800m.  The  west 
side  of  the  valley  is  warmed  up  due  to  the  solar  radiation  {Q  —  350lV/?7j‘), 
whereas  the  opposite  slope  is  still  subjected  to  the  nocturnal  radiative  cooling 
(Q  =  -SOOW/m^).  These  radiative  fluxes  are  remained  constant  during  the 
simulation.  This  simple  configuration  tends  to  reproduce  the  sunrise  in  the  North- 
East  valley  of  Grenoble.  A  more  realistic  study  should  take  into  account  time- 
dependent  radiative  fluxes.  Fig.  6  highlights  some  characteristics  of  local  winds 
within  a  valley  after  two  hours  of  simulated  time.  The  differential  solar  heating 
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of  the  valley  slopes  generate  purely  thermal  effects  such  as  the  slopes  winds 
(anabatic  wind  along  the  west  side;  and  katabatic  wind  on  the  opposite  side), 
and  the  along  vsiiiey  wind  (also  called  drainage  wind)  due  to  the  valley  ground 
slope.  The  order  of  magnitude  of  these  local  winds  is  in  good  agreement  with 
observations,  i.e.  1  to  8  m/s. 

5.  CONCLUSION.  Geographical  effects  have  been  validated  on  both  the- 
oritical  analysis  and  experimental  observations.  Air  pollution  problem  is  essen¬ 
tially  associated  to  the  local  climatology,  and  therefore  to  the  terrain  genera, ted 
winds  for  cities  located  within  complex  terrain.  The  present  results  highlight 
the  appropriateness  of  ARPS-SM  to  simulate  air  flow  at  urban  scale.  The  fu¬ 
ture  developments  will  deal  with  a  better  description  of  the  nature  of  the  ground 
(parametrization  of  the  city),  and  the  coupling  with  a  simple  dispersion  model 
for  chemically  reacting  pollutants  which  will  take  into  account  all  significant  re¬ 
actions  occuring  in  the  considered  area. 
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Fig.  1.  Iso-Q,  F  Q.5,NL/U  =  10.,  a)  analytical  solviion,  h)  simnlaiion. 


Flc.  2.  Breaking  wave  caae,F  =  IA,NL/U  —  10.,  a)  longitudinal  velocity,  b)  iso 


Fig.  3.  Blocked  wave  case,  F  =  2.,NLlU  ~  10.,  Longitudinal  velocity. 


Fig.  4.  a)  Configuration  of  the  valley,  b)  Wind  field  within  the  valley 
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Full  field  DPrv  measurements  of  strongly  stratified  grid  tuibulenoe  have  been  caiiieil  out  for 
long  times  (up  to  Nt~1000).  (}uasi-2D  vortices  were  formed  that  were  sqmraied  vertically 
by  strong  boruootal  vortex  sheets.  Dissipation  scales  were  resolved  and  an  attempt  has  been 
made  to  detennine  the  relative  dissipation  fiactions  in  the  horizontal  and  vertical  planes.  A 
simple  vortex  model,  tuvolving  a  dense  packing  of  discus  shaped  structures  connected  by 
vortex  ling!  that  alternate  between  horizontal  and  vertical  orientation,  is  shown  to  be 
consistent  with  the  observed  velocity  and  vorticity  fields  as  well  as  the  ratio  of  the  measured 
vorticity  and  length  scales  in  orthogonal  planes. 

Introduction 

In  the  low  Froude  number  regime,  one  hypotliesis  for  the  approach  to  the  final  state  of 
stratified  turbulence  characterizes  it  as  a  field  of  quasi  2D  vortices  the  members  of  which  grow 
in  time  by  p<uiing,  see  Maxworthy,  Caperan  and  Spedding  [1987],  Yap  &  Van-Atta  [1993]. 
Many  experiments,  see  the  review  of  Hopfinger  [1987],  have  characterized  the  initial  collapse 
and  the  statistical  properties  at  early  times.  Numerical  simulations  by  Metals  &  Hening 
[1989],  Lelong  &  l^ey  [1991]  have  more  carelully  examined  the  vertical  structure,  and  the 
distribution  of  energy  between  wave  and  vortical  modes.  Experiments  by  Liu,  Maxworthy  & 
Spedding  [1987],  and  Browand,  Guyomar  &  Yoon  [1987]  have  provided  information  on  the 
vertical  spacing  of  these  vortical  structures.  Such  structures  are  thought  to  model  those  found 
in  a  stratiilied  ocean,  where  they  would  be  interacting  with  mixing  events  coveting  a  wide 
range  of  scales  in  both  space  and  time.  The  present  experiments  provide  data  for  comparison 
with  numerical  simulations  and  oceanic  observations  as  well  as  for  addressing  the,  as  yet 
unaitswcred  question  concerning  the  importance  of  the  vertical  coupling  between  horizontal 
layers. 

Experimenis 

The  experinrents  were  performed  in  a  2.4  m  square  tank  that  was  linearly  stratified  to  a 
depth  of  IS  cm  with  salt  water.  A  rake  of  vertical  flat-plates,  of  width  W=3.8  cm  and  mesh 
spacing  M^'IS  cm,  was  towed  the  full  length  of  the  tank.  The  vertical  pistes  minimized 
internal  wave  generation  atul  were  chosen  over  rods  os  they  provide  a  well  defined  separation 
point,  independeot  of  the  towing  speed.  Stepper  motors  ^ove  both  the  rake  and  a  profiling 
conductivity  probe  used  to  measure  the  density  gradient  before  and  after  each  run.  The  good 
repeatability  attained  by  this  automated  set  up  allowed  the  velocity  fields  in  the  horizontal  and 
vertical  planes  to  be  measured  in  separate  realizations  of  the  same  experiment.  A  high 
resolution  Digital  Particle  Image  Velocimetry  (DPIV)  system  was  developed.  This  system 
was  carefully  optimized  to  maximize  the  measurable  range  of  scales  and  vdoddes  by  using  a 
combinadon  of  simulated  and  experimental  flows.  Under  opdnuim  condidons  the  measured 
mean  rms  error  on  vdocity  is  less  than  2%  (Fincham  &  Spading  [1994]).  Fig.l  shows  the 
experimental  facility  and  the  orientadon  of  the  measurement  planes  described  bdow. 

The  measurements  in  the  horizontal  plane  were  made  by  densely  seeding  the  cential 
isopycnal  with  polystyrene  beads  of  diameter-SOO  micron  and  deiisity  1.0473</3<1.0477  and 


lighting  uniformly  from  above.  This  technique  requires  no  light  slice  (or  refractive  index 
matching)  and  measurements  of  horizontal  velocity  were  obtained  on  an  isopycnal  surface. 
Two  CCD  cameras  were  synchronized  in  time  to  simultaneously  resolve  both  the  small 
dissipation  scales  and  the  larger  flow  features. 

Vertical  plane  measurements  were  made  in  a  20  cm  x  1 5  cm  rectangle  located  in  the 
center  of  one  end  of  the  tank  parallel  to  the  rake.  The  fluid  was  seeded  with  micro- 
encapsulated  Rhodamine  particles  of  diameter  ~S0  fi.  An  osdllaticg  mirror  was  phase  locked 
to  a  single  CCD  camera  and  used  to  scan  a  thin  vertical  sheet  of  monochromatic  laser  light 
across  the  test  area.  This  arrangement  allowed  effective  pulsing  of  the  light  sheet  without  the 
complications  associated  with  mechanical  shuttering  mechanisms. 

Pairs  of  images  were  acquired  direct  to  PC  memory  at  64  logarithmically  spaced  time 
steps  over  the  typical  30  mimite  duradou  of  each  experiment.  Over  6000  images  were 
processed  using  a  2D  spatial  aoss  correlation  to  track  groups  of  particles  between  image 
pairs.  Each  resulting  vdodty  field  was  visually  verified  for  “possible"  wrong  vectors  before 
being  fit  with  a  2D  smoothing  spline  (Spedding  &  Rignot  [1993])  and  spectrally  "fiip-filtered" 
to  remove  grid  scale  fluctuations  caus^  by  pixel  locldug  bias  errors  (Fincham  &  Spedding 
1994).  Horizontal  and  vertical  data  planes  were  adjusted  to  a  common  origin  in  time  based  on 
the  location  of  the  rake,  statistical  quantities  could  tl^en  be  computed  utilizing  data  firom  both 
planes.  Due  to  the  discrete  sampling,  it  was  often  necessary  to  fit  quantities  Irom  one  plane 
with  a  continuous  function  of  time  so  as  to  obtain  values  at  times  corresponding  to 
measurements  in  the  orthogonal  plane. 

Experiments  were  performed  for  towing  speeds  of  0.^,  1,  2,  4  and  8  cm/s  arxd  density 
gradients  with  buoyancy  frequencies,  N,  of  1  and  2  rad/s.  The  initiel  Reynolds  number  (Re^) 
range,  based  on  the  m«h  spacing  M,  and  Froude  number  (Fr)  range,  based  on  die  bar  widtii 
W,  were  700<  RjCm  <  12,000  and  0.1  <  Fr  <  2. 

Results  &  Discussion 

For  a  constant  value  of  N,  a  noticeable  change  in  horizontal  and  vertical  structui  e  was 
observed  as  the  towing  speed  was  increased.  This  was  associated  with  the  individual  wakes  of 
the  rake  bars  undergoing  a  transition  to  turbulence.  Even  after  long  times  these  differences 
were  still  evident  in  the  kinetic  energy  decay  rates.  A  general  description  of  the  flow  at  low 
and  high  Reynolds  number  will  be  followed  by  a  more  detailed  analysis  of  the  viscous  energy 
dissipation.  Vortex  interactions  are  then  investigated  with  the  help  of  a  simple  3D  vortex 
model. 


General  structure 

At  low  Re,^  [0(1  (P)]  a  regular  von  Karman  type  of  vortex  shedding  was  observed  in 
the  horizontal  plane.  The  structures  foimed  in  this  way  immediately  grouped  togetlier  in  a 
complex  sea  of  opposite-signed  vortices,  Fig.2(a),(b).  Tlrere  was  an  apparent  transfer  of 
etiergy  to  laiger  scales  as  vortices  grew  by  pau lug  and  diuusion  until  liinitcd  by  the  sze  of  the 
tank,  Fig.2(c).  The  shed  vortices  immediatdy  became  unstable  in  the  vertical  plane  as  can  be 
seen  from  the  inflections  in  the  velocity  profile  in  Fig.3(a);  they  quickly  sheared  apart 
producing  multiple  layers  of  eddies  Fig.3(U).  These  layers  were  characterized  by  strong 
horizontal  vorticity  which  has  the  sheet  like  appearance  shown  in  Fig.3(c).  Vertical 
interactions  appeared  to  play  a  major  role  in  the  development  of  the  flow  and  specific 
instances  of  merging  of  like  signed  vortex  sheets  were  observed  at  all  Reynolds  numbm.  At 
low  speeds  the  vertical  rake  bars  produced  little  vertical  velodtv,  but  the  fluctuating  nns 
velocities  w  and  u  decayed  at  the  same  rate,  Fig.4(a).  Horizontal  length  scales  were 


computed  from  the  integral  of  the  longitudinal  two-point  velocity  corrdlation  function.  This 
integral  scale  was  found  to  agree  with  a  mean  vortex  diameter,  D,  computed  from  a  vortex 


counting  aigoiithm,  Fig.S.  A  vertical  length  scale  was  obtained  fi’om  averaged  vertical  power 
spectra  of  the  horizontal  component  of  vorticity.  Vertical,  transverse  two-point  vdocity 
correlations  indicated  an  ^proximately  sinular  scale,  which  corresponded  to  some  mean 
spacing  of  like  signed  bands  of  vorticity  and  is  henceforth  equated  to  the  vortex  thickness.  Tv . 
Due  to  the  small  sampling  area  of  the  vertical  light  sheet  the  determination  of  this  vertical 
scale  was  noisy  and  biased  toward  thicker  bands  (larger  scales  contain  more  energy  in  the 
spectra)  but  in  general,  it  seems  to  agree  quite  well  with  that  obtained  from  a  manual  counting 
niethod. 

At  higher  Re,^  [O(10^)]the  flow  was  initially  fully  turbulent  inunediately  behind  the 
rake  bars.  Coherent  horizontal  vortex  structures  emerged  from  the  collapsing  wakes  as  the 
vertical  velocity  component  was  suppressed  by  buoyancy  forces.  Quasi-2D  vortex  pairings 
were  accelerated  due  to  the  shorter  eddy  turnover  times  and  D  initially  grew  more  quickly 
than  in  the  low  Re  runs,  Fig.S.  In  the  vertical  plane  the  layers  were  well  developed  by  the 
time  of  the  first  measurement,  vertical  overturning  was  evident  and  continued  until  the  local 
minimum  gradient  Richardson  number  was  greater  than  1,  Fig.6.  Initially  w  decayed  more 
quickly  than  u  but  after  Nt~30  they  both  decayed  at  sqjproximately  the  same  rate.  Fig. 4(b). 
Shearing  between  layers  was  large  and  the  horizontal  rms  vorticity  Ok  was  a  factor  of  three 
times  stronger  than  the  vertical  tins  vorticity  of  the  larger  horizontal  structures  themselves  cot . 
Energy  Decay 

The  rate  of  decay  of  kinetic  energy  per  unit  volume,  £,  can  be  determined  from  a 
power  law  fit  of  the  £(0  data  from  both  t^  horizontal  and  vertical  planes.  Decay  rates 
varied  from  t’*  '*  to  r*  as  Re^  was  inacased  from  10^  to  10^.  Energy  was  lost  primarily  to 
viscous  dissipation  and  a  small  increase  in  the  mean  potential  energy  ^e  to  a  buoyancy  fiux 
caused  by  small  scale  vertical  mixing.  Whitehead  (1993),  measured  mixing  efficiencies  for  a 
stratified  tank  stirred  by  a  single  cylindrical  rod,  and  extrapolating  from  his  data,  it  is  estimated 
that  less  than  5%  of  the  kinetic  energ)'  input  by  the  rake  is  used  for  mixing.  This  is  also 
consent  with  our  own  conductivity  measurements.  Furthermore  any  such  mixing  will  occur 
in  the  very  early  stages  of  the  experiment  right  behind  the  grid,  before  our  data  acquisition 
process  has  started.  Other  losses  ^e  to  fiiction  on  the  sdde  walls  and  floor  of  the  tank,  cannot 
be  avoided  but  are  believed  to  be  small. 

Viscous  dissipation  due  to  in-plane  velocity  gradients  can  be  computed  from  the  strain 
rate  tensor,  sij,  where  dissipation  due  to  gradients  in  a  plane  normal  to  the  unit  vector,  k,  is 
given  by; 

[1]  €k  =  -2vsm  i,J*k  where  st/=  • 

For  isotropic  homogeneous  turbulence,  pure  straining  can  be  related  to  simple  shear  by, 


(f )'  =  =  sKf )'  [Batchelor  (1953)  pg.  110], 

and  from  coolinuity, 

(f )*  =  -2fl  [Lamb  (1932)  pg.  580], 

hence,  the  total  dissipation  Got  can  be  expressed  in  terms  of  ,  and  the  in-plane  velocity 
gradients  will  account  for  approximately  ^  th's  of  the  total  energy  dissipation. 

The  peaks  in  the  dissipation  spectra  were  fully  resolved  in  both  horizontal  and  vertical 
planes  so  that  all  dissipation  scales  are  accounted  for.  In-plane  disapaiions  &  and  &  were 
computed  from  [I]  for  different  Reynolds  nunbers.  At  low  R^  the  gradients  in  the 


horizontal  plane  account  for  slightly  over  of  the  total  energy  decay  (£);  this  fraction  is 
quickly  reduced  to  less  than  S%  with  increasing  Rc,^.  Due  to  isotropy  in  the  horizontal 
plane£(^4'  and  the  total  viscous  dissipadon&x  can  be  expressed  as; 

aot  =  &+2Gc-^^)  +{f)  +(-^) 

At  higher  Re^  vertical  shearing  increases,  (A)‘  accounts  for  over  90%  of  fiM,  and 
Skx  a  2£c  a  2(^)  b  E  (SCC  Fig.7.) 

The  relatively  slow  decay  of  these  stratified  flows  at  high  Reynolds  tuunbers,  relative 
to  the  isoti-opic  homogeneous  case  is  directly  related  to  a  bre^-down  of  the  isotropic 

dissipation  mechanism.  Strong  anisotropy  in  the  strain  field  results  as  the  rapid  growth  of 
horizontal  scales  separates  horizontal  and  vertical  velocity  gradients  in  wave-nuinber  space. 

In  these  types  of  flow  it  appears  that  the  energy  is  contained  in  oblate-spheroidal  or 
discus  shaped  structures,  but  is  being  dissipated  in  thin  horizontal  shear  layers  at  their  borders. 
The  smoothness  of  the  vortidty  fields,  shown  in  Figs.  2  &  3,  indicates  a  continuum  of 
structures  that  densely  fill  the  volume.  This  suggests  a  vortex  pacldqg  in  which  vortex  lines 
can  connect  a  number  of  structures,  as  they  meander  through  the  fluid  and  eventually  form 
closed  vortex  loops.  Vertical  vorticity  is  bent  horizontally  in  the  high  shear  regions,  these 
dissipative  vortex  sheets  can  then  connect  with  neighboring  structures  on  either  sidk^,  Fig.8. 
This  tendency,  for  vortex  lines  to  connect  to  adjacent  structures,  helps  explain  why  we  do  not 
observe  the  strong,  isolated  vortices  often  found  in  numerical  Emulations  of  2D  turbulence, 
see  for  example  McWilliams  [1984] . 

A  consequence  of  this  model  is  that  on  avenge  the  total  vertical-flux  of  vorticity 
through  a  central,  horizontal  area  within  a  structure,  should  be  equivalent  to  the  totd 
horizontal-flux  of  vorticity  through  a  circular  strip  around  its  upper  or  lower  half,  see  Fig.9. 
Hence,  on  average; 

[2]  ckm  ~  m  (OtnD-—  or  — "  2— 

\2  J  z  Ok  D 

Where  D  and  7'v  are  the  mean  diameter  and  thickness  of  the  struaurcs,  respectively. 
This  appears  to  be  a  reasonable  approximation  that  is  independent  of  time,  see  Fig.  10. 


Conclusions 

The  hypothesized  two-dimensionality  of  collapsed  stratified  flows  has  been  re¬ 
examined  in  the  light  of  the  observation  that  stroitg,  vertical  shearing  exists  between 
hoiizontal  layers,  and  tlie  requirement  that  vortex  lines  form  closed  loops.  This  suggests  a 


complex  3D  network  of  structures  in  which  layers  of  eddies  cannot  evolve  independently  of 
one  another.  The  velccity  fields  geacrated  by  the  wmiiiaiions  of  Meiais  &  Herring  [1989],  see 


their  fig.22(b),  in  wluch  the  flow  is  initially  domiiukted  by  the  vortical  component,  have  some 
qualitative  similarities  to  our  measurements  tmd  a  more  detailed  comparison  involving  3D 
^dy  structures  themselves  should  be  made.  No  attempt  has  been  made  here  to  decouple  wave 
and  vertex  modes.  Since  we  believe  that  meso-scale  eddies  in  the  ocean  and  stratosphere 
exhibit  similar  interactions  to  those  observed  here,  our  measurements  can  be  used  to  identify 
the  locations  and  dynamics  of  these  sources  of  strong,  local  dissipation. 
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Fig.  3:  Vertical  slice  Re„“760,  N“2.3  rad/s 
(a)  Initial  instability,  s.  (b)  Fonnaticii  of  layers, 
t-86  s,  (c)  GJcfor  t“86  s. 


Fig.  2:  Horizontal  plane,  Rc^**760,  N>^.3  rad/s  (a) 
Velod^  fiom  close-up  camera,  t^3  s.  (b)  Cti  fiom 
wide-angle  camera  t'lPO  s.  Area  is  170x140  cm.  (c) 
(Qc  from  wide-angle  t"1260  s. 
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Fig.  4  Decay  of  u  &  w  fluctuating  vdoddeii.  (a)  Re>lS20,  N-2.3  decay  rates  are  sunilar 
and  tbe  ratio  w/u  ~  oonsL  (b)  Re~6COO,  N^l.OS  after  an  initial  collapse  they  decay  at 

tdnriitar  fAjjgs, 


•  H«„»700 

Re^-eoOO 


10  100  1000  10000 
tim*  (j«c) 

FifrS  Growth  of  integral  scale  L,  for  ditfeinl  Se„.  The  average  vortex  diameter  DLs 
very  close  io  L,. 


Igsir:^ 


Fi|^6  At  higher  Re^  vertical  amttumingqjpear  to  be  present  ftir  long  times,  even  after 
the  local  untwimiinn  value  of  the  Richardson  nritig  the  largest  thra*'  in  the 

field,  is  greater  than  1.  Here  Rey*'i2,000,  N-2.3,  Ri^~  4  and  t»83  a  (a)  velocity 
(b)  vorticity. 


Fig.  7  Total  coergy  decay  iate£,  tkorizontal-pUne  dissipation  &  and  vs  time  for  (a)  Re^^lSOO, 
N»  1.02  lad/s.  (b)  Rc„<''ti000,  N’'2.3  tad/s.  The  total  energy  decay'  .£  can  be  accuiatly  described  by  2(^)’ 


Fig,  9  Vertical  section  through  a  structure  udicating  Fig  10  Katios  of  vorticity  and  length 

the  areas  used  fix  the  voitidiy  flux  calculation  scales  lor  air  average  structure, 

in  eqn  (2).  cunespouding  to  eqn.  (2)  &  Fig.  9. 
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STABILIIT  OF  A  LATERALLY  CONFINED  ROUND  PLUME 

by 

Wai-tak  Lee  and  Joseph  Hun-wci  Lee 
Dcpaitment  of  Civil  and  Structural  Engineering 
The  University  of  Hong  Kong,  Hong  Kcng 

ABSTR.^CT:  We  study  experimentally  the  mixing  of  a  vertical  round  buoyant  jet  discharging 
inside  a  concentric  enclosure  of  diameter  Dr  and  height  Hr  before  release  into  a  large  stagnant 
ambient  fluid.  The  flow  characteristics  are  found  to  depend  on  a  confinement  index  p  — 

Hr /{Dr  -  D),  where  D  is  the  Jet  diameter:  i)  for  1,  a  highly  confined  jet  with  negligible 
dilution  inside  tlie  enclosure;  ii)  for  — >  0.  a  free  buoyant  jet;  and  iii)  for  1.5  <  P  <  2.8,  an 
unstable  vertical  jet  resulting  in  a  swirling  wall-attached  plume.  The  swirling  frequency  of  the 
unstable  plume  and  the  effect  of  the  confinement  on  plume  mixing  are  discussed. 

! 

1.  INTRODUCTION  | 

Wastewater  is  often  discharged  into  shallow  coastal  waters  as  a  series  of  adequately-spaced  ' 

turbulent  buoyant  jets  from  a  submerged  multiport  diffuser.  By  virtue  of  the  jet  momentum  and 

buoyancy,  rapid  mixing  of  the  effluent  with  die  ambient  sea  water  can  be  achieved.  In  some 

designs,  the  outfall  pipeline  is  laid  in  a  dredged  trench,  and  the  sewage  jet  discharges  inside  a  i 

protective  riser  tube  before  release  at  the  sea  bad  level  into  the  surrounding  sea  (Fig. la).  Fur 

example,  in  Hong  Kong  the  typical  depth  of  the  dredged  trench  is  3  m,  wiA  a  jet  diameter  of 

0.1  -  0.15  m.  The  diameter  of  the  concentric  enclosing  riser  tube,  however,  is  typically  only 

2-4  times  the  jet  diameter.  Whereas  the  mixing  of  a  free  round  buoyant  jet  in  still  water  has 

been  extensively  studied,  and  reliable  initial  dilution  predictions  can  be  made  (e.g.  Fischer  et 

al.  1979;  Muelienhoff  et  al.  1985),  the  effect  of  such  a  lateral  confinement  on  the  mechanics  of 

a  buoyant  jet  has  hitherto  not  been  studied. 

We  study  experimentally  the  mixing  characteristics  of  a  round  buoyant  jet  (nozzle  diameter 
D)  that  issues  vertically  iiisidc  a  concentric  enclosure  (diameter  Dr)  of  height  H,.  (Fig.  lb).  The 
discharge  jet  velocity,  density  and  tracer  concentration  are  Wj,  pj  and  Cj  respectively.  At  the 
end  of  the  lateral  confinement  the  mixed  fluid  enters  a  large,  otherwise  stagnant,  receiving  water 
body  with  ambient  density  Pa  and  tracer  concentration  Ca.  The  scalar  field  of  the  confined 
plume  is  measured.  The  observed  behaviour  of  the  buoyant  plume,  in  particular  the  occurrence 
of  a  swirling  plume  for  a  certain  range  of  confinement,  is  presented  herein.  The  effect  of  the 
confinement  on  the  initial  dilution  is  also  discussed. 
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.1 


Fig.  la 


Fig. !t 


Figure  1:  a)  A  round  plume  dischaiges  inside  a  riser  tube  of  a  submarine  sewage  outfall;  b)  Schematic 
diagram  of  a  vertical  buoyant  Jet  in  lateral  confinement. 


2.  EXPERIMENTS 


Dimensional  analysis  shows  that  a  characteristic  scalar  concentration  C  at  an  elevation  z  above 
tlie  source  is  governed  by: 


C 


/(Fr  = 


FrD'  D'  d’ 


(1) 


where  Fr  is  the  jet  densimetric  Froude  number.  Fuither,  our  results  suggest  that  the  last  two 
parameters  can  be  combined  to  form  a  confinement  index  0  defined  as  Hr/ [Dr  —  D). 


A  comprehensive  series  of  cxperimeuts  have  been  performed  witii  a  vertical  laterally  confined 
heatedjet  with  diameter  D  =  8-12  mm.Fr  =  3  — 15,£>r/D  —  2.6-  18,and  =  15-30. 
The  combination  of  these  parameters  novei^  a  wide  range  of  confinement  geometry.  Tests  in 
otlierwise  stagnant  ambient  were  carried  out  both  in  i)  a  1  m  x  1  m  by  0.5  m  deep  water 
tank  with  constant  depth  and  a  cold  inflov/  supply  for  jet  enbrainment,  and  ii)  a  10  m  x  6  m 
by  0.8  m  deep  shallow  water  basin.  In  each  experiment,  the  radial  temperature  distribution 
at  different  elevations  above  the  riser  was  measured  to  an  accuracy  of  O.i  “C  by  an  array  of 
calibrated  Fenwal  UUA35J1  thermistor  probes  (response  time  0.5  s).  The  mixing  pattern  and 
ambient  water  intrusion  into  the  riser  tube  wen*  visualized  by  shadowgraph  and  laser-induced 
fiuorescence  (LIF)  techniques.  In  cases  when  a  swiriiug  plume  is  observed  (see  later  discussion), 
the  swirling  frequeticy  was  also  detemiinui  from  the  temperature  time  history'  at  4  equi-distant 
radial  positions  around  the  circumference  of  the  riser  exit,  z  =  H.,.  Tlie  wall  pressure  at  the 
inside  base  of  the  riser  tube  was  also  measured.  A  total  of  159  experiments,  which  include  some 
tests  with  a  uniform  crossflow,  have  been  performed.  Details  of  the  experimental  set  up  and  run 
parameters  can  be  found  in  Lee  (1993). 


3.  RESULTS  AND  DISCUSSION 

3. 1  Observations  of  the  Laterally  Confined  Plume 

Both  the  Bow  visualization  and  the  scalar  field  measmement  show  that  the  behaviour  of  the 
buoyant  jet  varies  considerably  under  different  confining  situations.  The  flew  characteristics 
can  be  categorized  using  the  confinement  index  /?. 

Highly  confined  buoyant  jet 

When  the  confinement  index  is  large  (Hr/D  »  1  or  Dr/D  1),  say  /?  >  10,  the  buoyant  jet 
is  highly  confined.  Fig.  2  (a)  and  (b)  show  two  highly  confined  jets,  one  at  high  Froude  number 
(>  10)  and  the  other  at  low  Fr  (<  10).  The  jet  mixes  with  the  water  inside  the  riser  as  it  rises 
by  virtue  of  its  initial  momentum  and  buoyancy.  The  jet  increases  its  width  and  quickly  hits  the 
riser  wall.  Eventually,  the  mixed  efSuent  fills  up  the  whole  riser,  with  virtually  no  dilution;  the 
nearly  undiluted  effluent  discharges  into  the  ambient  fluid  from  the  riser  exit,  which  acts  as  a 
bigger  nozzle. 


At  sufficient  small  ft,  the  plume  Confinement  has  no  elTect  on  the 

attachs  to  the  wall  and  swirls  buoyant  jet. 

within  the  riser. 


Figure  2;  Flow  pattern  of  a  laterally  confined  buoyant  jet  at  different  confinement  geometries,  (a)  highly 
confined  jet  at  high  Ft;  (b)  highly  confined  jet  at  low  Fr;  (c)  moderately  confined  jet;  (d)  unstable 
confined  jet;  and  (e)  weakly  confined  jet. 
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If  we  define  a  riser  Froude  number  Ft*  (based  on  the  average  velocity  at  the  riser  exit  and 
the  riser  diameter),  then  for  Fr*  >  1,  no  ambient  water  intrudes  into  the  riser  since  the  inertia 
force  of  the  jet  outweighs  tlie  buoyant  force  (Wilkinson  1988).  As  the  discharge  decreases, 
and  Fr*  ss  1,  sporadic  but  minor  incipient  intrusion  occurs.  As  the  jet  discharge  decreases 
further,  the  ambient  fluid  penetrates  deeper  into  the  riser  and  a  counter  flow  is  established.  If 
we  assume  that  there  is  no  dilution  within  the  confinement,  Fr  =  Fr*{Dr/Dy-^\  for  example, 
if  Dr/D  =  2.5,  Fr  should  be  at  least  10  to  avoid  intmsion  into  the  riser.  As  the  diameter  ratio 
increases,  higher  jet  Froude  number  is  required  to  prevent  intrusion. 

Moderately  confined  buoyant  jet 

As  0  decreases  (Dr/D  increases  or  Hr/D  decreases)  the  flow  pattern  is  similar  to  that  of  the 
highly  confined  jet,  except  that  the  extent  of  intrusion  is  greater  (Fig.2c);  dilution  of  the  efflu¬ 
ent  starts  within  the  riser.  At  given  Fr,  the  amount  of  dilution  achieved  within  the  riser  will 
be  greater  for  smaller  0.  When  Dr  is  large  compared  to  the  jet  width  of  the  corresponding 
unconfined  buoyant  jet  at  the  level  of  riser  exit,  significant  intrusion  occurs  and  the  ambient 
water  descends  even  to  the  near  bottom  of  the  riser  before  it  is  entrained  into  the  buoyant  jet. 
This  downward  current  together  with  the  ascending  buoyant  jet  produces  a  vigorous  shear  layer 
which  enhances  entrainment  and  mixing. 

Unstable  confined  buoyant  jet 

For  1.5  <  <  2.8,  an  interesting  circumferential  instability  is  observed.  The  buoyant  jet  is 

always  deflected  to  the  riser  wall  instead  of  reraaining  at  tlie  axis  of  symmetry.  Once  instability 
occurs,  the  plume  remains  attached  to  the  riser  wall  and  swirls  around  within  tlie  riser  at  a  distinct 
frequency  (Fig.2d).  Fig.3  shows  LIF  images  (digitized  and  post-processed  to  enhance  quality) 
of  the  centre  plane  of  the  swirling  plume  as  well  as  the  moderately  and  highly  conflned  plumes. 
The  intmsion  of  the  outside  ambient  fluid  iuto  the  riser  and  the  deflection  of  the  swirling  plume 
can  be  clearly  observed. 

This  phenomenon  is  illustrated  m  Fig.4  for  four  experiments  with  0  —  3.6, 2.1  k  1.7,  and 
1.5  (corresponding  to  the  moderately  confined,  unstable,  and  weakly  confined  situations).  For 
each  experiment,  the  time -history  of  the  temperature  recordings  at  four  sampling  points  located 
around  the  circumference  of,  and  slightly  above  the  riser  exit,  z  =  Hr, shown  dong  with  the 
power  spectrum.  The  signal  peaks  and  troughs  represent  respectively  stages  of  passage  of  the 
swirling  buoyant  heated  plume  and  intruding  cold  ambient  water. 

For  0  =  3.6,  Fig.4  shows  that  the  ambient  water  intrudes  into  the  riser  randomly.  However, 
when  the  vertical  plume  is  unstable,  as  illustrated  by  j8  =  2.1,  it  is  clear  the  wall-attached  plume 
rotates  within  the  riser  at  a  distinct  frequency.  The  signals  at  the  four  stations  indicate  a  definite 
sequence  of  peaks;  in  this  case  the  diiiection  is  anti-ciockwise  -  i.e.  W,S,E,  and  N;  whenever 
a  peak  is  observed  at  a  particular  point,  a  trough  is  also  observed  at  the  diametrically  opposite 
station.  When  0  decreases  further  to  1.7,  instability  is  still  observed,  altlrough  the  fluctuations 
within  each  peak  increase.  There  is  no  apparent  preferred  direction  of  rotation;  both  clockwise 
and  anti-clockwise  rotation  have  been  observed  eveii  for  experiments  with  the  same  0. 
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Figure  4:  Temperature  time  history  at  4  locations  (N,  E,  S,  W)  at  circumfeience  of  riser  exit,  z  =  Hr,  for 
/3  =  a)  3.6,  b)  2.1,  c)  1.7  and  d)  1.5  (O.IV  w  4  “C ) 

Although  a  theoretical  explanation  of  this  instability  has  yet  to  be  offered,  the  results  have 
been  checked  carefully  by  experiments;  the  instability  is  not  due  to  the  scale  of  the  experimental 
setup,  error  in  vertical  jet  alignment,  or  any  initial  swirl  of  the  jet  discharge. 

Weakly  confined  buoyant  jet 

When  /3  <  1.5,  the  riser  wall  is  too  far  away  to  exert  any  influence  and  the  confinement  has  little 
effect  on  the  buoyant  jet.  The  jet  deflects  no  more  and  is  stable  again  (Fig.2e).  Near  the  riser 
exit,  ambient  condition  prevails  most  of  the  time  (Fig.4d). 


7 


3.2  Swirling  frequency  of  the  unstable  buoyant  jet 

For  1.5  <  /3  <  2.8,  a  distinct  peak  is  observed  in  the  power  si«ctrum  indicating  a  distinct 
swirling  frequency  /.  The  magnitude  of  the  peak  varies  from  case  to  case,  depending  on  the 
temperature  difference  and  the  location  of  sampling.  For  tlie  swirling  plume  within  the  riser, 
if  we  adopt  the  riser  diameter  Dr  and  ^/g'Dr  as  the  length  and  velocity  scales  respectively, 
it  can  be  shown  that  the  Strouhal  number,  St  =  fDr/Wj,  depends  on  yJDr/D/Fr.  Fig.5 
shows  that  the  dimensionless  swirling  frequency  is  linearly  proportional  to  Fr~^  for  different 
confrneiuent  ratios.  It  is  interesting  to  note  that  this  result  suggests  that  such  an  instability  or 
swirling  plume  will  be  absent  for  a  pure  momentum  jet,  Fr  -+  oo.  This  is  also  supported  by 
limited  observations  in  our  experiments. 

4.  CONCLUDING  REMARKS 

The  behaviour  of  a  laterally  confined  vertical  buoyant  jet  has  been  studied  experimentally.  The 
results  can  be  well-interpi'eted  with  the  use  of  a  confinement  index  0.  When  1.5  <  0  <  2.8, 
an  instability  which  results  in  a  swirling  plume  is  observed.  The  swirling  frequency  can  be 
correlated  with  the  jet  discharge  and  confinement  geometry  parameters.  In  Fig.6  we  show 
tire  dimensionless  concentration  as  a  function  of  elevation.  Compared  with  the  free  buoyant 
jet  (Chen  &  Rodi  1980),  the  mixing  of  such  a  confined  jet  is  severely  impaired  for  large  0. 
However,  the  dilution  of  the  swirling  plume  is  actually  greater  (lower  concentration)  than  that 
of  a  corresponding  free  buoyant  jet,  0  0,  Limited  experiments  with  a  crossflow  have  also 

been  performed.  Numerical  calculations  with  a  free  shear  layer  model  have  also  resulted  in 
a  qualitative  understanding  of  the  effect  of  confinement  on  the  pressure  and  flow  field  (Lee  1993). 
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Figuire  S:  Normalized  swirliug  fiequeocy  of  the  unstable  confined  buoyant  jet. 


a)  /3  =  9.4  b)  /3  4.3 


c)  /?  =  2.1  d)  /3  =  0 


Figure  6:  Dimensionless  centreline  concentration  of  confined  buoyant  jet  for  /9  =  a)  9.4,  b)  4.3,  c)  2.1 
and  d)  0  ( —  ;  free  buoyant  jet) 


Buoyant  Surface  Discharges  into  Unsteady  Ambient  Flows 
Jonathan  D.  Nash  and  Gerhard  H.  Jirka 
DeFrees  Hydraulics  Laboratory,  Coraell  University,  Ithaca,  New  York 

Abstract 

The  dynaimcs  of  buoyant  surface  discharges  into  luisteady  ambient  crossflows  have 
been  studied  in  a  schematic  experiment,  simulating  the  specific  case  of  tidally  reversing 
flows.  The  time  evolution  of  the  discharge  is  shown  to  be  uniquely  related  to  the  jet- 
to-unsteady-cros$flow  scale  measures;  a  length  scale  =  (Jlfo/|dua/dt|)'''^  and  time 
scale  Tu  =  which  relate  the  discharge  momentum  flux  Mq  to  the 

acceleration  du^ldt  of  the  ambient  flow.  The  expoiments  show  that  jet  parameters,  such 
as  the  buoyancy  build-up  around  reversal  arid  the  unsteady  trajectory  deflection,  can  be 
represented  in  a  reasonably  self-similar  fitshion  if  these  scales  are  used  for  normalization. 

Introduction 

Many  buoyant  discharges  occur  in  the  coastal  environment,  where  the  ambient  flow  is  time- 
varying.  Time-evolving  turbulent  jets  or  plumes  result  from  the  interaction  between  these 
discharges  and  the  accelerating  oi  decelerating  ambient  current.  Examples  include  such  geo¬ 
physical  tlowc  as  rivers  entering  tidal  estuaries  and  man-made  effluxes  from  municipal  or 
industrial  sources,  .such  as  cooling  water  discharges.  Many  other  flows  which  are  not  tidally 
leversing,  such  as  wind  driven  ciuteats,  may  also  exhibit  significant  time  variance,  making  the 
characterization  of  jet  behavior  in  unsteady  flows  important. 

Earlier  studies  have  cousidcred  the  mixing  of  buoyant  surface  jets  under  two  limiting  con¬ 
ditions.  First,  discharges  into  a  stagnant  ambient  (e.g.  Hayashi  and  Shuto  [4])  have  shown  an 
initial  strongly  entraining  jet  region  followed  by  the  buoyant  damping  and  collapse  leading  to 
an  unsteady  buoyant  pool  witli  horizontally  spreading  density  fronts.  Second,  discharges  into  a 
uniform  steady  crossflow  (c.g.  Abdelwahed  and  Cbu  [1])  exliibit  time-invariant  behavior  with 
gradual  deflection  of  the  suiiace  plume  and  final  advcctioii  by  the  crossflow.  Appropriate  length 
scales  for  these  processes  and  predictive  models  (usually  in  form  of  jet  integral  equations)  have 
been  developed  and  shown  to  be  reasonably  accurate  measures  of  the  mixing  processes  under 
tliese  limiting  couditi  jns  (see  Jirka  ct  al.  [S],  Chu  and  Jirka  [3],  Jones  and  Jirka  [6]). 

In  contrast,  little  is  known  about  the  behavior  of  buoyant  discharges  in  highly  unsteady 
ambient  environments,  which  include  velocity  reversals.  A  few  studies  (e.g.  Brocard  [2], 
Padmanabhan  [8])  performed  site-sjxtcific  model  investigatious  of  coastal  cooling-water  dis¬ 
charges,  which  qualitatively  show  ttie  unsteady  jet  deflection  that  decreases  as  the  tidal  velocity 
diminishes,  the  build-up  of  a  buoyant:  ix>ol  near  slack  conditions,  from  formation,  and  the  rc- 
entraimnent  of  mixed  effluent  into  the  jet  in  the  acceleratitig  phase  after  reversal.  However,  no 
quantitative  measures  have  been  developed  which  characterize  these  processes  arising  from  the 
dynamic  interaction  of  the  discliarge  parameters  with  the  degree  of  ambient  unsteadiness.  In  par¬ 
ticular,  specific  lengtlr  and  time  scale  measmes  have  not  been  identified  so  far  that  appropriately 
describe  tlris  unsteady  interaction. 

The  development  of  such  quantitative  measures  and  elucidation  of  tliese  unsteady  dynamics 
is  the  objective  of  this  study.  In  particular,  a  schematic  model  has  been  used  to  simulate  a  generic 
thermal  discharge  into  a  time-varying,  turbulent  ambient  flow.  The  model  conditions  replicate  a 
typical  cooling  water  discharge  into  a  deep,  tidally  reversing  current,  but  scaling  arguments  allow 


Figure  1:  Plan  and  cross-sectional  views  of  abuoyant  discharge  at  some  velocity  Ua(i). 


the  present  results  to  be  extended  to  many  other  time-varying  flows.  This  report  systematically 
investigates  the  effects  of  linear  changes  in  velocity  on  near  held  mixing  of  a  themal  discharge 
in  order  to  determine  1 )  when  unsteadiness  can  be  considered  negligible  and  steady-state  models 
accurately  applied;  and  2)  how  these  effects  can  be  characterized  univer.;ally  using  length  and 
time  scale  arguments. 

Length  and  Time  Scales:  Steady  and  Unsteady  Conditions 

Steady  ambient  conditions:  The  structure  of  a  buoyant  surface  discharge  and  its  interaction 
with  a  steady  receiving  enviroirraent  is  described  primarily  by  the  discharge  buoyancy  {Jo)  and 
momentum  (Mo)  duxes,  and  the  receiving  water  body’s  depth  (//)  and  velocity  Uu  (see  figure  1). 
Lengtlr  and  time  scales  can  be  formed  from  these  four  parameters  usitrg  dimettsiouai  analysis. 
First,  the  Uansition  where  the  initial  jet  momentum  becomes  dominated  by  buoyant  spreading 
i.s  described  by  the  jet-to-pliune  scales: 


t 


Lm 


Tm=- 


Jo 


which  represent  the  transition  distance  (Lat)  and  development  time  (3  at),  the  internal  dock  of 
a  buoyant  discharge. 

In  addition,  the  jet-to-plumc  length  scale  Lm  provides  a  measure  of  the  maximum  depth  of 
the  jet  hmax,  and  is  used  to  determine  whether  bottom  interaction  will  produce  a  shallow,  two- 
dimensional  jet,  where  full  depth  mixing  blocks  the  ambient  flow,  deflecting  the  mean  current 
around  the  discharge,  or  a  deep  discharge  situation  having  negligible  bottom  interaction.  Only 
deep  discharges,  given  by  the  condition  Lm/H  <  i  (Jirkaet  al.  [5j),  are  considered  heie. 

A  measure  of  the  deflection  of  the  jet  is  the  jet-to-crossflow  length  scale. 


L 


m 


Ua 


which  relates  the  discharge  momentum  to  the  crossflow  velocity,  Uo.  Using  steady-state  analysis, 
the  properties  of  near  field  mixing  and  trajectory  can  be  shown  to  depend  primarily  on  the  non- 
dimensional  parameter,  LmIL^- 
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Figure  2:  The  tidal  velocity  variation  (scaled  by  the  maximum  velocity  Ut)  may  have  signihcantly 
diffeient  rates  of  reversal  at  slack  tide. 


Unsteady  ambient  conditions:  Figure  2  shows  the  large  variation  in  ambient  tidal  velocity  profiles 
Ua(f ),  that  arises  from  the  local  coastal  morphology.  This  variation  gives  rise  to  different  rates 
of  acceleration  dua(f )/ dt,  a  parameter  found  to  be  critical  in  characterizing  unsteady  flows. 

The  variation  of  the  jot-to-crossflow  length  scale  Lm  over  a  sinusoidal  tidal  half-cycle  is 
displayed  in  Figure  3.  (The  physical  dimensions  given  in  the  figure  correspond  to  the  present 
laboratory  simulation  which  represent  dynamically  scaled  ambient  conditions.)  Near  slai^  tide, 
Ua(f)  ~  0  ,  becomes  unbounded  and  thus  is  an  unsatisfactory  measure  of  the  buoyant  jet 
behavior  under  these  weak  and  transient  ambient  velocity  conditions. 

A  preferred  measure  for  describing  the  unsteady  trajectory  and  the  build-up  of  the  buoyant 
pool  in  this  transient  low-velocity  phase  is  given  by  a  relationship  between  discharge  momentum 
flux  Afo  and  the  ambient  acceleration  dua{t)ldt,  which,  in  contrast  to  Lm.  remains  finite  as 
Wo(f)  — >  0.  On  dimensional  grounds,  this  leads  to  the  jet~to-unsteady-crossftow  length  and  time 
scales  (reversal  scales): 


Tu  = 


\  1/6 
Mo 

it  / 


Although  other  scales  can  be  fonued  from  the  interaction  between  the  discliarge  buoyancy  flux 
Jo  auu  ainbieut  accdcralion,  dua{i)/dt,  those  scales  are  not  considered  dominant,  following 
Jirka  et  al.  [3]  who  showed  tliat  buoyant  surface  jet  deflection  in  crossflow  is  primarily  influenced 
by  the  discharge  momentum,  not  the  buoyancy. 

Physically,  the  reversal  length  scale  is  representative  of  the  distance  at  which  the  effects  of 
acceleration  become  appreciable.  Figure  3  shows  the  inteiplay  between  the  two  length  scales 
Lm  aud  Lu  for  a  typical  coastal  discharge.  During  most  of  the  tidal  cycle,  Xn, ,  so  that  the 

ambient  acceleration  is  negligible  compared  to  the  instantaneous  velocity.  However,  as  slack 
tide  is  approached,  Xu  <  X,„,  and  the  reversal  length  scale  becomes  tlie  dominant  influence. 

The  amount  of  the  pooling  resulting  from  buoyant  accumulation  of  discliarge  can  be  related 
to  the  time  during  wliich  the  ambient  can  be  considered  quiescent  (slack  tide).  If  the  ambient 
velocity  is  approximated  as  having  a  linear  variation  with  time  (Ua(f )  =  [^]  ^  0  then  the  duration 
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Time  with  respect  to  slack  tide  (minutes) 

Figure  3:  Variation  of  the  length  scales  Lm  and  Lu  during  a  sinusoidal  change  in  the  ambient 
velocity  Ua(t).  In  the  interval  —T^  <t  <Tu,  tlie  length  scale  becomes  very  large,  indicating 
that  the  crossflow  velocity  has  negligible  effect  on  the  plume.  remains  constant  and  finite 
during  this  intcn'al,  and  becomes  the  dominant  scale.  Dimensions  relate  to  experimental 
simulation. 


of  slack  tide,  as  defined  by  the  intersection  of  and  in  figure  3,  is  given  by  i  =  ±Tu-  The 
time  scale  Tu  can  thus  be  interpreted  as  the  duration  of  slack  tide.  For  most  Hows,  this  time  scale 
is  much  greater  than  the  intrinsic  discharge  time  scale  Tm,  indicating  that  there  is  a  relatively 
long  time  period  during  wliich  the  instantaneous  velocity  is  unimportant,  when  die  plume  may 
fully  evolve  through  the  influence  of  the  unsteadiness  alone  (~  !„). 

Thus,  for  unsteady  flows,  the  nondimensional  parameter  of  Lm/Z-u  is  proposed  to  replace 
LiiflLm  to  uniquely  characterize  the  geometry  and  mixing  of  the  flow  during  reversal.  In 
addition,  this  ratio  also  describes  the  duration  of  slack  tide,  as  Lm/L^  =  \jTm/Tu  and  thus 
reflects  the  temporal  as  well  as  the  spatial  behavior  of  the  discharge.  This  proposal  is  investigated 
in  the  experimental  simulation. 


Experimental  Simulations 


A  1 : 12S  scale  model,  based  on  densimetric  Freude  number  similarity,  was  chosen  to  investigate 
the  near  field  behavior  of  a  typical  prototype  thermal  surface  discharge  (Mq  =  lOm^/s^,  uo  = 
lui/ s.  To  =  20°C,  Lm  =  13.6  cm)  and  ambient  (//  =  12.5  m.  To  =  H^C)  under  fully  turbulent 
conditions  (model  discharge  Reynolds  number  Re  ~  3000). 

A  continuous  time  series  of  surface  temperature  mappings  was  obtained  in  a  6  m  x  8  m 
X  20  cm  deep  reversing  flow  basin  using  Planar  Laser  Induced  Fluorescence  (PUP).  Although 
the  model  tidal  excursion  is  ~  70  m,  this  basin  is  large  enough  to  contain  the  entire 
plume  evolution  while  the  effects  of  unsteadiness  arc  significant  (— Tu  <t<  Tu),  which  is  the 
important  consideration  in  this  experiment.  The  mappings  were  stored  on  Super- VHS  video, 
and  digitized  at  times  of  interest. 

The  application  of  PLIF  to  such  large  scales  with  density  stratification  requires  special 
image  processing  (Nash  ct  al.  [7]),  as  turbulent  density  gradients  cause  substantial  reflection 
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t/ru»0.Ci8  (aft«r  rev«r«al)  t/l'uai,34  (aiUr  nvcnrnl)  t/Tu>2.69  (after  reversal) 

Figure  4:  Time  series  of  instantaneous  surface  temperature  mappings  (plan  view)  shows  the 
evolution  of  the  plume  (!«  =  31.8  cm,  Tu  =  46.9  s)  during  ambient  flow  reversal.  Distances  in 
cm.  The  most  significant  effects  of  the  unsteadiness  occur  over  the  interval  (—2  <  i/Tu  <  2), 
and  at  distances  approximately  i  >  L^jl  ~  15  cm  from  the  outfall  site.  At  tjT^  =  ±2.69  the 
plume  shows  only  slight  asymmetry. 

and  refiaction  of  flic  illumiuatiiig  laser  sheet.  By  calculating  tlie  spatial  gradient  of  the  im¬ 
age,  this  attenuation  due  to  turbulent  density  gradient  fluctuations  can  be  found,  and  through 
calibration  of  the  image  with  six  temperature  probes,  an  algorithm  can  be  applied  to  produce 
accurate  representations  of  the  flow  for  boUi  flow  visualization  and  quantitative  temperature 
measurements. 

Four  linearly  tran.sient  velocity  variations  with  constant  dua{t)/dt,  nuiging  from  very  rapid 
{d'Ua/dt)m  =  0.02  cm/s^  to  very  mild  {duafdt)m  =  0.005  cm/s^,  and  varying  between  ve¬ 
locity  plateaus  of  ut  =  ±6  cni/s  were  chosen  to  represent  typical  environmental  flows.  This 
linear  representation  is  a  good  approximation  in  the  time  frame  of  reversal  (see  figure  3).  For 
comparison,  figure  3  shows  an  acceleration  around  reversal  of  {dua/ dt)m  =  0.0085  cm/s^. 

A  typical  time  series  of  neai  -surface  temperature  distributions,  as  indicated  by  the  grey  scales 
of  the  video  images  obtained  from  the  PLIF  method,  is  shown  in  Figure  4  for  a  case  of  a  surface 
jet  in  rapidly  reversing  flow  (Z-u/Im  =  Z.4).  Tne  mappings  reveal  the  asymmetrical  behavior 
of  tiie  jet  before  and  after  reversal,  and  maximum  induced  temperature  rise  occurring  slightly 
after  slack  tide.  The  effects  of  unsteadiness  become  negligible  outside  the  duration  of  slack, 
tide  (f  -C  — Tu  and  t  >  T^),  and  mappings  having  the  same  instantaneous  velocity  become 
symmetric  before  and  after  reversal. 

The  detailed  analysis  of  all  the  unsteady  simulations  conducted  shows  that  the  time  evolution 
of  plume  trajectory  and  mixing  has,  indeed,  a  substantial  dependence  on  the  rate  of  ambient 
acceleration,  dualdt,  given  in  relative  terras  by  the  scales  and  T^.  The  experiments  reveal,  as 
hypothesized,  that  the  temperature  buildup,  or  pool  formation  around  slack  tide  is  more  severe 
in  less  rapid  reversals,  as  there  is  a  lunger  duration  for  buoyant  accumulation.  In  contrast, 
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Normalized  Temperature  at  ^  =  30  cm 


a)  Time  relative  to  slack  tide  (minutes)  b)  Normalized  time  (t/Tu)  relative  to  slack  tide 
Figure  5:  Time  variation  of  centerline  temperature  excess  at  given  distances  along  the  trajectory. 
Self-similar  behavior  is  achieved  after  normalization  by  the  unsteady  scales  Lu  and  Tu- 

discharges  into  quickly  reversing  current  have  little  time  for  near  held  accumulation,  but  have 
highly  asymmetrical  trajectories  before  and  after  slack  tide. 

A  buoyant  surface  discharge  can  be  described  by  its  centerline  trajectory  and  buoyancy 
(temperature)  decay  along  that  trajectory.  Some  unique,  approximately  self-similar,  properties 
of  the  unsteady  jet  behavior  can  be  extracted  from  the  complete  data  series  if  the  appropriate 
scale  measures,  and  T^,  are  employed.  This  is  demonsurated  in  the  following  for  two 
unsteady  plume  measures;  the  maximum  centerline  temperature  rise  at  a  given  distance  along 
the  trajectory,  and  the  centerline  trajectory. 

Figure  5a  shows  the  induced  temperature  rise  (normalized  by  the  discharge  temperature 
excess)  at  given  distance  along  the  trajectoiy  as  a  function  of  time  within  tire  simulated  tidal 
variation.  The  plot  reveals  that  the  less  rapid  reversal  produces  the  greatest  temperature  rise  30 
cm  from  the  outfall  site.  On  the  other  hand,  if  the  temperature  measurements  are  made  at  distance 
£  =  Lu,  specific  for  each  time  series,  along  the  centerline  and  if  time  is  also  nondimensionalized 
by  Tu  relative  to  slack  tide,  then  these  temporal  and  spatial  effects  produce  a  single  unique 
curve  (see  figure  5b),  supporting  tiie  significance  of  the  scales  Lu  and  r„.  The  peak  in  this  plot 
represents  the  buoyant  buildup  resulting  from  the  rapidity  of  the  reversal,  indicating  that  the 
effects  of  the  uusteadluess  are  slgiilucaiu  for  |c|  <  2Tu  (Lm  Tu/2). 

Figure  6  displays  the  unsteady  trajectories  at  a  given  instantaneous  velocity,  Ua  =  ±0.45 
cm/s  (before  and  after  reversal).  A  large  variation  with  the  ambient  acceleration  ~  Lu  is  evident. 
Because  the  mappings  represent  a  specific  time  t  and  instantaneous  velocity  Ua{t),  large  scale 
time  averaging  has  not  been  performed,  and  the  effect  of  individual  eddies  can  be  observed  in  the 
trajectories.  The  effect  of  using  the  appropriate  scaling  is  demonstrated  in  figure  7  which  shows 
the  corresponding  non-dimensional  trajectories,  scaled  by  L„  and  displayed  at  a  consistent  time 
t  =  ±7  u/2  before  and  after  the  reversal.  Despite  some  lingering  scatter  the  different  trajectories 
exhibit  reasonably  unique  behavior. 
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Figure  6:  Plume  trajectories  in  dimensional  units  at  an  instantaneous  velocity  of  0.45  cm/s. 
Various  ambient  accelerations  Lu  are  shown  a)  before  and  b)  after  reversal. 


Normalized  distance  xjLu  Normalized  distance  x/Z,„ 

Figure  7:  Normalized  plume  trajectories  a)  before  and  b)  after  reversal.  Self-similar  behavior 
results  by  scaling  with  the  parameters  Lu  and  T^. 
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Conclusions 

The  present  experimental  investigation  demonstrates  that  buoyant  surface  discharges  in  unsteady 
ambient  flows  exhibit  self-similar  geometry  and  mixing.  However,  correct  time  and  length 
scales  must  be  used  to  elicit  these  properties.  The  unsteady  reversal  conditions,  in  particular,  are 
governed  by  a  relation  between  the  discharge  momentum  flux  and  tiie  ambient  flow  acceleration, 
giving  rise  to  the  jet-to-unsteady-crossflow  scales,  L„  and  T^. 

From  the  data,  it  is  proposed  that  the  ratio  of  the  steady  to  unsteady  crossflow  scales  /  Lu 
will  describe  the  importance  of  the  unsteadiness  in  a  deep,  time-varying  ambient.  Specifically, 
the  unsteadiness  is  expected  to  be  dominant  when  LmILu  >1/2.  Using  this  criteria,  slack  tide 
can  be  defined  by  the  interval  -27^  <  I  <  2Tu‘  a  duration  where  mixing  is  governed  primarily 
by  the  unsteadiness  of  the  flow,  and  steady-state  analysis  is  not  applicable.  Furthermore,  it  is 
expected  that  the  ratio  LmILm  will  characterize  the  discharge  during  these  transient  conditions, 
in  analogy  to  the  steady-state  ratio  LmIL^-  A  full  characterization  of  the  similarity  relations 
governing  buoyant  discharges  is  the  topic  of  ongoing  research,  including  me  discharge  into  an 
unsteady  shallow  ambient,  where  the  persistence  of  strong  recirculation  zones  plays  a  large  role 
in  the  time  evolution  of  a  jet. 

We  gratefully  acknowledge  research  supjiort  from  the  State  of  Maryland  (Power  Plant 
Research  Program)  and  the  U.S.  Environmental  Protection  Agency. 
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ABSTRACT 

Experiments  were  conducted  in  a  laboratory  tank  to  determine  the  effect  of  a  crossflow  on  the 
evolution  of  a  bubble  plume.  Cross  flow  was  simulated  by  towing  the  bubble  source  in  a 
quiescent  fluid.  This  allowed  the  flow  field  to  be  scanned  with  a  stationary  light  sheet  and  a 
LDA.  How  visualization  shows  how  the  liquid  flow  passes  through  the  bubble  stream.  The 
buoyancy  force  generates  shear  layers  which  develop  into  a  system  of  counterrotating  vortices 
in  the  wake.  LDA-measurements  allow  a  quantification  of  the  location  and  the  vertical 
velocity  in  the  plume  as  a  function  of  buoyancy  flux  and  cross  flow  velocitj'. 


INTRODUCTION 

Several  lakes  in  Switzerland  are  aerated  by  bubble  plumes  for  maintaining  an  adequate 
concentration  of  oxygen.  These  lakes  are  cutrophic  due  to  an  excessive  growth  of  algae  in 
summer.  The  oxidation  of  this  organic  material  depletes  the  oxygen  in  tlie  lower  layer.  In 
winter,  when  these  lakes  arc  nr  'tiatified,  compressed  air  is  released  at  the  bottom  to  create  a 
plume  that  intensifies  the  natural  convection.  Oxygen  of  the  air  is  then  mainly  dissolved  at  the 
free  surface  and  transported  to  greater  depth  by  the  return  flow.  In  summer,  when  the  lakes  are 
stratifled,  the  oxygenation  is  performed  by  a  discharge  of  small  bubbles  of  oxygen  at  the 
bottom  which  are  dissolved  in  the  hypolimnion.  These  bubble  plumes  are  exposed  to  lateral 
currents. 

There  are  specific  differences  between  a  thermal  plume  and  a  bubble  plume,  which  become 
especially  important  when  the  plume  is  exposed  to  a  cross  flow.  The  density  difference  which 
drives  the  thermal  plume  is  a  propertj'  of  the  fluid,  and  this  buoyancy  is  dispersed  by  mixing 
with  the  entrained  fluid  only.  The  water  flow  in  a  bubble  plume  is  driven  by  the  drag  of  the 
hubbies,  a  force  which  can  be  described  in  an  integral  model  as  a  mean  buoyancy  determined 
by  the  void  fraction.  Due  to  the  slip  velocity  of  the  bubbles  this  buoyancy  is  transported  at  a 
different  velocity  than  the  fluid  and  can  leave  the  fluid  parcel  which  was  accelerated  at  one 
time. 


In  u  horizontal  cross  flow  the  horizontal  component  of  the  fluid  velocity,  c,  is  ,  to  a  first  order, 
not  affected  by  the  vertical  acceleration  due  to  the  bubbles.  When  the  bubbles  are  released 
locally  and  rise  in  a  body  of  water  with  a  cross  flow  they  form  an  inclined  bubble  plume  as 
shown  in  Fig.  1.  The  horizontally  moving  fluid  which  enters  the  bubble  region  (zone  I)  is 
accelerated  and  displaced  vertically.  After  leaving  the  bubble  region  the  fluid  retains  its 
vertical  and  horizontal  motion  due  to  its  momentum  (zone  11).  An  inclined  bubble  plume  in  a 
cross  flow  shows  a  behavior  between  the  limiting  cases  of  a  stationary  bubble  plume  (c=0) 
and  a  bubble  line  thermal  (c»w)  where  a  volume  of  air  per  unit  length  is  released  at  time  t=0. 


EXPERIMENTS 

The  experiments  were  conducted  in  a  5.8m  x  3m  and  3m  deep  laboratory  tank  with  glass  walls 
on  the  longer  walls  and  additional  observation  windows  on  the  shorter  sides.  Three  types  of 
bubble  sources  were  used  for  the  release  of  compressed  air  at  the  bottom  of  the  tank:  (1)  a 
point  source,  consisting  of  a  tube  of  1  mm  diameter,  (2)  a  porous  ceramic  plate  of  50  mm 
diameter,  and  (3)  a  porous  plate  of  150  mm  diameter.  The  point  source  produced  bubbles  with 
equivalent  diameters  of  5  to  15  mm.  The  porous  plates  had  a  bubble  size  spectrum  between 
0.2  and  3  mm,  which  depended  on  the  gas  discharge  per  unit  area.  The  flow  rates,  Q,  were 
chosen  1, 3  and  10  normal  cm^/s. 

The  crossflow  was  simulated  by  towing  the  source  along  the  bottom  of  the  tank  at  the 
crossflow  velocity,  c  (Fig.  2).  The  steady  flow  to  be  modeled  was  produced  in  the  frame  of 
reference  moving  with  the  source.  This  method  has  the  advantage,  that  a  stationary  instrument 
or  visualization  setup  can  be  utilized  to  scan  the  flow  field.  Ihe  data  is  recorded  in  time 
sequence  and  can  be  transformed  into  a  steady  spatial  distribution.  A  steady  light  sheet  in  the 
tank  normal  to  the  tow-velocity  was  used  to  visualize  the  spatial  distribution  of  the  flow  field. 
Neutrally  buoyant  particles  of  lOOpm  diameter  were  used  as  tracers.  These  particles  were 
exposed  for  times  of  3-5  s.  The  velocity  was  measured  on  the  axis  of  symmetry  of  the  bubble 
plume  and  in  its  wake  with  a  two-component  Laser-Doppier- Anemometer  (LDA). 

The  inclined  plume  cf  the  point  source  is  showm  in  Fig.  3  in  a  double  exposure,  which  was 
used  for  the  determination  of  the  slip  velocity,  and  the  carriage  velocity,  c.  The  bubbles  at 
the  upstream  edge  of  zone  I  rise  in  fluid  with  vertical  velocity,  w=0,  with  tlieir  slip  velocity 
w^.  The  narrow  spectrum  of  bubble  size  leads  to  a  uniform  slip  velocity  with  the  consequence 
that  the  bubbles  move  togetfier  upward  along  the  line  z=x  Wj,/c.  The  plume  of  the  sources  (2) 
and  (3)  showed  a  different  bcharior.  The  wider  distributions  of  bubble  sizes  and  of  slip 
velocities  lead  to  a  seperation  of  the  faster  rising  larger  bubbles  from  tire  smaller  bubbles. 
From  the  variation  of  inclination  of  the  different  bubble  paths  in  Fig.l  and  the  cross  flow 
velocity,  c=20  mm/s,  it  can  be  estimated,  that  the  larger  bubbles  have  a  rise  velocity  of  330 
mni/s  and  that  the  smaller  bubbles  move  with  65  mrn/s.  The  rise  velocity  is  the  sum  of  the 
fluid  velocity  and  the  slip  velocity. 
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Fig.  1 ;  Sketch  of  the  streamlines  of  an 
inclined  bubble  plume  in  a  cross  flow. 

Q=1  cm^/s,  c=20  mm/s,  extended  source  (3) 


Fig.  3:  Double  exposure  of  the  bubble  plume 
of  the  point  source  (1),  showing  the  rise  of 
the  bubbles  along  the  line  z=xwjj/c. 


Fig.  2:  Experimental  setup  for  the 
simulation  of  an  inclined  bubble  plume  in 
a  cross  flow  by  towing  the  bubble  source 
with  the  crossflow  velocity  c. 


Fig.  4:  Visualization  of  a  cross  section 
of  the  wake  (zone  II)  showing  the 
discrete  vortices  on  both  sides  of  a 
meandeiing  inertial  flow. 
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RESULTS 

The  visualization  shows  that  the  shear  layers  produced  by  the  buoyancy  force  roll  up  into  two 
rows  of  discrete  vortices  on  both  sides  of  a  meandering  wake  (Fig.  4).  The  streamline  pattern 
as  sketched  in  Fig.  5  shows  the  topology  of  the  flow  with  its  vortices,  the  corresponding 
stagnation  points,  and  the  entrainment  from  the  compensating  downward  flow  in  the  tank.  Fig. 
7  shows  the  positions  y(Xj),  z(x.)  of  the  vortex  cores  in  different  cross  planes  x=x.,  and  the 
positions  of  the  cores  in  a  side  view. 

This  set  of  vortices  develops  out  of  the  "uniform"  shear  layer  produced  by  the  inclined  bubble 
plume.  It  seems  to  find  its  stable  form  when  the  vortices  in  the  two  rows  are  staggered  and  tiie 
distance  of  the  vortices  to  its  nearest  neighbors  is  (within  ±15%)  the  same  across  the  wake  as 
in  the  same  row.  The  vortices  move  then  vertically  upward  as  sketched  in  Fig.  5  based  on  the 
Biot-Savart-law.  At  the  upstream  edge  of  the  bubble  plume  the  vorticity  lines  are  connected. 


Fig.  5:  Sketch  of  the  streamline  pattern, 
corresponding  to  Fig.  4,  showing  the  vortices, 
the  return  flow  ana  the  stagnation  points. 

The  displacement  due  to  the  Biot-Savart-law 
of  one  vortex  is  indicated  by  airows. 


Fig.  6:  Sketch  illustrating  the  accumulation 
of  vorticity  in  cross  flow  direction  during 
the  traverse  of  a  fluid  parcel  through 
die  bubble  region. 
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It  follows  from  an  analysis  of  the  vordcity  generated  by  the  density  gradients  of  the  inclined 
bubble  plume  that  the  vonicity  component  in  the  cross  flow  direction  finally  dominates  the 
flow  in  the  wake.  In  every  horizontal  plane  z=zt^,  the  density  distribution  in  the  inclined  bubble 
plume  has  roughly  a  bell  shaped  form  with  a  maximum  at  the  center  and  a  decrease  to  zero  in 
all  directions  as  sketched  in  Fig.  6.  A  fluid  particle,  which  traverses  the  region  of  the  bubbles 
due  to  the  crossflow,  integrates  the  rate  of  change  of  vorticity  along  its  path.  The  vorticity 
component  normal  to  the  crossflow  direction  is  first  increasing  and  decreasing  afterwards  to 
zero  again.  Hie  votticity  component  in  crossflow  direction  integrates  on  one  side  to  a  positive 
value,  on  the  opposite  side  to  negative  value.  This  statement  holds  as  long  as  the  density 
distiibution  is  independent  of  z,  and  the  horizontal  acceleration  of  the  fluid  due  to  its  vertical 
displacement  is  neglected.  In  reality,  a  fluid  particle  will  move  slower  near  the  upstrem  edge 
of  the  bubbles  region  and  acquire  a  small  vorticity  component  normal  to  the  cross  flow. 
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Fig,  7:  Position  of  the  vortices  in  the  wake.  Left:  (y,2)  plane,  right:  (x,z)-planc), 
Q=10  cm^/s,  c=80  mm/s,  point  source  (1). 


Fig.  8:  Spatial  velocity  distribution  w(x)  on  the  axis  of  the  inclined  bubble  plume  of  the  point 
source  (1)  for  Q  =  10  cm^/s,  z=0.53  m,  and  increasing  tow-velocity  c. 
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LDA-measurements  on  ihe  axis  of  the  inclined  bubble  plume  of  tlie  spatial  velocity 
distribution  w(x),  averaged  over  12  individual  runs,  are  shown  in  Fig.  8  for  z=0.53m  and  for 
increasing  tow-velocity,  c.  When  the  tow-velocity,  c,  is  zero,  w(x)  is  identical  with  the  radial 
velocity  profile  of  a  stationary  plume.  With  increasing  c,  the  limit  of  a  bubble  thermal  firom  a 
line  source  is  approached.  The  maximum  of  w(x)  gets  shifted  in  tlie  flow  direction  due  to  the 
increased  inclination  of  the  plume.  The  maximum  also  decreases  due  to  the  reduced  air 
concentration.  Fluid  accelaration  within  the  bubbles  (zone  I)  and  the  wake  (zone  H)  can 
clearly  be  distinguished  (Fig.  1). 

The  LDA  data,  w(x),  gives  information  on  the  maximum  velocity  and  on  its  location 
as  well  as  on  the  decrease  of  the  velocity  in  the  wake.  The  spatial  distribution  depends  on  tlie 
buoyancy  flux,  B=gQ,  on  the  tow-velocity,  c,  and  on  the  height  z.  In  the  following,  results  for 
the  point  som'ce  with  its  narrow  size  spectrum  (Fig.  3)  and  a  water  depth,  h=2  m  are  given. 
Fig.  9  shows  different  locations  for  two  cross  flow  velocities.  The  points  of  maximum 

velocity  are,  as  expected,  located  closly  behind  the  bubbles  which  follow  the  line  z^xwj^/c. 
This  behavior  is  different  from  the  behavicr  of  a  thcnnal  plume  in  a  cross  flow,  which  follows 
a  line  z  ^  for  a  weak  cross  flow  (c«’.v),  and  z  "  x^^  for  a  strong  cross  flow  (c»w) 
(Fischer  et  al.,  1979). 
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Fig.  9:  Position  of  the  maximum  of  w(x)  relative  to  the  line,  z=xwj^/c  of  the  bubbles. 
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Fig.  10:  Scaling  of  the  measured  maximum  of  w(x)  with  w^=(Bw^/z^cy  ® 

Based  on  the  idea  that  a  bubble  plume  n  a  cross  flow  with  c»w  can  be  regarded  as  line 
theraial  tl.e  following  scaling  of  the  vetdcal  velocity  can  be  postulated.  From  the  buoyancy, 
A,  per  umt  length  of  tho  tnennal  and  the  time,  t,  a  velocity  scale,  (A/t)  can  be  formed 
(Escudicr  and  Maxworthy,  1973).  A  is  related  to  the  buoyancy  flux,  B,  of  the  inclined  plume 
by  Adx=Bdt,  where  dx/dt=c,  is  the  cross  flow  velocity.  It  follows  that  A=B/c.  The  time,  t,  is 
given  by  It  re.sults  a  velocity  scale,  w^  of 

for  w„^  at  the  laght  z.  In  Fig.  10  w  is  compared  witli  w„.  The  proposed  scaling  represents  tlte 

IilaX  niaA  O 

variations  of  for  z=0.53m  quite  well.  At  z=1.53nj  the  scaling  is  successful  for  the  smaller 

iilaA 

gas  discharge  only.  Obviously  this  scaling  fails  in  the  limit  c=0. 

In  Fig.  1 1  the  decrease  of  the  velocity  in  the  wake  is  represented  in  a  (log  w/w^,log  x-x^)  plot 
for  c=2S  mm/s  and  2^=1. 5  ra,  and  x^^z^c/Wj^  It  shows  a  decay  with  which  is 

equivalent  to  w^-^(x-x^)“’ . 
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F^g-  Plot  of  (log  w/w^,  log  x-x^),  showing  the  decrease  of  w(x)  in  the  wake. 


CONCLUSIONS 

The  bubble  stream  released  locally  at  die  bottom  of  a  body  of  water  with  a  cross  flow  forms 
an  inclined  bubble  plume  along  the  line  z=xWjj/c.  As  the  cross  flow  passes  through  the  bubble 
stream,  a  system  of  staggered  counterrotating  vortices  is  generated  with  vorticity  in  cross  flow 
direction.  This  system  is  different  from  the  vortex  structures  observed  in  shear-  and  mixing- 
layers.  Maximum  flow  velocities  aie  observed  at  the  downstream  edge  of  the  bubbles. 
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Abstract 

The  process  of  the  destiatiftcatiou  of  a  reservoir  using  bubble 
plume  was  investigated  experimentally  and  numerically.  It  was  found 
that  an  unproved  double-plume  model  simulated  this  process  well. 

With  strong  bubbling  and  weak  stratification,  lower  layer  water,  lifted 
by  the  gas  released  from  the  bottom  could  reach  the  b;ee  surface  but 
with  low  bubbling  rate  and  strong  stratification,  only  a  dome  was 
formed  on  the  interface  without  the  lower  layer  water  reaching  the 
free  surface. 

In  both  cases  the  lower  layer  water  is  mixed  with  the  upper  layer 
water,  spreads  out,  plunges  to  the  neutral  buoyancy  level,  and  pro¬ 
duces  a  stratified  intermediate  layer  between  the  upper  and  the  lower 
layers.  Both  upper  and  lower  layers  are  eroded  by  the  evolution  of  the 

intermediate  layer,  bounded  from  these  layers  by  fronts.  In  the.  former  i 

case,  the  upper  front  ascends  fast  with  a  small  density  jump,  whereas  i 

the  lower  front  descends  slowly  preserving  a  large  density  jump.  In  the  ! 

latter  case,  both  the  upper  and  the  lower  fronts  behave  in  a  reverse  ( 

manner. 

1  Introduction 

Observational  data  suggest  that  stratification  in  natur^  water  bodies  often  resembles  ' 

a  step  stratification  (Imbetger  &  Patterson,  1989).  The  simplest  structure  with  a  step 

stratification  is  the  two-layered  system.  In  this  case,  with  the  application  of  bubble  plume 

to  the  water  body,  a  unique  intrusion  is  formed  between  the  layers,  which  is  the  same 

pattern  as  occurs  in  uni-phase  gravity  plumes  (Germeles,  1975,  Kumagai,  1984).  Unlike 

the  uni-phase  plume,  however,  the  continuous  supply  of  buoyancy  due  to  bubbles  leads  to 

higher  mixing  in  the  upper  layer.  This  easily  establishes  a  large  column  of  the  lower  layer 

water  throughout  the  upper  layer  for  sufficient  gas  flow  rate  (Baines  k  Leitch,  1992). 

The  purpose  of  this  study  is  to  illuminate  the  structure  of  bubble  plume  in  the  two¬ 
layered  stratification  and  the  destratification  process. 

2  Experimental  Procedures  and  Flow  Pattern  of  Bub¬ 
ble  Plume 

Two  tanks  with  Imxim  section,  80cm  deep  (T-series)  and  2mx2m  section,  1.8m  deep 
(BT-series)  were  used  alternativdy  depending  on  the  experimental  purposes.  A  bubble 
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Figure  1:  Schematic  diagram  of  typical  flow  patterns,  (a)  Strong  bubbling  and  weak 
stratification;  (b)  Weak  bubbling  and  strong  stratification.  Solid  spirals  show  strong 
eddies,  and  dash-dotted  arrows,  fluid  motion. 
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maker  was  installed  at  the  center  of  the  bottom  of  the  tanks.  It  was  connected  to  a 
compressor  with  a  tube,  in  the  middle  of  which  was  attached  a  relief  to  adjust  the  gas 
flow  rate  to  the  bubble  maker.  A  gas  flow  meter  was  insetted  between  the  relief  and  the 
compressor.  A  two-layered  step  stratification  was  made  in  the  tank  using  salt  water.  The 
bubble  maker  consisted  of  a  tube  with  a  circular  ceramic  top,  through  which  gas  was 
decomposed  into  fine  bubbles  (Asaeda  and  Imberger,  1993). 

Density  profiles  were  measured  using  a  movable  conductivity  probe  for  both  series. 
The  probe  moved  vertically  at  Icm/sec,  measuring  conductivity  at  every  1.82mm  for  the 
T-series,  and  4.6mm  for  the  BT  series.  In  addition,  density  profiles  in  a  vertical  section 
were  measured  at  every  10cm  in  the  section,  including  the  plume  axis. 

The  instantaneous  flow  structure  was  visualized  by  the  shadow  graph  method,  with 
light  source  at  the  density  interface  height.  The  accumulated  diffusion  of  the  plume  water 
was  visualized  by  dye  injected  5cm  above  the  bubble  maker.  The  visualized  structure  was 
photographed  and  then  analyzed. 

Results  of  experiments  revealed  that,  the  bubbles  induced  an  upward  plume  in  the 
lower  layer,  which  broke  through  the  interface  forming  a  column  of  lower-layer  water 
there.  Because  of  its  high  density,  the  water  fell  down  to  an  interface,  where  it  spread  out 
radially.  The  intrusion  reduced  its  advancement  rate  when  it  experienced  the  side-wall 
effects.  Then,  the  sectional  density  is  uniformized  gradually,  becoming  an  intermediate 
layer.  After  that,  the  following  water  intruded  at  the  neutral  level  in  the  intermediate 
layer  thickened  the  layer  both  upwards  and  downwards. 

According  to  the  relation  between  the  bubbling  rate  and  the  stratification  intensity, 
two  different  regimes  were  observed. 

When  the  bubbling  rate  was  high  and  the  stratification  was  relatively  weak  (Figure  la), 
the  plume  broke  through  the  interface  with  large  momentum  and  reached  the  free  surface 
without  losing  the  lower-layer  water.  After  impinging  on  the  free  surface  violently,  the 
water  spread  out  horizontally  before  suddenly  plunged  down  into  the  water  body  together 
with  a  large  amount  of  the  ambient  surface  water.  This  formed  an  annular  downdraft 
around  the  inner  upward  plume.  In  this  regime,  the  density  of  the  downdraft  is  closer  to 
that  of  the  upper  layer  water  than  to  that  of  the  lower-layer.  Therefore,  the  intermediate 
layer  was  separated  from  the  lower  layer  by  a  strong  density  jump  (lower  front),  amd  from 
the  upper  layer  by  a  weak  density  jump  (upper  front).  This  flow  pattern  is  called  “type 
1”. 
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Figure  2;  Isopicnals  of  a  vertical  section:  (a)  type  1,  (b)  type  2. 


With  low  bubbling  rate  and  relatively  strong  stratification,  the  upward  momentum 
associated  with  bubbling  built  up  a  dome  of  the  lowerdayer  water  on  the  interface  (Figure 
lb).  After  reaching  the  top  of  the  dome,  the  water  feU  along  the  side  slope  down  to  the 
interface.  Since  a  small  amount  of  upper  layer  water  was  entrained  into  the  dome,  the 
density  of  the  intermediate  layer  was  closer  to  that  of  the  lower  layer  than  that  of  the 
upper  layer.  Therefore,  the  layer  was  separated  from  the  upper  layer  with  a  large  density 
jump  (upper  front),  whereas,  from  the  lower  layer  with  asmil  density  jump  (lower  front!. 
This  flow  pattern  will  be  called  “type  2”. 

Isopicnals  of  the  vertical  sections  indicated  in  Figures  2  are  also  reveal  clearly  the  two 
flow  patterns. 

With  the  formation  of  the  intermediate  layer,  the  original  two-layered  system  is  de¬ 
formed  into  three-layered  one,  then  the  original  upper  and  lower  layers  are  gradually 
eroded  by  the  intermediate  layer. 

In  type  1,  the  interniediate  layer  expands  more  upwards  than  downwards.  In  type  2, 
on  the  other  hand,  the  intermediate  layer  erodes  the  lower  layer  more  rapidly  ihsm  the 
upper  layer.  The  lower  front  descends  gradually  through  the  water  underneath  carried 
up  above  it  by  the  plume  (Baines,  1974),  i.e.. 


dzi  _  Q^jzi) 
dt  A 

where,  is  the  lower  front  height,  Qy,{z)  is  the  volume  flux  of  water  at  z,  A  is  the  sectional 
area  oi  tne  container,  and  t  is  time. 

At  the  height  of  the  lower  front,  the  volume  flux  of  gas  is  given  by  QoqHaHHt  -  zt], 
where  Ht  =  M+Ha',  H  and  Qa  are  the  water  depth  and  gas  flow  rate  at  the  bubble  source, 
respectively;  Ha  is  the  atmospheric  pressure  he^;  g  is  the  gravitational  acceleration.  The 
descend  rate  of  the  lower  front  has  been  determined  as 


dxi 

dr 


-0.45(— - - - 
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Figure  3:  The  height  of  the  lower  front;  calculated  results  of  (3)  in  comparison  v/ith  the 

experiments.  Calculated  results  (Hr  =  0.118); - ,  lo  =  0.25; - , 

lo  =  0.6; - ,Xo  =  0.8,  Experimental  results:  squares,  BT-4,5,9  (so  =  0-2  ~  0.3); 

circles.  BT-1,2,10  (®o  =  0-55  ~  0.65);  triangles,  BT-3,6,7,11  (iq  =  0.75  ~  0.85). 

where  xi  =  zi/H  is  the  nondimensional  height,  r  =  (iira^HMy^URt)/A  is  the  nondimen- 
sional  time,  ug  is  the  bubble  slip  velocity,  Hr  =  H/Ht,  and  a  and  Mg  are  later  defined 
in  (6). 

The  above  relation  is  shown  in  Figure  3.  Associated  with  the  reduction  of  sj,  Qu.(2i) 
decreases  and  the  descending  rate  of  the  lower  front  is  deccelerated. 

The  upper  front  advances  at  the  rate  of  the  entrainment  of  the  upper  layer  water 
through  the  front.  Its  height  is,  therefore, 


dt  A 


(3) 


where  <3*  is  the  entrainment  rate  of  the  upper  layer  water. 

Unlike  the  flux  through  the  lower  front,  however,  the  flux  through  the  upper  front 
is  much  affected  by  the  gravity  force  which  the  plume  receives  in  the  intermediate  layer. 
Figure  4  shows  Q,  as  a  function  of  z„.  It  can  be  found  that  the  entrainment  rate  decreases 
significantly  even  with  the  small  rise  of  the  upper  front. 

At  first,  the  plume  directly  attacks  the  front  without  losing  momentum,  causing  a 
high  entrainment  rate.  However,  as  the  intermediate  layer  thickening,  the  plume  loses 
its  upward  momentum  in  the  layer,  before  attacking  the  upper  front.  Eventually,  less 
amount  of  the  upper  layer  water  is  entrained. 

A  following  relationship  was  obtained 


80E,2  for  <  0.053  (4) 

1  for  F'^  >  0.053  (5) 

where  Fj  -  {QagH aHzq^Ht  -  zo)]y^^ /[s^tiHr  -  zo)],  ffoi  is  the  initial  reduced  gravity 
difference  between  the  lower  layer  water  and  the  upper  layer  water,  D  is  the  height  of  the 
coluirm  of  the  lower  layer  w'ater  in  the  upper  layer,  and  zq  denotes  the  initial  height  of 
the  interface.  The  boundary  between  type  1  and  2  is  F^  =  0.053. 
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Figure  4:  The  entraiament  through  the  upper  fi:ont  as  a  function  of  the  fifont  height. 

- with  open  circles:  BT-1, . with  open  squares:  BT-3, - with  open 

diamonds:  BT-4, - with  X:  BT-7,  -  -  -  - - with  open  triangles:  T-2, - 

- with  closed  circles:  T-3, - -  with  closed  squares:  T-4,  and - - - with 

closed  diamonds:  T-5. 

3  Analysis  of  the  evolution  of  the  intermediate  layer 

As  was  described,  with  the  evolution  of  the  intermediate  layer,  it  becomes  difficult  to 
relate  the  flow  pattern  to  the  initial  conditions  and  bubbling  rate.  Therefore,  a  numerical 
model  is  introduced  to  analyze  the  flow  pattern  at  any  stage  and  the  destratification 
process. 

Similarly  with  the  linearly  stratified  case  (Asaeda  k  Imberger,  1993),  the  double-plume 
integral  model  was  used  to  simulate  the  density  distribution  in  the  ambient. 

Using  nondimensionalizing  variables 


z  =  Ux,  n  =  2q:///?i,  rj  =  2otER-i,Vi  =  UBM]j^Vi,V2  = 

Vl  7j  j  92  “  Yr  >  ^ • 


rl/3r 


B 


Gu  =  Gi 


1 


H 


(1  -  Hrx){V,  + 


-,Mh  =  {Qq9Ha)I{Ai^o?HIub^) 


(6) 


where  v  denotes  the  vertical  velocity;  r  the  plume  radius,  subscripts  1  and  2  denote  the 
inner  and  the  outer  plume  variables;  and  g[  -  ff(pa  -pi)/pr.  g'^  =  g{p2-Pa)lpr  and  p^  is 
the  density  of  the  ambient  water,  Pr  is  a  reference  density.  The  liquid  density  of  the  inner 
plume  is  given  by  g[i  =  g\—  gAe,  with  Ag  is  the  total  fraction  occupied  by  gas.  Here, 
it  is  assumed  that  pressures  are  constant  across  the  section,  the  velocity  and  density  are 
assumed  to  have  a  top-hat  profile,  and  the  diffusion  effect  is  neglected,  og,  a^,  and  a  are 
the  entrainment  coefficients  for  the  outer  to  inner  plumes,  the  inner  to  outer  plumes,  and 
the  ambient  to  the  outer  plume  respectively.  A  is  the  ratio  of  radii  of  the  bubble  core  and 
the  inner  plume.  The  notations  are  given  in  Figure  6 

Equations  of  the  conservations  of  mass,  momentum  and  buoyancy  are  derived  as 
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Figure  5:  The  diagicim  of  the  double-plume  model,  (a)  general  structure,  (b)  near  the 
plunging  zone. 
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for  the  inner  plume 
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dx 
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dx 
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(7) 

(8) 

(9) 


(10) 

(11) 

(12) 


for  the  outer  plume 

The  ambient  deiLsity  evolution  is  calculated  by  introducing  the  assumption  that  the 
equivzdent  amount  of  water  to  the  intrusion  spreads  immediately  over  the  container  sec¬ 
tion. 

The  inner  plume  equations  (7)  through  (9)  are  integrated  up  with  suitable  starting 
conditions.  Since  the  plume  starts  in  the  homogeneous  lower  layer,  the  condition  of  the 
single  plume  (McDougall,  1978,  and  Asaeda  &  Imberger,  1993)  was  used.  For  the  first 
integration  up  the  inner  plume  ,  the  presence  of  the  outer  plume  was  ignored. 

When  the  plume  does  not  reach  the  free  surface,  the  inner  plume  stops  rising  in  the 
upper  layer,  which  is  the  beginning  of  the  outer  downdraft. 

Nondimensionaiization  leads  to  the  starting  conditions  of  the  outer  plume  given  by 
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Figure  6;  Examples  of  ihe  simulated  evolution  of  the  ambient  stratification  in  comparison 
with  corresponcfing  experiments,  (a)  BT-S  (simulation),  (b)  BT-3  (experiment). 


(13) 

(14) 

(15) 

'i  he  outer  plume  equations  are  integrated  down  to  the  neutral  buoyancy  level.  During 
tlus  downward  integration,  the  values  used  for  i?j.  Vj,  and  Gj  at  each  level  are  those 
derived  by  the  previous  integration  up  the  inner  plume.  An  intrusion  forms  at  the  neutral 
buoyancy  level.  Thif  process  was  repeated  until  it  converged;  the  criterion  for  the  conver- 
‘..ence  was  less  than  1%  difference  in  the  buoyancy  of  the  inner  plume  from  the  previous 
value. 

The  entrairiment  coefficient  n  was  taken  as  the  value  of  a  pure  plume,  0.083,  and  P 
vv\s  given  by  0.5.  7  equals  unity,  since  it  corresponds  to  the  falling  outer  draft. 

For  the  case  that  the  inner  plume  reaches  ihe  free  surface,  the  water  flov.'.s  out  radially 
mong  the  free  suriace,  then  suddenly  plunges  into  the  w.-iter  body.  As-suming  the  homoge¬ 
neous  density  for  I'm  surface  outflow,  the  nondimensional  initial  quantities  of  the  outflow 
are  related  to  the  mner  plume  values  by 


0,1 

V,I 


G::j 

’^'Wi 


I- Hi 


(Id) 

(17) 

(18) 


.  neie  subscrij.  ts  I  and  s  denote  the  values  at  the  impingement  region  and  of  the  surface 
jet  respectively  ;  in  nondi  lensionai  form  i?/  is  the  radius  of  the  point  where  tlie  horizontal 
jet  starts,  Fj  is  the  initial  tluckuess  of  the  boi.'sontal  jet,  V);,  G'l/,  and  Gm  are  the  velocity 


and  the  reduced  gravity  of  the  inner  plume  and  the  reduced  gravity  of  the  water  at  1  —  Hj, 
V,i  and  G,i  are  the  velocity  and  the  reduced  gravity  at  the  begiiming  of  the  horizont^ 
jet,  and  Kx,  is  the  energy  loss  coefficient  (=0.2),  x/  is  the  nondimensional  height  of  the 
lower  boundary  of  the  impingement  zone(=  1  —  if/),  xj,  G,j,  and  V,/  are  obtained  by 
solving  (16)  to  (18)  simultaneously  using  the  quantities  of  the  inner  plume. 

In  the  ambient,  the  mass  and  the  momentum  conservations  of  the  bubble  plume  are 
given  by 


dG,{x) 

dr 

Therefore,  the  density  at  z  is 


iR'^,Vi  +  S^V2)dG^(x) 

A  dx 


(19) 


Ga(i,  r  +  At)  =  Ga{x  + 


(ifa(z)2Vi(x)  +  S2(x)V2(x))Ar  , 

- ^ - .^) 


(20) 


Intrusion  velocity  was  assumed  to  be  infinite.  Therefore,  the  new  layer,  G^izint)  in 
density,  and  —{S{zint)^V2{2int))/A  in  thickness,  was  inserted  at  the  neutral  buoyancy  level. 

Figure  Y  depicts  the  evolution  of  the  ambient  stratification  simulated  using  the  double¬ 
plume  model  (Figure  7  a)  and  measured  in  the  experiment  (BT-3)  (Figure  7  b).  It  is  clear 
that  the  double-plume  model  can  simulate  the  phenomena  with  satisfactory  accuracy. 
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Abstract 

Waste  water  is  generally  disposed  of,  in  the  ocean,  via  an  outfall.  The  outfall  pipeline, 
resting  on  or  beneath  the  ocean  floor,  transports  the  waste  water  off'shore  to  the  disposal 
site.  At  this  site  the  effluent  is  discharged  through  a  diffuser.  Diffusers  take  on  a  variety  of 
forms,  ranging  from  a  simple  pipe  with  a  number  of  holes  placed  alternately  on  either  side, 
to  a  complex  system  of  risers  and  radial  diffusers  typical  of  large  scale  tunnelled  outfalls. 
The  prediction  of  the  initial  dilution  of  the  positively  buoyant  waste  water  plumes  as 
they  rise  from  the  diffuser  to  the  ocean  surface  is  an  important  step  in  assessing  the 
performance  of  any  proposed  diffuser  configuration.  In  this  paper  we  consider  how  the 
interaction  of  adjacent  plumes  (due  to  insufficient  port  spacing)  influences  the  dilution 
efficiency  of  the  outfall  diffuser.  The  diffuser  configuration  studied  is  that  of  a  pipe  with 
ports  placed  alternately  on  either  side  and  the  ambient  fluid  is  assumed  to  be  quiescent 
and  well  mixed.  We  present  an  integral  model  which  uses  an  under  pressure  concept 
to  incorporate  the  effects  of  plume  interaction  on  the  dilution  of  effluent  above  such  a 
diffuser.  Where  the  close  proximity  of  neighbouring  plumes  results  in  deficiencies  in  the 
quantities  of  fluid  available  for  entrainment,  additional  currents  are  induced  in  the  ambient 
fluid  to  meet  these  demands.  These  induced  currents  create  pressure  differentials  across 
the  plumes  and  the  resulting  forces  bring  the  plumes  together.  Data  from  the  model 
agrees  satisfactorily  with  the  laboratory  data  of  Liseth  [7],  although  further  experimental 
investigations  of  these  merging  phenomena  are  required. 


Introduction 

At  the  beginning  of  this  century  waste  water  outfaJ.is  commonly  consisted  of  a  pipe  dis¬ 
charging  untreated  effluent  onto  a  beach  in  a  remote  location.  Remote  areas  of  the  past 
soon  became  suburbs  auad  with  an  increasing  public  awareness  of  environmental  quality 
these  types  of  discharges  have  become  unacceptable.  Unsightly  dischairges  of  this  na¬ 
ture  have  gradually  been  replaced  with  waste  water  disposal  systems  which  comprise  of  a 
treatment  plant,  a  pipeline  and  a  diffuser.  The  treated  effluent  is  carried  via  the  pipeline 
along  (or  beneath)  the  ocean  floor  to  an  offshore  disposal  site.  At  the  terminus  a  diffuser 
splits  the  discharge  into  a  uumber  of  smaller  discharges.  These  fresh  water  d.'sc.harges  into 
a  denser  salt  water  environment  produce  turbulent  plumes  rising  towards  the  ocean  sur- 
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face.  This  turbulent  mixing  greatly  enhances  the  dilution  of  the  effluent  and  consequently 
reduces  the  impact  on  the  local  environment. 

Traditionally  diffusers  were  designed  to  pr^wide  ample  ambient  fluid  for  entrainment 
into  the  rising  effluent  plumes  and  hence  ports  were  sufficiently  spaced  to  allow  plumes 
to  rise  to  the  surface  individually.  In  conjunction  with  this  design  philosophy  there  has 
been  a  signiflcaat  research  effort  into  methods  of  predicting  the  behaviour  of  single  buoy¬ 
ant  discheuges  and  there  are  now  a  number  of  models  available  that  can  predict  with 
reasonable  accuracy  plume  behaviour  for  a  variety  of  ambient  conditions  (Lee  et  al.  [6], 
Wood  [12]).  However,  where  there  are  practical  limits  on  the  length  of  the  diffuser  section 
the  rising  plumes  interact  before  they  reach  the  surface.  Indeed  a  recent  investigation  by 
Cheng  et  al.  [3]  indicates  that  where  there  are  persistent  currents  such  interaction  may 
be  desirable.  In  this  paper  we  present  a  model  a  single  plume  as  it  rises  to  the  surface 
and  interacts  v/ith  neighbouring  plumes.  We  consider  a  plume  near  the  centre  of  a  long 
diffuser  and  edge  effects  are  therefore  neglected.  The  ports  are  equally  spaced  and  we 
assume  the  ambient  fluid  is  stagnant  and  unstratified.  We  believe  the  concepts  developed 
in  this  model  can  be  applied  to  other  plume  interaction  problems  such  as  discharges  from 
radial  diffusers  typical  of  large  scale  tunnel  outfall  systems  (Roberts  et  al.  [11]) 


The  Model 


Plumes  are  typically  discharged  on  alternate  sides  of  the  diffuser  as  shown  in  figure  1. 
A  representative  discharge  is  initially  axisymmetry,  but  as  it  grows  through  turbulent 
entrainment  it  begins  to  interact  with  neighbouring  plumes  on  the  same  side  of  the  diffuser. 
It  eventually  merges  with  these  plumes  to  form  a  two  dimensional  plume.  Identical 
behaviour  on  the  other  side  of  the  diffuser  generates  a  second  two  dimensional  plume  and 
a  vertical  plane  of  symmetry  exists  midway  between  these  two  two  dimensional  plumes 
at  the  diffuser  centre  line.  Assuming  the  two  two  dimensional  plumes  are  identical  there 
will  be  no  nett  mass  or  momentum  fluxes  across  this  plane  of  symmetry.  Thus  there  is  a 
limit  on  the  local  ambient  fluid  available  for  entrainment  into  the  inner  sides  of  the  two 
dimensional  plumes.  Fluid  flows  up  from  the  areas  below  where  merging  began  to  satisfy 
the  entrainment  demands  of  the  plumes  (figure  1).  These  additional  induced  currents 
reduce  the  pressure  on  the  inner  side  of  the  plumes  creating  a  pressure  difference  across 
each  of  the  plumes.  The  resulting  force  brings  the  two  two  dimensional  plumes  together 
and  as  they  merge  they  exert  positive  pressures  on  each  other  reducing  their  horizontal 
momenturas  to  zero.  This  region  is  similar  to  that  of  a  jet  hitting  a  flat  plate  and  one 
would  expect  some  down  flow  associated  with  the  changes  in  the  vertical  momentum  of 
the  plumes.  This  down  flow  will  form  a  small  pocket  of  buoyant  fluid  resting  below  the 
merging  plumes.  When  the  merging  of  the  two  two  dimensional  plumes  is  complete  a 
single  two  dimensional  plume  has  formed  and  it  rises  vertically  towards  the  surface. 

In  developing  a  model  it  is  perhaps  best  to  divide  the  plume  into  regions  of  distinct 
behaviour.  We  will  define  Region  1  as  the  initial  axisymmetric  region.  Region  2  v/here 
the  plumes  merge  on  each  side  of  the  diffuser  to  form  two  two  dimensional  plumes  and 
these  plumes  are  drawn  together  due  to  additional  induced  currents  in  the  ambient  fluid. 

2 


ima 


Hi 


The  region  where  the  two  two  dimensional  plumes  merge  above  the  outfall  diffuser  will 
be  designated  Region  3  and  finally  Region  4  where  the  plume  rises  vertically  as  a  single 
two  dimensional  plume. 


vertical  planes  of  symmetry 
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SECTION  A-A 


Figure  1;  A  schematic  diagram  of  the  central  part  of  a  long  diffuser 

In  addition  to  the  central  plane  of  symmetrj'  discussed  above  vertical  planes  of  symme¬ 
try,  through  which  we  can  assume  no  nett  fluxes  of  mass  or  momentum,  also  exist  midway 
between  plumes  on  the  same  side  of  the  diffuser.  Thus  we  can  consider  the  behaviour  of 
a  single  plume  within  an  open  box  bounded  by  the  three  i’rictionless  planes  of  symmetry. 
Within  this  symmetry  frame  we  can  define  the  behaviour  of  the  plume  as  it  rises  towards 
the  surface.  We  begin  by  defining  general  equations  which  apply  in  all  four  regions  and 
then  define  the  modifications  necessary  to  describe  the  specialised  behaviour  in  Regions  2 
and  3.  Ceirtesian  coordinates  {x,y,z)  originate  from  the  source  and  s  measures  distance 
along  the  plume  centre  line  from  this  origin.  The  distance  h  is  measured  from  the  plume 
centreline  normal  to  the  y  —  s  plane.  These  coordinates  are  shown  in  figure  1. 

The  plume  volume  flux  (g)  and  momentum  flux  (M)  can  be  written  as: 

q  =  I^UUp,  and  M  =  ImU^btp-,  (1) 
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in  which 


u  dy  dh 
U~b%^ 

r  u  1  ^  </y  dh 
[u\  Tv 


(2) 

(3) 


£p  is  the  distance  between  the  port  centre  lines  on  the  same  side  of  the  diffuser, 
u  is  the  time  averaged  velocity, 

U  is  the  plume  centreline  value  of  S,  and 

6  is  a  representative  plume  radius  defined  as  the  distance  from  the  centre  line  to 
a  point  where  u  —  exp{—l)U, 


Assuming  that  the  results  of  Miller  et  al.  [8]  and  Bradbury  [2]  for  two  dimensional  jets 
can  be  applied  to  this  problem  we  neglect  the  turbulent  flux  term  in  the  definition  of  I'm- 


The  plume  buoyancy  (B)  and  flux  of  density  deficit  (yao)  can  be  written  as; 
B  =  IaAMp,  and.  qao  = 

in  which 

rZb  Atdydh 


“  7-36 A  6  4’ 

=  -»/:/!  fit!' 


(4) 

(5) 

(6) 


At  is  time  average  density  difference  (^)  multiplied  by  the  gravitational  acceleration 

(5),  aJid  _ 

A  is  the  plume  centre  line  value  of  A«. 


The  constant  1.19  in  the  definition  of  /,a  replaces  a  turbulent  flux  term  (Papanicolaou 

[9]). 

These  equations  have  been  developed  for  a  finite  control  volume  extending  from  —£p 
to  ip  in  the  y  direction  and  from  —36  to  36  in  the  h  direction.  A  finite  control  volume  ex¬ 
tending  across  essentially  the  whole  plume  (—36, 36)  was  chosen  because  we  sure  interested 
in  quantifying  the  external  forces  acting  on  the  plume.  I’his  subtlety  ha.s  a  negligible 
effect  on  the  values  of  the  shape  functions  8>id  /a  when  compared  to  those 

developed  for  a  control  volume  extending  from  —00  to  00  in  the  h  direction. 

The  values  of  the  shape  functions  depend  on  the  shape  of  the  velocity  and  density 
distributions  and  these  shapes  change  as  the  plumes  interact  and  merge  with  one  another. 
Por  a  line  of  identical  discharges  we  define  the  velocity  and  density  distributions  as: 

[  ^  ,  and 


(7) 


A 


(8) 


E“co«^P-[=M' 

Simplified  definitions  of  the  shape  function  were  developed  for  the  merging  of  the  two 
dimensional  plumes  in  Region  3.  Taking  the  definition  of  /„  as  an  extimple;  in  the  three 
dimensional  limit  (k  <  0.3)  it  has  the  form: 

'‘Cp 


and  in  the  two  dimensional  limit  >  0-^^)  it  becomes  a  constant: 


(10) 


The  variations  of  this  and  the  other  functions  between  these  limiting  forms  are  shown  in 
Davidson  et  al.  [4], 


If  we  define  0  as  the  clockwise  angle  between  a  tangent  to  the  plume  centre  line  and 
the  horizontal  plane;  we  can  then  write  the  horizontal  momentum  (M^)  as: 

Mu  =  Mcosp  (11) 

and  the  vertical  momentum  {Mv)  as: 

Mv  =  Msin0.  (12) 


The  momentum  equations  ai'e  then  written  in  the  following  form; 


dMu  _ 
ds 


and 


dMv 

ds 


~  B  +  3~y 


(13) 


Where  and  Ty  represent  the  effect  of  external  forces  acting  on  the  control  volume  and 
their  definitions  are  dependent  upon  the  Region  we  are  modelling.  In  Regions  1  and  4  the 
plumes  are  unaflected  by  the  behaviour  of  neighbouring  plumes  and  hence  3~i  =  0. 

In  Region  2  the  additional  induced  currents  in  the  irrotational  ambient  fluid  near  the 
inner  side  of  plume  reduce  the  pressure.  The  pressure  difference  between  the  inner  and 
outer  sides  of  the  plume  cau  be  defined  using  the  Bernoulli  equation  and  this  difference 
generates  an  external  force  acting  on  the  control  volume  leading  to  following  definitions 
of  Tx  and  Ty-. 

Tx  =  ^-iysinP,  and  3^y  =  ^iyCosP.  (14) 

In  which  Uy  is  the  average  velocity  of  the  additional  induced  currents.  These  currents  are 
defined  as  the  ambient  fluid  passing  by  the  control  volume  as  opposed  to  the  entrained 
fluid  which  passes  into  it.  The  additional  induced  velocity  is  further  defined  by: 


U.  =  (15) 

Ay 

v;here  is  the  area  between  the  inner  side  of  the  plume  and  the  vertical  plane  of  sym¬ 
metry  passing  through  the  diffuser  centreline.  We  define  the  volume  flux  of  fluid  pzissing 
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by  the  control  volume  ((5u)  by  considering  the  conservation  of  volume  flux  in  the  area 
confined  by  the  plume  and  the  planes  of  symmetry.  This  dictates  that  the  decrease  in  the 
volume  flux  of  fluid  peussing  by  the  control  volume  must  equal  an  be  opposite  to  the  flux 
of  fluid  into  the  control  volume  due  to  entrainment  on  the  inner  side  of  the  plume.  This 
will  be  approximately  one  half  of  the  total  flux  into  the  control  volume  (dQ^).  We  can 
therefore  write: 

IdQ^  ^^-{I,Ub£,).  (16) 


ds 


2  ds 


2ds' 


In  Rtgion  3  the  plumes  merge  and  exert  a  positive  pressure  on  each  other  reducing 
their  respective  horizontal  momentums  to  zero.  The  horizontal  force  required  to  achieve 
this  can  be  determined  by  considering  a  control  volume  which  extends  from  the  point 
where  merging  begins  to  the  point  where  the  plumes  are  rising  ve'-tically.  This  force  will 
be  applied  over  some  length  scale  which  we  anbitrarily  assume  to  equal  46.  Using  a  cosine 
function  to  apply  the  force  smoothly  we  get  following  form  for  Tx'. 


/„t/X  r,  /27r(s-s^)M 

jj’ 


(17) 


in  which  Sm  is  value  of  s  at  the  point  where  the  two  two  dimensional  plumes  being  to 
merge.  A  vertical  force  associated  with  the  small  pool  of  fluid  resting  below  the  merging 
plumes  will  also  be  exerted  on  the  control  volume.  However,  for  the  moment  we  assume 
that  the  effect  of  this  force  is  small  and  hence  .Fy  =  0. 

The  geometric  relationships  can  be  defined  generally  as: 


dx  Mb  j 

ds^  M  ' 


(18) 


The  spread  equation  is: 


(19) 


where  the  constant  k  =  0.11  (Papanicolaou  [9])  and  the  function  ^  —  1  in  Regions  1,3 
and  4-  Id  Region  2  the  spread  of  the  plume  will  be  reduced  by  the  induced  currents  on 
the  inner  side  of  the  plume.  This  reduction  will  be  sirnilair  to  that  for  a  jet  in  a  coflowing 
current  and  following  Patel  [10]  we  can  define  Q  as: 


2i/-(y„ 

2U 


(20) 


The  equations  described  above  can  be  organised  into  a  system  of  ordinary-differential 
equations  and  solved  with  a  Runge-Kutta  routine,  liritial  conditions  are  determined  at 
the  end  of  the  zone  of  flow  establishment  and  are  based  on  the  results  of  Ayoub  [Ij.  At 
the  beginning  of  Region  3  however,  an  additional  equation  is  introduced  and  an  initial 
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value  of  the  volume  flux  passing  by  the  control  volume  Q^i  is  required.  As  there  is 
no  information  available  for  estimating  this  value  it  has  been  determined  through  tried 
and  error.  The  value  of  Qu,-  must  be  just  sufficient  to  meet  the  entrainment  demands 
prior  to  the  merging  of  the  two  two  dimensional  plumes.  Indications  from  the  model  are 
that  this  value  is  sensitive  to  port  spacing,  less  sensitive  to  the  port  Froude  number  and 
least  sensitive  to  the  diffuser  diameter.  Predictions  of  dilution  data  from  this  model  are 
compared  with  the  experimental  data  of  Liseth  in  figure  2. 


zJFrp 

Figure  2:  Minimum  dilution  (5'  =  versus  depth.  In  which  Ap  is  the  value  of  A  at 
the  port  and  A„,  is  the  minimum  value  of  A  in  a  cross  section.  The  subscript  *  indicates 
division  by  the  port  diameter  {dp).  The  port  Froude  number  {Fvp)  is  defined  by  the  port 
exit  velocity  [Up],  Ap  and  dp. 


Conclusions 


Considering  the  significant  variations  in  the  data  the  model  predicts  the  dilutions  reason¬ 
ably  well  and  somewhat  better  than  previous  attempts  to  model  this  problem  (Davidson 
[5],  Wood  [13]).  The  principle  reason  is  the  inclusion  of  the  effects  of  the  induced  currents 
on  the  vertical  momentum  of  the  plume.  Previously  this  has  been  assumed  to  be  in¬ 
significant.  Results  from  the  model  indicate  the  induced  currents  on  the  inner  side  of  the 
plume  reach  magnutudes  as  high  as  50  percent  of  the  centre  line  mean  velocity  and  have 
a  significant  effect  on  the  vertical  and  horizontal  momentum  of  the  plume.  The  model 
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also  indicates  that  plume  interaction  alters  the  shape,  spread,  dilution  and  trajectories 
of  a  plume.  A  detailed  experimental  investigation  is  now  required  to  further  assess  and 
modify  the  assumptions  made  during  the  development  of  this  model. 
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Particle  Clouds  In  Density  Stratified  Environments 
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Sydney  2052  Australia 


A  particle  cloud  descending  in  a  stably  stratified  fluid  entrains  or  captures  ambient  fluid. 
The  cloud  reaches  a  maximum  depth  when  its  downward  motion  is  arrested  by  its  loss  of 
buoyancy  due  to  the  entrained  fluid  and  to  the  particles  separating  com  the  particle  cloud. 
The  captured  fluid  then  rebounds  to  its  level  of  neutral  buoyancy.  It  is  shown  via 
laboratory  experiments  and  a  numerical  model  that  the  maximum  penetration  and  flnal 
depths  of  the  captured  fluid  de^d  upon  the  non-dimensional  buoyancy  of  the  particles 
and  the  non-dimensional  setting  velocity  of  tiie  individual  particles  where  the  non- 
dimensionalising  variables  are  the  fluid  density  and  stratification. 


Introduction 

Each  year  vast  quantities  of  particulate  matter  are  dumped  into  tlie  ocean.  In  1990  over  20 
Gigatonnes  of  dredge  spoil  was  disposed  of  in  this  way  with  some  individual  releases  from 
bottom  dump  barges  exceeding  15,000  tonnes.  Additionally  some  40  Megatonnes  of  sewage 
sludge  and  industrial  wastes  were  also  dumped  into  the  ocean,  usually  on  the  continental 
margins.  The  dispersion  of  material  disposed  of  in  this  manner  is  of  environmental  concern  and 
this  paper  aims  to  clarify  certain  aspects  of  the  settling  processes  in  stratified  water  bodies. 

The  behaviour  of  clouds  of  dense  particles  sinking  in  homogeneous  fluids  has  been  examined 
experimentally  by  Nakatsuji,  Tamai  and  Murota  (1990)  and  by  Rahimipour  and  Wilkinson 
(1992).  These  studies  indicated  that  following  their  release,  an  initially  packed  group  of  dense 
particles  would  accelerate  downwards  with  shear  forces  at  the  boundaries  of  the  group 
producing  turbulent  motions  which  cause  the  particles  to  disperse  into  a  particle  cloud.  The 
effective  density  of  the  cloud  was  reduced  by  this  process  and  the  particles  acted  more  like  a 
distributed  buoyancy.  The  velocity  of  the  cloud  reached  a  maximum  and  its  form  approached 
the  mushroom  shape  of  a  miscible  thermal.  The  characteristic  internal  circulation  of  a  self- 
preserving  thermal  was  strongly  evident  a  necessary  requirement  for  the  development  of  this 
phase  was  that  the  fall  velocity  of  individual  particles  within  the  cloud  should  be  much  less  tlian 
The  vel<xity  of  the  cloud  itself.  Figure  1  shows  a  photograph  of  a  particle  cloud  in  the  self¬ 
preserving  thermal  phase.  The  strong  vortical  structure  characteristic  of  thermals  is  clearly 
visible  ^d  it  can  be  seen  that  most  of  the  particles  are  contained  within  the  vortex  ring 
comprising  the  thermal.  When  sinking  in  homogeneous  fluid,  the  negative  buoyancy 
(submerged  weight)  of  the  cloud  remains  constant  as  in  a  simple  miscible  thermal  and  its 
increasing  volume  due  to  entrained  ambient  fluid  causes  its  velocity  to  decrease.  This  can  also 
be  demonstrated  by  means  of  simple  scaling  arguments. 


Figure  1  Photograph  of  a 
particle  cloud  in  the  self¬ 
preserving  thermal  phase.  The 
cloud  was  illuminated  by  a  light 
sheet  traversing  its  central  axis. 
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Ultimately  tlie  velocity  ot  the  cloud  decreaick  to  a  poua  wbete  tu  speed  is  coeoipanfc^  vnth  the 
settling  velocity  of  individual  particles.  'Pie  laiemaj  cucuLuioci  becomes  suppoesse;!  b>  the 
presence  of  the  panicles  whicb  ttacn  continue  to  scuk  a*  a  paiuck  vviam  vsua  aL  paiis>:lcs 
sinking  downwards.  This  phase  has  been  uudwvl  b>  ItAhler  and  Papaiuonicju  t  Iv^i  i  who 
argued  that  the  cloud  eniers  a  ihitd  sdi-pceaerwig  phase.  The  vck»3t>  oi  the  swarm  itont  was 
found  to  approach  a  constant  value  wht(±  they  iutind  lo  he  about  1  4  times  the  tad  veaociiv  ot 
individual  particles.  In  this  fuul  phase  the  panacies  connauev:  to  ipnead  but  a:  a  verv  much 
slower  rate  than  is  the  case  dunag  the  thermal  like  phase.  Eutuer  ana  Papaoumicv  1 194 1  > 
suggesoed  that  Use  spread  ol  pactscie  swarms  is  due  to  the  ilow  imhwed  b>  the  wake 

fat^nd  ■'wrh  parocle  and  by  shear  ■aht.Tii  eiMraarimmi  at  me  hierai  fn^ii'  f  ot  die  swarm 

Rahuaipour  and  WtUoatsoo  lly92>  shiimcd  that  the  behavaour  betwoca  the  tfaermai 

phase  and  the  swam  phase  contd  be  chararttnsql  by  a  paratnehT  mpnrsvaat  the  ratio  ot  the 
settling  velocity  of  uidivirtuat  patticka  (w»)  to  a  local  characiemta.  velocity  ot  the  plume 
repressed  by  wfacR  B  is  the  submcifed  woghi  ot  the  fartvifv  m  me  cloud,  p  is  the 

deraty  of  the  amhaeni  fluid  iimI  R  is  the  local  c!  md  raihus  This  tmio  was  tetmed  the  cktud 
number  Nc  so  that 


Scaling  Relationships 

Consider  a  mass  of  particles  M  with  individual  particles  having  density  pp  and  settling  velocity 
Wj  in  a  fluid  of  density  p.  The  sutaaerged  weigtu  or  effective  buoyancy  of  the  particle  mass 
(bencefoith  referred  to  as  simply  *d)e  buoyancy”)  is  given  by 

B  =  £l^gM  (2) 

where  g  is  gravitational  acceleration. 

If  a  group  of  particles  is  released  from  rest,  and  there  are  sufficient  numbers  of  them  so  that  the 
group  accelerates  to  a  velocity  which  is  substantially  greater  than  the  settling  velocity  of 
individual  particles,  then  they  behave  as  if  they  were  a  distributed  buoyancy  and  the  resulting 
particle  cloud  has  a  structure  which  is  theimai-lke.  Ihe  velocity  of  the  particle  group  during  the 
phase  of  initial  acceleration  scales  as 

»  =  (t)'" 

where  B/M  is  a  measure  of  the  group's  acceleration. 

Once  in  the  self-preserving  thermal  phase,  the  characteristics  of  a  particle  cloud  in  ambient  fluid 
of  unifoim  density  aie  determined  by  its  buoyancy,  its  distance  z  from  some  virtual  origin  and 
the  fluid  density.  On  dimensional  grounds  its  size  (expressed  in  terms  of  its  overall  radius  R)  is 
given  by 

R  =  Cl  z  (4) 

and  its  velocity  w  by 


w 


(5) 


I 


I 


where  ci  and  C2  are  constants  with  values  of  0.34  and  1.5  respectively  where  z  is  taken  as 
positive  downwards.  Equating  velocities  in  the  initial  acceleration  phase  and  the  diemial  phase 
gives  the  extent  of  the  acceleration  phase  Za  as 


Za 


p 


(6) 


It  will  be  noted  from  Eq.  (5)  that  the  velocity  of  the  cloud  in  the  thermal  phase  decreases  as  it 
sinks  so  that  ultimately  it  will  approach  the  settling  velocity  of  particles  within  the  cloud.  At  this 
stage,  velocities  of  circulation  within  the  cloud  induced  by  entrainment  of  ambient  fluid  into  the 
cloud  are  insufficient  to  advect  the  particles  with  them.  The  buoyancy  can  no  longer  be 
regarded  as  distributed  and  the  thetmal-like  structure  decays.  The  extent  zt  of  the  thermal-like 
phase  in  a  homogeneous  fluid  is  obtained  by  comparing  die  thermal  velocity  with  that  of  the 
panicles  to  give 


Zt  = 


(7) 


Biihler  and  Papantoniou  (1991)  argued  that  during  the  final  phase  in  which  the  cloud  evolves 
into  a  'swarm'  of  sinking  panicles,  the  flow  remains  nearly  self-preserving  and  entrainment  is 
primarily  through  the  frontal  face  of  the  swarm.  The  velocity  of  the  swarm  is  close  to  the 
settling  velocity  of  individual  particles  and  momentum  and  continuity  arguments  led  to  the  cloud 
radius  increasing  as  or  depending  on  whether  the  entrainment  velocity  scales  as  the 
velocity  of  fluid  passing  through  the  swarm  or  the  much  larger  fall  velocity  of  the  particles 
themselves.  The  former  relationship  would  seem  the  more  probable  in  that  during  this  phase 
the  paiticles  occupy  only  a  small  fraction  of  the  fluid  region  affected  by  their  presence.  Biihler 
and  Papantoniou  pointed  out  (with  admirable  honesty)  that  their  experimental  data  was  unable  to 
resolve  between  the  two  power  laws  because  of  uncertainties  regarding  the  location  of  tlie 
virtual  origin. 


Ambient  Stratification 

The  pressure  of  stratification  in  the  ambient  fluid  has  a  profound  influence  on  the  behaviour  of 
the  particle  clouds.  Fluid  entrained  into  the  cloud  becomes  buoyant  as  it  is  advected  in  the  cloud 
below  its  level  of  capture.  Thus  the  buoyancy  of  the  cloud  decreases  as  the  cloud  sinks.  The 
suiicture  of  the  cloud  remains  thermal-like  as  long  as  the  cloud  velocity  is  sufficiently  greater 
than  the  settling  velocity  of  the  particles.  The  particles  are  then  maintain^  in  the  circulation  and 
act  as  a  distributed  buoyancy.  Ultimately,  however,  the  downward  motion  of  tiie  cloud  is 
arrested  by  its  loss  of  buoyancy  and  at  this  point  the  particles  move  as  a  swarm  from  the 
interstitial  fluid  which  rebounds  to  a  higher  level  because  of  its  buoyancy.  Figure  2  shows  the 
motion  of  the  cloud  in  a  linearly  stratified  fluid. 

The  penetration  (zp)  of  a  miscible  thermal  into  a  stratified  environment  scales  as 


Zp  = 


B  yi* 

pN^) 


(8) 


where  N  is  the  buoyancy  frequency  defined  by 


N 


(9) 


Fi^re  2  Digitised  picture  of  the 
fluid  captured  by  a  partif.  le  cloud 
due  to  2  g  of  0.153  mm  diameter 
glass  beads  released  ar.  the 
surface.  The  linear  stratification 
was  10.3  kg/m^.  The  rebound  of 
the  interstitial  fluid  occurs  at  a 
time  t  of  4.6  seconds  after  the 
particles  were  released. 


The  velocity  of  the  thermal  is  no  longer  given  by  the  simple  formulation  of  Eq.5  and  because 
the  motion  is  oscUiatory  may  be  multivalued  for  any  specified  depth  z.  Dimensional  analysis  of 
the  rebvant  variables  yields  a  reladouship  of  the  form 


w 

{bnVp)^'‘‘ 


(10) 


where  fj  denotes  a  functional  relationship. 

The  particles  separate  fiora  the  thermal  when  its  veloci^  is  comparable  with  tire  settling  velocity 
of  individual  particles  and  the  distance  to  this  tiansition  Z(  is  therefore 


/  B  f  r  ws  ' 

IpN^I 


(II) 


Thus  separation  can  occur  at  any  stage  depending  on  the  settling  velocity  of  tlic  particles. 
However,  if  tlie  pandcle  .settling  velocity  is  small  compared  viith  typical  velocitiei  of  the  therm?! 
[chaiactetised  by  (BN^/p)!/'^]  dien  they  will  tret  leave  the  thenual  until  it  has  nearly  reached  its 
maximum  depth.  In  such  cases,  the  maximum  depth  cf  penetration  and  tlie  r?r<al  equilibrium 
depth  would  be  relatively  insensitive  to  Ws.  Hje  remi  is  a  cloud  number  for 

particle  clouds  in  a  stratified  fluid  and  will  be  termed  Ncs- 


Mathematical  Modelliug 

To  proceed  furtlier  analytically  it  is  necessary  to  involve  the  conservation  iaws  go’  eming  the 
phenomenon.  The  ccnservauoii  laws  for  mass,  buoyancy  and  inomeniuro  are; 


-  2  EH  (12) 

■  P)4E"R'N  =  0  ( ’ 


[m- 

(l+yjjM  +  Vpij^  +  (1+V)P,4E«R=H 
=  84-i)4Fpg4(p-pJVg 

(14) 

where;  V 

Fd 

E 

rd 

Pt 

V 

is  the  volume  of  the  particle  cloud 

is  the  drag  force  acting  on  the  particle  cloud 

is  the  entrainment  coefficient 

is  the  relative  density  of  the  particles 

is  the  density  of  fluid  within  the  particle  cloud 

is  the  virtual  mass  coefficient 

and;  p  = 

dp 

Z-^  +  pturface 

(15) 

V  = 

(16) 

Fd  =  CoJtR^p^^ 


(17) 


where  Cp  is  the  drag  coefficient.  Equations  (12),  (13)  and  (14)  are  derived  on  the  basis  that  the 
fluid  is  incompressible  and  that  the  Boussinesq  approximation  may  be  used.  Also,  it  is 
assumed  that  there  are  negligible  losses  of  momentum  and  buoyancy  to  the  wake  of  the  particle 
cloud  (Escudier  and  Maxworthy,  1973). 


Numerical  IVIodelling 

The  conservation  equations  were  converted  to  a  difference  form  and  solved  numerically.  The 
numerical  model  showed  that  form  drag  played  a  relatively  small  role  in  the  particle  cloud 
behaviour.  For  simplicity,  the  ciiirain!r.ent  coefficient  E  was  kept  fixed  at  a  value  of  0.31  while 
the  thermal  was  descending.  For  later  times  E  was  set  to  zero  as  the  laboratory  experiments 
indicated  tliat  circulation  in  a  particle  cloud  is  rapidly  weakened  during  this  stage.  The  virtual 
mass  coefficient  \|r  was  fixed  at  a  value  of  0.5  (see  Escudier  and  Maxworthy,  1973).  The 
motion  and  distribution  of  particles  within  a  particle  cloud  are  constantly  changing  with  time 
and,  for  this  reason,  are  difficult  to  pararoeteiise.  In  the  modelling  it  was  assumed  that  the 
particles  are  uniformly  distributed  within  the  cloud  until  the  fall  velocity  Ws  of  the  particles 
exceet^  the  fall  velocity  w  of  particle  cloud  at  which  time  the  particles  separate  from  the  cloud. 
Releasing  the  particles  at  earlier  times  made  relatively  little  difference  to  the  results  provided  that 
the  mass  of  die  particle  cloud  was  considerably  greater  than  the  mass  of  the  particles  at  the  time 
of  the  release. 


Of  the  parameters  in  Equations  (12)  to  (17),  the  stratification  dp/dz  and  the  mass  M,  played  the 
dommaSt  role  in  detenuiiung  the  particle  cloud  behaviour.  The  model  was  ruii  with  panicles  of 
0. 1  mm  diameter  and  having  a  relative  density  of  2.5  giving  a  corresponding  particle  fall 
velocity  of  around  7  mm  s'f .  All  model  runs  were  done  such  that  the  non-dimensional  particle 
fall  velocity  Ncs  was  much  less  than  unity.  Thus,  from  (1 1),  the  depth  z  of  particle  cloud  can 
be  normalised  by  (B/pN^)!^*!.  The  time  t  can  be  normalised  by  l/(2jcN).  Figure  3  shows 
results  from  the  model  for  a  variety  of  stratifications  and  particle  masses.  It  is  quite  clear  that 
the  model  results  collapse  very  well  when  normalised  despite  the  stratification  and  particle 
masses  each  spanning  over  a  d^ade  of  values. 


norrmttsed  time 


Figim  3  Numerical  modelling  rrsults  for  particles  of  0.1  mm  diameter  and  having  a 
relkive  densi^  of  2.S.  In  a)  I  g  of  particles  were  released  with  stratifications  of  1  (dun 
line),  S  (medium  line),  10  (thick  line),  20  (thin  dashed  line)  and  40  kg/m^  (medium 
dashed  line).  In  c)  a  stratification  of  10  kg/m'*  was  used  with  particle  masses  of  0.5 
(medium  line),  1  (thick  line),  2  (thin  dashed  Une)  and  4  g  (medium  dashed  line),  b)  and  d) 
show  normalised  versions  of  a)  and  c)  respectively  where  the  normalised  depth  is  given 
by  z/(B/pN^)l/4  and  the  normalised  time  by  Nt/2jt.  Note  that  the  normalised  period  of 
oscillation  is  not  quite  1  unit  in  duration  because  of  the  virtual  mass  of  Hired  fi'nd. 


Experiments 

Particle  releases  were  examined  inalmx  ImxO.Sm  deep  glass  tank.  The  tank  was 
linearly  (salinity)  stratified  using  the  two  tank  method.  Particles  were  released  at  the  surface  of 
the  tank  using  a  syringe  with  the  end  cut  off.  This  proved  to  be  successful  in  releasing  all  of  the 
particles  virti^y  simultaneously  without  imparting  undue  momentum  to  the  particles.  Particles 
consisted  of  either  glass  beads,  sand,  brass  filings,  crushed  quartz  or  plastic  beads.  This 
resulted  in  relative  densities  ranging  from  approximately  1.5  to  7.8.  Particle  sizes  varied  from 
0. 1 S  mm  to  2.3  mm.  Dye  was  added  to  particles  via  a  small  amount  of  finely  crushed 
potassium  permanganate  crystals.  The  dye  crystals  rapidly  dissolved  within  the  fluid  captured 
by  the  particle  cloud.  This  dyed  fluid  was  then  digitised  from  video  images.  The  digital  images 
were  used  to  calculate  tiie  position  of  the  centroid  of  the  particle  cloud  (fluid)  and  its  size. 
Figure  2  shows  a  series  of  t&  digitised  images  for  a  particle  release.  It  is  quite  noticeable  that 
the  particle  cloud  (fluid)  has  a  considerable  lateral  .spread  following  the  particle  cloud  reaching 
its  depth  of  maximum  penetration. 


Figure  4  Normalised  experimental  results  for  maximum  penetration  depth  (open 
symbols)  and  final  depth  (solid  symbols)  for  fluid  captured  by  panicle  clouds.  The  final 
depths  in  the  iaboratoiy  experiments  were  measured  once  the  osculations  in  the  depth  of 
the  captured  fluid  had  basically  ceased.  Values  of  the  stratified  cloud  number  Nc$ 
between  0.03  and  0.06  axe  indicated  by  squares,  between  0.07  and  0.09  by  circles  and 
greater  than  0.10  by  diamonds.  The  line  ^own  is  the  curve  produced  by  the  numerical 
model  for  the  case  where  Ncs  is  equal  to  .03.  It  should  be  noted  that  the  oscillations  in 
h  for  the  experiments  were  dampened  more  rapidly  than  those  predicted  by  the 
model.  Therefore,  the  experimental  results  for  the  final  depth  (ie  solid  symbols)  should 
only  be  compared  with  the  average  final  depth  for  the  model  results  (dashed  line). 


The  experimental  results  consistently  showed  smaller  maximum  penetration  depths  than  the 
numerical  results  (see  Figure  4),  It  is  expected  that  this  is  due  to  the  cloud  numl^r  Ncs  being 
more  significant  than  in  the  numerical  modelling.  Despite  some  scatter  in  the  experimental  data, 
a  genet^  trend  of  decreasing  maximum  penetration  distance  Zp  with  increasing  values  of  Ncs  is 
evident  from  Figure  4  (as  the  cloud  number  Ncs  increases,  the  particles  drop  out  of  the  particle 
cloud  at  an  earlier  stage  and  reduce  the  buoyancy  B  of  the  cloud).  Another  possible  effect  may 
be  greatly  increased  dmg  on  the  particle  cloud  due  to  the  ambient  fluid  being  stratified  (energy  is 
radiated  away  by  internal  waves).  Both  of  these  effects  are  currently  being  investigated  in  more 
detail 

The  final  depths  of  the  fluid  entrained  by  the  particle  clouds  was  consistently  greater  by  a  small 
amount  than  the  final  value  indicated  by  the  modelling.  The  greater  the  maximum  penetration 
depth  Zp,  the  greater  the  final  equilibrium  depth,  suggesting  that  the  maximum  equiUbrium  depth 
will  occur  when  the  greatest  maximum  penetration  depth  Zp  occurs  (ie  when  the  cloud  number 
Ncs  is  small). 

Conclusions 

The  maximum  penetration  depth  and  equilibrium  depth  of  fluid  captured  by  a  particle  cloud  in  a 
stratified  fluid  is  a  function  of  (B/pN^)^/^  and  the  cloud  number  Ncs-  These  depths  decrease  as 
(B/pN^)i/'i  decreases  and  as  Nc$  increases.  The  maximum  penetration  depth  wUl  always  be 
less  than  2.3(B/pN2)l/4  initial  results  seem  to  indicate  a  maximum  final  depth  for  fluid 
captured  by  particle  clouds  of  L7(B/pN2)i/'^, 

Stratification  may  possibly  affect  the  maximum  penetration  and  final  depths  of  a  particle  cloud 
by  increasing  drag  on  the  particle  cloud  above  that  occurring  in  an  unstra^ed  fluid 
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The  study  of  spatial  structure  of  the  uniform  stratified  flow  past  an 
obstacle  is  a  traditional  problem  of  fluid  d^mamics.  Lee  or  associated 
(attached)  internal  waves  and  attached  rear  vortices  determine  a  struc¬ 
ture  of  ’’clouds  bands”  and  position  of  the  ’’windows  of  transparency” 
in  the  down-  stream  wakes  behind  mountains.  Large  internal  waves  are 
observed  in  the  ocean  with  topogTraphy.  Experimental  data  collected 
in  an  environment,  mutual  anadytical  and  numerical  calculations  stim¬ 
ulated  a  development  of  a  modelling  of  stratified  flows  in  a  compact 
laboratory  tank.  Besides  wakes  past  different  elements  of  topography 
-  isolated  hills  and  mountain  systems-current  in  vicinity  of  perfect  2D 
and  3D  bodies  —  a  cylinder  [1],  a  sphere  [2]  is  studied  also.  This  data 
is  vsed  for  testing  an  analytical  and  numerical  model  of  internal  waves, 
laminar  and  vortex  wakes. 

The  traditional  model  of  stratified  flow  past  obstacle  includes  up¬ 
stream  disturbances  (blocked  fluid),  viscous  boundary  layer,  internal 
waves  ahead  and  past  the  body  and  wake  with  atta<±ed  or  shedding 
vortices  [3].  Modern  optic  techniques  with  high  spatial  and  temporal 
resolutions  resolve  additional  stable  elements  of  continuously  stratified 
flow  i.e.  thin  density  boundary  layer  and  density  wake  enclosed  by  the 
high  gradient  envelope  [4].  The  layers  of  density  discontinuity  separate 
the  wake,  isolated  vortices  and  the  internal  wave  field.  The  interaction 
between  different  elements  of  flow  can  be  weak  or  strong  in  various 
ranges  of  parameters. 

In  this  paper  main  results  of  studying  2D  and  3D  wakes  in  a.  linearly 
stratified  liquid  are  given. 

Dimensional  and  dimensionless  parameters.  Conventional  system  of  fluid 
mechanics  equatioiis,  describing  the  flow  of  a  deep  viscous  isothermal 

density 
—  salin- 
salinity 

conservation.  These  equations  and  appropriate  boundary  conditions 
(non-slipping  for  velocity  and  non-permeability  for  salinity  on  the  sur¬ 
face  of  the  body  as  well  as  attenuation  of  all  perturbations  at  infini¬ 
ty)  contain  such  dimensional  parameters  as  density  po  and  its  gradient 
dpofdz  (which  can  be  described  by  reference  density  and  buoyancy  scale 
A  =  {d\\np\/d2)~^,  period  and  frequency  Tt  =  2%/N  =  2n-,/Kfg).,  velocity 
u,  size  of  an  obstacle  d,  pressure  P,  gravity  acceleration  y,  kinematic 


coni.muousiy  suratiiicu  nquiu,  mciuues  tne  state  equation  lor 
p  =  po(l  +  ^S{z))  (^  —  is  a  salt  contraction  coefficient,  S  =  5(z) 
ity;  axis  z  is  vertical)  and  equations  of  momentum,  mass  and 
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viscosity  v,  salt  diffusion  coefficient  k,.  Conditions  of  geometric,  kine¬ 
matic  and  dynamic  similarity  lead  to  conservation  of  the  dimensionless 
parameters  such  as  Reynolds,  Proude,  Effier,  Pecle  numbers  and  den¬ 
sity  ratio  C  =  plAp{d)  =  A/d.  These  parameters  can  be  written  in  other 
forms  if  the  basic  scales  wiU  be  chosen  as  the  main  characteristics  of 
the  geometry  of  the  problem  and  structural  elements  of  the  flow. 

The  buoyancy  scale  A  and  obstacle  size  d  are  external  (geometric) 
parameters  of  the  problem.  Intrinsic  or  dynamic  scales  depend  on  the 
body  velocity.  They  characterize  the  length  of  attached  internal  waves 
Ai  =  27rA  =  2irUlN,  velocity  =  vju  and  density  S,  =  k,fU  boundary  lay¬ 
ers  thicknesses.  Due  to  the  difference  of  kinetic  coefficients  (’’discern- 
tion”  of  medium),  effects  of  viscosity  and  diffusion  can  not  compensate 
each  other  even  in  the  boundary  current,  induced  by  diffusion  in  rest¬ 
ing  stratified  liquids  on  a  sloping  plane  [5]  or  in  a  inclined  cha:mel  with 
slowly  moving  walls  [6].  Conventional  dimensionless  parcimeters  can  be 
written  as  the  ratio  of  basic  scales;  Reynolds  number  Re  =  Ud/v  =  d/6„; 
Proude  number  Fr  =  U/Nd  =  A/d;  Pecle  number  Pe  =  Ud/k,  =  d/S,.  Den¬ 
sity  ratio  (ratio  of  geometrical  scales)  C  -  A/d  prescribes  the  value  of  a 
density  gradient  in  laboratory  tank  for  a  given  coefficient  of  reduction. 

The  countable  number  of  secondary  scales  describes  the  sizes  and 
variability  scales  of  secondary  flow  elements  (shear  layers,  vortices, 
sharp  interfaces  and  so  on)  [7].  Among  them  can  be  stressed  vis¬ 
cous  wave  scale  =  ^AA5„  =  ^/^IN  which  characterizes  the  modal 
structure  of  periodical  internal  wave  beam  [8]  and  limited  vortex  scale 

r9].  The  ratio  of  thicknesses  of  velocity  =  y/ui 
and  density  <5,  =  ^/k^  poundary  layers  induced  by  diffusion  does  not 
depend  upon  time  S^/St  —  y/vfkt  =  VSe  [5]. 

Por  weak  stratification  the  values  of  basic  scales  are  essentially  dif¬ 
ferent  A»d>(J„»^,;  dxA  and  form  a  set  of  imbedded  gauges.  The 
complete  set  of  scales  describe  distinguished  elements  —  Eigen  form  of 
flows.  Boundaries  on  a  flow  regimes  map  which  divide  the  regions  with 
different  structural  elements,  characterized  by  conditions  of  similarity 
(or  equality)  of  scales  of  appropriate  origin  (condition  of  scales  syn¬ 
chronism).  In  this  case  it  follows  from  the  dennition  of  scales  that  the 
boundary  on  the  flow  regimes  map  plotted  in  the  double  logarithmic 
scales  are  straight  line  segments. 

Prom  scaling  analysis  follows  that  the  experimental  technique  sho¬ 
uld  provide  for  visualization  and  independent  measurement  of  different 
fields  simultaneously  with  high  spatial  and  temporal  resolution  (the 
thickness  of  a  density  boundary  layer  in  a  salt  brine  is  order  =  k,/U  — 
O(l0~*  cm). 

Techniques.  The  experiments  have  been  carried  out  in  several  trans¬ 
parent  tanks  (0.7x 0.25 X 0.7m®;  1.5x0.4x0.4ra®;  2.4x0.6x0.6m®;  9x0.6x0.6m®; 
7  X  1.2  X  1,2m®  )  filled  from  below  by  linearly  stratified  salt  brine.  Pro¬ 
files  of  buoyancy  and  horizontal  velocity  were  measured  with  density 
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majker  (i.e.  the  trace  past  vertically  arising  gas  bubble).  Different 
modification  of  the  schlieren  technique  viz  the  vertical  sht  —  the  Fou¬ 
cault  knife,  the  slit-thread  in  focus,  the  horizontal  slit  —  the  regular 
grating  producing  a  colour  shadow  picture  (rainbow  method),  markers, 
tracers,  dye  and  electrolytic  precipitation  (anodic  oxidation  of  tin,  of 
lead  or  of  their  alloj'-s  under  the  action  of  a  direct  current)  were  used. 
Static  and  dynamic  properties  of  contact  sensors  are  checked  during 
the  experiments  by  methods  of  vertical  oscillations  or  abrupt  displace¬ 
ment  [10].  Dynamics  parameters  of  probes  is  varied  due  to  their  strong 
interaction  with  the  stratified  environment. 

Main  results.  The  schlieren  image  of  the  flow  past  horizontally  mov¬ 
ing  sphere  and  density  markers  visualized  the  profiles  of  velocity  ahead 
and  past  the  body,  internal  waves  and  non-unifoitn  wake  (see  Fig. 
1).  The  sharp  frontier  of  the  density  wake  separate  internal  waves 
and  vortex  flow  past  the  body.  The  onset  of  instability  can  be  seen 
in  the  area  of  a  maximum  vertical  expansion  of  the  wake  (Tb  =  4.ls, 
A  =  4.2m,  d  =  2.0cm,  C  =  Aid  =  210,  U  ^  1.12cm/s,  Fr  =  U/Nd  =  0.37, 
Re  =  C/d/i/  =  224). 


Fig.  1 


A  special  probe  and  optical  techniques  were  used  to  measure  both 
the  thickness  of  the  thin  envelop  and  the  value  of  sharpened  density 
gradient  on  it.  Past  the  sphere  its  thickness  was  less  then  0.8  mm, 
the  original  density  gradient  is  two  times  reinforced.  In  a  laminar 
wake  behind  a  cylmder  the  thickness  of  envelope  is  0.06  —  0.5  mm, 
the  density  gradient  is  15  —  160  times  reinforced.  The  small  scale 
instability  which  rolled  up  or  distorted  the  interfaces  is  observed. 

The  field  of  internal  waves  consists  of  zero  frequency  and  transient 
internal  waves  ahead  of  a  body  and  regular  stationary  attached  waves 
past  them.  The  amplitude  and  phase  parameters  of  apparent  waves 
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caxi  be  described  by  the  source-sink  models.  The  nmnber  and  position 
of  point  singularities  depend  upon  the  body  sizes,  stratification  and 
velocity  of  towing.  The  vertical  displacement  in  case  of  motion  of  a 
source  sink  systems  is 


7]  = 
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a  V  sin^  0 
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where  a  is  a  distance  between  singularities,  r",  $,  p(x*,y,  z)  is  the  spherical 
(Cartesian)  coordinates,  coupled  to  the  body,  R  is  transverse  size. 

The  shape  of  crest  and  trough  for  point  source  in  the  three  — 
dimensional  case  is  given  by  the  equation  x^+y^+z^  =  =l+y^/z^]  s,-  = 

xoiNfU,  which  transforms  into  semicircle  in  the  centre-plane  +  2^  =  1. 


Calculations  of  attached  internal  waves  correspond  with  measure¬ 
ments  everywhere  except  the  vicinity  of  the  frontier  of  the  density  wakes 
where  the  shape  of  the  constant  phase  surfaces  is  distorted  by  a  shear 
flow.  The  waves  do  not  penetrate  inside  the  density  wake.  The  inter¬ 
action  between  internal  waves  and  density  wake  is  strong.  The  length 
of  domains  of  compressing  and  spreading  of  the  wake  in  the  vertical 
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Fig.  3 


Fig.  4 

direction  corresponds  to  the  local  internal  waves  length.  The  crests 
and  troughs  of  internal  waves  go  explicitly  through  extreme  poi.nts  of 
the  wake  vertical  size.  The  loc^  wave  length  is 

^  _  UTb  sin 6 _ 

-  Sin^  V  cos'-'  e  +  j.*2y2  j  (j,2  ^  ^2  f 

The  dependence  of  a  maximum  vertical  displacements  in  an  internal 
waves  fields  in  the  point  h  =  12  above  the  axis  of  motion  is  given  in 

I 

i 
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Fig.  2.  For  small  velocities  (]  =  l/d,  F  -  UN/d  <  l)  amplitude  of 
wave  oscillations  is  increased  with  Proude  number  (»?/d  ~  -/f)  it  is 
decreased  in  the  intermediate  range  {l  <F  <  6),  17/d  ~  l/F)  and  begins 
to  rise  again  when  the  wake  becomes  the  main  source  of  internal  waves 
(ly/d  ~  F* ) .  The  shape  of  constant  phase  surfaces  in  the  transverse  plane 
is  described  by  the  solution  for  transient  waves  [11].  The  appropriate 
schlieren  image  of  ’he  turbulent  flow  past  body  is  shown  in  Fig.  3 
(a  =  2.8  m,  Ti  =  3.4  s,  i  =  2.8  s). 

Pattern  of  turbulent  flow  in  the  longitudinal  center  plane  is  shown 
in  Fig.  4.  In  this  case  the  vertical  slit  cuts  out  a  narrow  band  from  the 
schlieren  image  of  flow  which  was  registrated  by  the  film,  moving  with 
constant  velocity.  The  velocity  of  the  body  was  u  =  0.8  m/s,  Tt  =  4.2 
s,  speed  of  the  film  was  0.015  m/s,  contraction  in  the  longitudinal 
direction  is  53  times.  The  first  group  of  the  short  internal  waves  is 
produced  by  the  body,  the  second  and  the  following  ones  are  generated 
by  the  turbulent  wake.  Superfine  structure  on  the  periphery  of  the 
turbulent  wake  is  caused  by  elongated  interfaces  with  amplified  value 
of  the  density  gradient. 

The  sharpening  of  the  initial  gradient  which  takes  place  in  a  lami¬ 
nar,  vortex  (transient)  and  turbulent  regimes  of  flow  effect  on  the  flow 
structure  and  its  stability.  For  example  in  the  wide  range  of  parame¬ 
ters,  but  when  the  internal  Froude  number  is  less  then  0.3,  the  density 
wake  past  a  horizontally  moving  sphere  in  a  linearly  stratified  fluid  has 
a  prismatic  form.  Four  distinct  enough  ribs  axe  formed  by  the  inter¬ 
sections  of  two  horizontal  and  two  vertical  high  gradient  sheets.  At 
the  smallest  values  of  the  Reynolds  and  PVoude  numbers,  the  density 
wake  is  compressed  in  lateral  direction  and  stretched  along  the  vertical. 
With  increasing  of  velocity  of  the  body  the  wake  is  compressed  along 
vertical  direction  and  stretched  in  horizontal  one.  Gradually  the  trans 
verse  sites  of  the  wake  are  equalized  and  its  cross  section  transforms 
into  the  square.  With  further  increasing  of  velocity  the  wake  became 
narrow  in  vertical  and  wide  in  horizontal  directions.  The  distinguished 
ribs  and  sharp  corners  are  maintained  during  its  evolutions.  In  sub¬ 
sequent  regimes  the  vertical  wake  size  begins  to  increase  due  to  the 
vorticity  accumulation  in  the  rear  part  of  the  body  and  the  corners 
become  more  smoothed  [9]. 

In  the  wakes  behind  2D  and  3D  bodies  one  observes  compact  iso¬ 
lated  vortex  elements  of  a  different  form  (segments  of  vertic^  vortex 
tubes,  vortex  billows,  3D  circular  rear  vortices  with  a  sharp  boundary, 
regular  vortex  axis-sjunmetrical  blobs  in  the  w^ake  (m^  =  >  l),  reg¬ 

ular  vortices  in  the  turning  points  of  the  wake  meander  (rn^  •=  djLu  <  l), 
puffs  as  well  as  elongated  elements  (threads,  loops,  horse-shoes)  and 
their  combinations.  The  boundaries  between  the  different  regimes  in 
the  double  logarithmic  scales  are  straight  line  sections  (Re^  ~  Fr~^, 
L*^  ~  A^,  L*  =  U^INv;  A^  =  d\  and  Re^  ~  fV"‘,  A^  ~  or  Ac  ~  5«). 
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The  topological  structure  of  the  density  wake  depends  on  the  an¬ 
gle  of  the  sphere  trajectory  with  the  horizon.  As  the  slope  increaises 
the  upper  part  of  the  density  wake  envelope  defects  greater  than  the 
lower  one,  they  approach  one  another  and  eventually  merges  forming 
a  opened  through  downstream  density  "valley”.  In  the  wide  part  of 
the  ’’valley”  a  pair  of  inclined  vortex  columns  can  be  formed.  Simulta¬ 
neously,  the  internal  waves  are  restructured.  All  passive  contaminants 
coming  from  the  sphere  surface  are  collected  on  the  interfaces  and  on 
ribs  of  their  intersections. 

A  more  complicated  structure  has  a  flov/  behind  2D  body,  where 
together  with  embedded  into  the  density  wake  eddies  soaring  or  sus¬ 
pended  isolated  vortices  and  vortex  systems  are  observed.  Wakes  of 
vortices  also  create  discontinuities  in  the  field  of  density  gradient.  In 
all  regimes  the  density  wake  is  contoured  with  or  contain  inside  high 
gradient  sheets.  An  initial  continuous  density  profile  undergoes  strong 
distortion  and  high  gradient  interfaces  are  formed  near  and  far  from 
the  body  [12].  Two  types  of  instabil’.ty  —  small-  and  large-scale  ones 
—  and  two  types  of  turbulence  both  structural  and  active  were  ob¬ 
served.  In  the  first  case  the  density  and  its  gradient  axe  characterized 
by  random  functions  but  the  profiles  of  velocity  are  smoothed.  In  the 
case  of  active  turbulence  ail  parameters  can  be  described  by  random 
functions.  All  in  all,  fourteen  types  of  flow  past  a  horizontal  cylinder 
are  identified  which  are  separated  by  straight  line  sections  on  the  flow 
regimes  map  [7]. 

The  experimental  data  show  that  the  stable  geometric  properties 
of  the  wakes  can  be  described  by  intrinsic  length  scales.  Due  to  the 
difference  of  kinetic  coefficients  the  scales  of  variability  for  different  pa¬ 
rameters  do  not  coincide.  The  conditions  of  the  similarity  for  scales  of 
different  origins  describe  the  boundary  in  the  flow  regimes  maps.  High 
gradient  interfaces  increase  the  influence  even  for  weak  stratification, 
stabilize  the  vortex  motion,  enlarge  the  number  of  vortex  forms  and 
lead  to  strong  interaction  of  different  flow  elements,  including  waves, 
density  wake  and  vortices. 
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Abstract 

Experiments  on  late  wakes  (Nt  >  20)  of  towed  spheres  in  a  stably  stratified 
fluid  reveal  some  startling  similarities  and  differences  when  compared  with  the 
homogeneous  3D  case.  Wake-averaged  fluctuating  components  scale  remarkably 
similarly,  but  the  mean  centreline  velocity  is  one  order  of  magnitude  higher.  The 
reasons  for  this  may  lie  in  the  increased  coherence  and  organisation  of  the  patches 
of  vertical  vocticity,  which  arc  stable  and  persist  for  very  long  times. 


1  Introduction 

Wakes  of  axisymmetric  bodies  in  a  stable  stratification  exhibit  certain  interesting  prop¬ 
erties  that  distinguish  them  from  their  non-stratified  counterparts.  Among  the  most  well 
known  of  these  is  the  propensity  for  the  long  time  wake  to  evolve  to  a  state  that  is  char¬ 
acterised  by  the  presence  of  stable  patches  of  vertical  vorticity  having  large  horizontal 
length  scales  compared  with  any  vertical  structure,  and  for  this  apparently  stable  wake 
structure  to  persist  for  very  long  times.  The  field  was  reviewed  by  Lin  &  Pao  [1],  and  has 
been  the  subject  of  recent  investigations  by  Lin  et  al.  [2],  and  by  Chomaz  and  colleagues 
{e.g.  [3]  and  references  therein).  However,  with  the  latter  exception,  there  have  been 
few  quantitative  measurements  of  the  wake  velocity  field,  particularly  at  late  times.  All 
of  the  wake  structure  measurements  for  axisymmetric  bodies  in  [1]  ai’e  for  self-propelled 
bodies  and,  owing  to  the  difficulty  of  making  the  measurements,  the  results  in  [3]  (for 
towed  spheres)  were  for  selected  cases  only. 

In  the  absence  of  any  influence  from  exterior  boundary  conditions,  the  flow  is  de¬ 
termined  by  the  values  of  two  dimensionless  parameters,  the  Reynolds  number.  Re  = 
lURJu  {U  is  the  sphere  speed,  R  its  radius,  and  v  is  the  kinematic  viscosity),  and  the 
internal  Froude  number,  F  =  UjNR,  where  N  =  (-gfpo  {dpfdz))^  is  the  Brunt- Vaisala 
frequency.  It  is  essential,  not  only  to  vary  these  p2u:ameters  independently,  but  also  that 
high  [iJe,  F]  are  considered,  bearing  in  mind  the  practical  applications. 

This  paper  dicusses  the  evolution  of  the  vortex  W2dce  in  a  single  series  of  experiments 
at  constant  iZe  w  5  X  10^  over  a  range  of  Froude  number,  F  —  [1.2. 2, 4, 7.9].  The  data 
are  a  subset  of  independent  variations  of  Re  and  F  over  Re  e  [10^,  10^];  F  G  [1, 10]. 
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2  Quantitative  Experiments 

2.1  Apparatus 

Spheres  with  ditimeters  (D)  of  1.9,  2.54  and  3.8  cm  were  mounted  on  three  thin  (d  = 
.025cm)  wires,  under  tension  in  an  inclined  plane  and  suspended  between  three  tnicker 
support  cables  lying  just  below  the  surface  and  just  above  the  bottom,  respectively 
(Figure  1).  The  effects  of  the  top  ^lnd  bottom  slider  assemblies  are  confined  mostly  to 
the  boundaries,  and  Red  fa  SO  so  the  support  wires  have  little  effect  on  the  sphere  wake 
itself.  The  spheres  were  towed  through  a  2.4m^  plexiglass  box  with  a  1.35m  extension  to 
allow  for  transient  and  startup  effects.  Since  the  water  depth,  H,  is  24cm,  confinement, 
effects  c<in  be  observed,  but  do  not  appear  to  affect  the  particular  results  reported  here. 

2.2  Procedure 

The  tank  was  filled  with  the  standard  two-tank  method  to  create  a  linear  density  gra¬ 
dient.  Once  full,  the  tank  was  seeded  with  a  high  spatial  density  of  neutrally-buoyant 
polystyrene  beads,  about  1mm  in  diameter,  and  sorted  by  density  so  that  the  bead  den¬ 
sity  variation  is  less  than  .05%  (po  =  1.0475  ±  .0005).  The  beads  thus  mark  an  isopycnal 
located  at  the  midplane  of  the  body,  to  within  one  bead  diameter. 

In  each  experiment,  the  bead  distribution  in  {x,y}  was  first  homogenised  by  towing 
a  vertical  rake  through  the  tank.  After  40  minutes,  allowing  most  of  the  residual  motions 
to  have  decayed,  the  sphere  was  towed  the  length  of  the  tank,  beginning  at  the  far  end 
of  the  extension  section.  For  each  tow,  a  sequence  of  image  pairs  was  recorded  on  an 
overhead  CCD  camera.  The  effective  ‘exposure’  time,  6t,  and  interval  between  successive 
frame  pairs.  At,  were  both  optimised  for  the  best  resolution  of  the  velocity  field  based 
on  initial  experiments.  Images  were  transferred  directly  into  PC  RAM,  and  the  entire 
sequence  of  events,  including  the  mixing,  towing,  data  transfer  and  sphere  repositioning, 
was  automated,  operating  under  computer  control. 

Data  were  taken  from  early  times  corresponding  to  At  ~  20,  and  continued  until 
the  wake  could  no  longer  be  distinguished  from  the  background;  this  typically  occured 
around  Nt  >  3000.  Nt  could  also  be  related  to  downstream  distance  through  the 
correspondence  x  —  Ut. 

2.3  DPIV 

At  each  time  step,  two  digitised  particle  images  were  interrogated  and  the  mean  displace¬ 
ment  of  information  in  a  given  subrectangle  was  estimated  from  the  location  of  the  cross 
correlation  peak.  A  custom  DPIV  technique  [4])  was  used  to  give  velocities  with  approx¬ 
imately  an  order  of  magnitude  improvement  in  accuracy  over  standard  DPIV  methods. 
The  two  aspects  most  responsible  for  this  are  the  decoupling  of  the  interrogation  search 
radius  from  the  correlation  box  size,  and  an  iterated  interpolation/fitting  method  for 
accurate  fitting  of  the  cross-correlation  peak.  The  velocity  vectors  were  reinterpolated 
onto  the  regular  intenogation  grid  to  correct  for  systematic  errors  from  the  finite  dis¬ 
placement  of  the  particles  during  the  effective  exposure  time,  8t.  This  was  accomplished 
with  a  two-dimensional  smoothing  spline  algorithm  [5],  that  also  gives  analytical  ex¬ 
pressions  for  reconstruction  of  the  spatial  velocity  gradients.  The  usual  errors  stemming 
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from  finite  differencing  techniques  were  thus  avoided,  and  the  error  in  quantities  derived 
from  these  gradients  is  much  lower  than  usual,  being  at  most  10%  of  the  mean  value. 


2.4  Wake  energy,  enstrophy  and  dissipation 

A  wake  width,  Lw,  can  be  defined  by  computing  an  AT-averaged  {U{y))x  profile,  over  the 
streamwise  length  of  the  measuring  area,  AX  =  1.9m  (Figure  2),  and  Lw  can  be  taken 
as  the  crosstream  distance  where  {U{y))x  >  0.2(f/oV  and  (Uo)  is  the  mean  centreline 
velocity.  Lw  thus  defines  inner  and  outer  wake  regions  at  each  timestep.  Spatially- 
averaged  quantities  within  this  region  will  be  denoted  by  (  )-brackets.  So,  defining 
fl  =  local  (inner  wake)  kinetic  energy  is, 


Similarly,  given  the  vertical  vorticity. 


then  the  local  mean  enstrophy  is 


_  dv  du 
dx  dy ' 


The  single  measurable  component  of  the  rate  of  strain  tensor  is 

+  ii  =  l  2 


(1) 

(2) 

(3) 

(4) 


and,  denoting  e  as  the  kinetic  energy  dissipation  rate  due  to  horizontal  gradients  in 
horizontal  velocity,  then  the  mean  value,  S,  in  the  inner  wake  region  is 


5  =  (e>  =  2v{sijSij). 


(5) 


Taking  X-averaged  statistics  at  fixed  times  is  equivalent  to  averaging  over  a  certain 
downstream  portion  of  the  wake  in  body  coordinates.  Ideally,  the  averaging  domain, 
AX,  should  be  a  small  fraction  of  the  total  wake  length,  X.  At  long  times,  and  for  large 
F,  this  is  so.  The  general  expression  for  AXjX  is 


AX  AXIR 

^  ■(&)«' 


3  Results 

Figure  3  shows  a  single  example  time  series  of  w,  for  F  =  4,  Jie  =  5286.  The 

wake  vortices  are  coherent  and  persistent,  though  not  isolated,  and  like-signed  neighbours 
can  be  seen  merging.  At  this  F,  lee  waves  in  the  exterior  wake  and  out-of-plane  motions 
in  the  interior  wake  have  approximately  the  same  amplitude. 
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Some  simple  scaling  arguments  demonstrate  why  this  particular  value  of  F  is  inter¬ 
esting.  In  order  for  the  initial  wake  turbulence  to  be  active  over  all  scales,  as  would  be 
the  case  in  a  non-stratified  fluid,  both  Re  and  F  must  exceed  some  lower  limit.  One  can 
think  of  the  requirement  on  F  being  related  to  the  baroclinic  torque  exerted  by  the  grav¬ 
itational  field  on  the  vertical  overturning  motions.  The  largest  vertical  size  attainable 
by  a  turbulent  eddy  is  of  the  order  of  the  Ozniidov  scale, 


where  e  is  the  dissipation,  u'  the  fluctuating  velocity,  and  /  is  a  turbulent  integral  scale. 
For  the  turbulence  to  be  initially  unaffected  by  stratification,  Iq  >  I,  so 


(LV^  (JL.Y  > 
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Experimental  results  [6,  7]  for  turbulent  wakes  of  spheres  indicate  that  initial  turbulence 
intensities  are  around  0.3,  and  IjD  is  about  0.4.  This  gives  the  criterion, 

W  r>3,  (8) 

for  active  turbulence  on  all  scales.  Not  only  is  this  result  consistent  with  these  wake 
measurements,  but  it  also  accords  with  observations  in  (8,  3]. 

3.1  Turbulence  quantities  scale  as  3D  wakes 

Similar  extrapolation  of  unstratified,  SD  wake  results  leads  one  to  predict  that  the 
turbulent  velocity  fluctuations  and  the  integral  lengthscales  evolve  as  ([7,  9,  10]) 


U  \dJ  '  D  \d) 


If  the  horizontal  wake  width,  Lw,  scales  initially  as  the  3D  result,  then  setting  u'  = 
q^xjD  =  Ut/D,F  =  UfN~t,  predictions  can  be  made  for  the  scaling  behaviour  of  the 
horizontal  wake  width,  a_;U  for  the  turbulent  kinetic  energy  as 


In  fully-developed,  homogeneous  turbulence,  only  local  scaJes  of  velocity  and  length  are 
important  and  since  ~  u/L, 
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Finally,  e  ~  u'^jL,  so 

^(F)i~(JVin.  (12) 

These  dependencies  on  Nt  and  F  are  simply  the  3D,  unstratihcd  wake  scalings  couched 
in  stratified  wake  parameters.  One  might  expect  the  how  to  behave  according  to  these 
.sceilings  at  early  times,  and  then  depart  from  them  as  stratification  effects  predominate. 
This  does  not  appear  to  be  the  case,  however.  Figure  4  shows  the  normalised  wake 
width  as  a  function  of  Nt  and  F,  for  file  ~  5  x  10^.  Figures  5-7  show  the  decay  of  q,  W 
and  S  (3,5)  in  the  same  data,  together  with  straight  lines  given  by  the  exponents  in  (9- 
12).  Despite  the  fact  that  the  scaling  cirguments  were  derived  from  SD  wake  flows,  they 
predict  the  data  well  in  all  cases,  independent  of  F.  Not  only  this,  but  the  relationships 
apparently  are  followed  even  into  very  late  times  {Nt  >  500),  long  after  the  initial 
‘collapse’  at  Nt  ~  2,  and  long  after  the  dynamics  have  become  quasi- {Nt  >  20). 

3.2  Mean  flowfield  does  not  scale  as  isotropic  wake 

Figure  8  shows  the  iwnormalised  mean  centreline  profiles  for  the  data  in  Fig.  3.  The 
collapse  of  the  data  is  good,  except  on  the  wings  of  the  distribution  where  Uq  <  0.  At 
each  Nt  the  mean  {U{y))x  can  be  fit  with  a  Gaussian  of  the  form 

{U{y))x  = 

where  Ai  =  L^,  is  a  characteristic  width  of  the  Gaussian  function,  when  G{y)  = 
exp(— 1/2).  (Since  this  is  the  half  width,  and  exp(— 1/2)  >  0.2,  then  Lq  <  Lw,  typically 
a;  Lw/^)-  Given  this  similar  function2d  form,  one  may  now  search  for  scaling  laws  that 
predict  Lg  and  Uq  as: 

(I) -•(§)“'■ 

Figure  9  shows  the  T,, -normalised  wake  width  as  a  function  of  i/D  and  for  the  usual 
values  of  F,  The  solid  curve  is  the  data  of  [9].  The  spread  in  the  data  for  different 
F  is  approximately  the  same  as  in  Fipure  4,  but  it  is  clear  that  the  stratified  wakes 
are  narrower  than  their  unstratified  vounterpart;  the  highest  F  result  lies  closest  to  the 
isotropic  case.  Ignoring  this  F-dependence,  a  least-squares  fit  to  all  the  data  (see  Table 
1  for  details)  gives: 

Bo  --  0.20,  S,  =  0.36. 

Bi,  is  not  significantly  different  from  the  value  of  1  /3  obtained  from  unstratified  wake 
similarity  scaling.  The  mean  centreline  velocities  are  compared  with  available  unstrati¬ 
fied  results  [6, 7, 9]  in  Figure  10.  Although  they  appear  to  decay  at  the  same  approximate 
ratt  as  the  unstratified  wakes,  the  centreline  velocities  axe  almost  an  order  of  magnitude 
higher  for  a  given  x/D.  However,  a  very  approximate  single  estimate  of  Uo/U  can  be 
extracted  from  a  velocity  vector  plot  in  [3]  {Re  =  3920, F  =  Z,zlR  =  1.6),  and  the 
data  point  falls  exactly  in  the  range  reported  here.  There  is  no  consistent  F-dependence 
evident  over  this  range  of  F.  The  overall  least  squares  fit  gives: 

Co  =  4.23,  Cl  =  -0.88. 
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Bo 

Co 

Cl 

1.2 

0.13 

0.40 

3.16 

-0.87 

2.0 

0.15 

0.38 

5.13 

1^5 

4.0 

0.33 

0.27 

4.58 

-0.85 

7.9 

0.17 

_0.40 

4.05 

-0.86 

av 

0.20 

0.36 

4.23 

-0.88 

sd 

0.09 

0.06 

0.84 

0.05 

Table  1:  Constants  specifying  stratified  wake  decay  rates. 

The  exponent  C\  is  much  larger  than  the  nominal  —2/3  value,  but  close  to  the  value  of 
—0.85  reported  in  [6]. 


4  Summary 

Bluff  body  wakes  in  a  stable  stratification  are  characterised  by  a  very  organised  cind 
persistent  arrangement  of  patches  of  vertical  vorticity  (Figure  3),  so  that,  while  the 
fluctuating  velocity  components  and  their  statistics  show  good  (and  surprising!)  agree¬ 
ment  with  the  5Z),  homogeneous  wake,  the  mean  centreline  wake  velocity  is  an  order 
of  magnitude  stronger.  The  increased  order  in  the  wake  is  also  consistent  with  the  re¬ 
duced  spreading  rate  (Figure  9)  and  with  the  opposite-signed  mean  flow  on  the  wake 
margin  (Figure  8).  It  remains  to  construct  a  reasonable  model  for  the  evolution  and 
final  arrangement  of  vortex  lines  that  comprise  such  a  wake  and  correctly  predict  its 
dynamics. 
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